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1. VECTOR SPACES
1.1. VECTORS IN 3D: EQUATIONS OF LINES AND PLANES

A. DOT PRODUCT:

a-b = ||a||||b]| cos 8 = a,b, + a,b, + a,b,
Projection of v in direction u is given by v, i with v, = v - Ui where i = u/||u||:

Length or norm of a vector: v-v=|v|?

B. CROSS PRODUCT:

axb= |a]|||b]lsin6 u
N~—————_—_—_—_—_—
Area of parallelogram

Ui is perpendicular to a and b, given by right hand rule
X vV 1z
ay a, a,
by b, b,

axb= = R(ayb, — a,by) — §(axb, — a,by) + Z(a,b, — a,b,)

C. 3-D EQUATIONS FOR LINES AND PLANES

Line Plane
Parametric r=ry+A4v r=ry+Au+puv
Us.mg given r=a+A(b—a) r=a+A(b—a)+u(c—a)
points a, b, c
r = aa + Sb, r=caa+ fb+yc
witha+pg =1 witha+p+y=1
Using products (r—ry)xv=20 (r—ry)'n=20
X7X _Y~Yo_27~ 2%

nx+n,y+n,z=d
y Z
Uy 2 v,

D. EQUATION OF SPHERE

Sphere radius a, center c: ||rspllere = c|| =a

1.1(1)
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E. 3-D DISTANCES BETWEEN POINTS, LINES AND PLANES

(p - rline) XV

(p - rpla\ne) M
V1 XV,

n  with n
[[vyXvy]|

Point (p) to Line (r, + AV)
Point (p) toPlane (r —rp) -1 =0

Line (r; + Av,) to Line (1; + Av,) (Fline1 — Tlinez) -
‘I aslongas v-n=0

(rline - rplane)

F. PROPERTIES OF DOT AND CROSS PRODUCTS

Dot and cross products are linear operations:
(ea+pb)-v=a(a-v)+p(b-v)

(aa+pb)xv=a(axv)+ B(bxv)

Dot product is symmetric:
a-b=b-a

Cross product is antisymmetric:
axXxb=-bxa

1.1(2)



MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

PROBLEMS:
DOT AND CROSS PRODUCT

1) Showthatifa=b+ Ac,thenaxXxc=Db X ¢

Sol:
From the distributive property under addition:

axXxc=(b+Ac)xc=(bxc)+ (dcxc)

And since (¢ X ¢) = 0, we arrive at the proof.

EQUATIONS OF LINES AND PLANES

2) Consider a line joining points a = (2,2,0) and b = (3,1,1). Write down the line in parametric
form, using a cross product, and in component form.

Solution:

r, = (2,2,0)
v=b-a=(311)-(220=(1,-11)
Parametric form:r = (2,2,0) +1(1,-1,1)
Using a cross product: (r- ry) Xv = 0

Component form:

3) Consider a line joining points a = (1,2,0) and b = (3,1,0). Write down the line in parametric
form, using a cross product, and in component form.

Solution:

r, = (1,2,0)

v=b—-a=(2,-10)

Parametric form: r = (1,2,0) + A4(2,—-1,0)

Using a cross product: (r-ry) X v=0-> (r-(1,2,0)) x (2,-1,0) =0

Component form: (x —1)/2 = (y —2)/—1 = (z — 0)/0. It cannot be written in component
form, because the line is parallel to one of the coordinate planes!

1.1(3)
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DISTANCES

4) Find the distance between the lines
x—2 y—-4 z-3
2 1 2

and

x—1=2-y=-z

Sol: A line crossing a point ry = (X, Yo, Zg) With a direction v = (vy, vy, v,) can be written in
component equation as:

X—Xo Y—Yo Z—Zp

Uy vy v,
2 2
The first line includes a point r; = | 4 ) and has direction v; = | 1
3 2
The second line needs some re-ordering of terms to match the known form xT_l = y__—lz = ? and
1 1
includes a pointr, = | 2 | and has direction v, = | —1 |.
0 -1

Given a point and a direction for each line, their distance is given by:

~ . ~ V1 XV:
(r,—r)) -0 with A=—"F=
v xva |

n= V]_ X Vz = (1,4,_3)T

1
fi = n/|In|| = <E) (1,4, -3)"

is a unit vector joining the two lines at their closest approach.

A vector connecting the two lines is (r, — r;) = (—1,—2,—3)7 and the distance between the two

-1 1
lines is given by the magnitude of the dot product |(r, — ry) - fi| = ‘(—2) L( 4 ) = 0. The two

_3 \/%_3

lines intersect!

5) Calculate the minimum distance between the liney = 2x + 3 and the origin.

Solution:

It is not 3! Distance between point and line is: d = ||(p — Iine) X VI|.
To use this equation we need the line in parametric form r = ryje + AV
Tine iS any point in the line, e.g., (0,3)

v is a vector in the direction of the line, we can find it as a vector joining any two points in the line,
or directly by considering the meaning of the slope = 2, so that v = (1,2), which we then normalize
into a unit vector:

1.1 (4)
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v 12 @
VI~ ViZr22 5

Therefore, the distance between the origin and the line is, with 1};,e being ANY point in the line:

V=

d = ||(p — Tiine) X V|
= H((0,0) —(0,3)) x % (1,2)”

Cross products cannot be performed in 2D space!! But we can pretend that our working x-y plane is
in 3D space at the plane z=0, for example, and all the distances remain the same

_ H((o,o,o) —(0,3,0)) x %(1'2'0)”

1 3
== 1(0,-3,0) x (1,2,0)]| = 7

6) Give the coordinates of the point at which the line r = (1,3) + A(1,1) is closest to the point

(1,1).

Sol: This is not only asking for the minimum distance, which is easily calculated with a known
equation:

min = 1 = i) % 91 = [| (.1 — (13 x 2] = 2102 x (L)l = V2
min line ’ ’ \/1_+1 \/E ’ ’

But we are also being asked the point at which the distance is minimal!

To solve this, we need to think a bit. We can find the distance from ANY point in the line as a
function of the parameter A and then equate it to the known minimum distance to solve for A:

d(’D = ”p - rline()l)ll = dmin

Solve quadratic equation for A,in-
Quadratic equation must have only one
(double) root: (1,,in = —b/2a)

d(A)

4

Amin

dmin

1.1(5)
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Therefore, we do:

d(A) = |Itiine (D) = Pl = dmin
1(1,3) + 2(1,1) = (LDl = dmin
1€0,2) + AL, D = dmin

”(2 ia)” = dmin

22+ 2+ N2 =dpin
VA2 + 44+ 42+ 22 = dpin
202 + 4 + 4 = dpip,

Squaring both sides:
202 + 40 + 4 = d%;,
Substituting dyin = || (Fline — P) X VIl = V2
2A24+4142=0

We can solve this quadratic equation, and it should have only one solution! Since we know it should

have only one solution, we know that the discriminant (the Vb2 — 4ac part) must be zero, so the
-b+Vb®—4ac _ b _ -4

2a 2a 4
need to find d2,;, at all, because the solution % is not affected by adding or subtracting d2,,.

quadratic formula equation is really easy A,in = = —1. In fact, we don't
Finally, the point A = —1 corresponds to rjjpe (4 = —1) = (1,3) — 1(1,1) = (0,2).

Notice that vector formulas (the calculation of d,y;,) has “saved” us from having to find derivatives
to find the local minimum (which would be an alternative way of doing it).

7) Calculate the point at which the liney = 2x + 3 is closest to the origin.
Tip: In a previous problem we foundy = 2x + 3 - r(4) =(0,3) + 1(1,2)

Solution: Therefore, we can follow the procedure for finding the value of A which achieves that
distance as above:

d(A) = lIriine(A) — pll = dmin
100,3) + 4(1,2) — (0,0) |l = dmin
I fza)” = dmin

224+ (34242 = dpin

VA2 49+ 1220 4 422 = dppyp
512+ 124+ 9 = dpin

512+ 124+ 9 = d2%;,

We can solve this quadratic equation for A,,;,. Since we know that d,,,;, occurs exactly at the
minimum, the solution is given by:
-b 12 6

Amin = 50 = 7077 75

1.1 (6)
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So that the point of minimum distance is:

a=-9)-0m-Sum-(-£)

Double check your answer, check that the distance from that point to the origin is indeed %

8) Consider the line segmentr = ry + Av with A in the interval [0,2] (i.e. it is not an infinite line,
only a segment of it). Come up with an algorithm to find the minimum distance between this
line segment and a point p, without requiring differentiation.

First find the distance between the infinite line r = ry + Av and the point p, lets call it d i, =
\'
[ =ro x (FH)

Find the value of lambda for which this minimum distance takes place, by solving the equation:

”rline(l) - p” = dmin
”ro + Av — p” = dmin

This will give rise to a quadratic equation in A, with only ONE (double) solution A,,i,. If the value of
Amin is outside the range of the line segment [0,2], then the end of the line segment closest in 4 to
the solution A,,;, will be the point with smallest distance from the line segment to p. If the value is
inside the range, then the minimum distance will be dy;,.

'Z%e - r(4)
s, 7S
2, 4 Line segment
\‘0 /,’
Infiniteline__--"" 4
e dmin
®p
«i\\ ’i\\ _r(d)
Z <l -7
OJ/'O
’i\
N
o d=dmin
°p

1.1(7)
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9) Find the distance from the point P with coordinates (1,2,3) to the plane that contains the
points A, B, C having coordinates (0,1,0), (2,3,1) and (5,7,2)

Sol:

Distance from a point P to a plane m is given by: (p - rplane) - . Where I'pjane is any point in the
plane: e.g. A, BorC, let's take Ipjape = a

And we also need the normal to the plane 0.

The normal to the plane can be calculated via the cross product of any two vectors in the plane

n=(b—a)x(c—a)
=2-03-11-0%x(5-07—-1,2-0)
=(2,2,1) x (5,6,2)

-2
= XM4-6)—y(4 -5+ 2(12—10)=<1)
2

(O B NS I

DN
N = N

Remember we need the normalized unit vector f.

_n (-2,1,2) 1 <—2>
n= = — — 1
Inll /(=22 + @2+ 2?2 3\,
So, we can finally calculate the distance:

d = |(p - rplane) -1

1.1(8)
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INTERSECTIONS

10) Find the direction of the line of intersection of the two planes
x+3y—z=5and2x -2y +4z=3.

Sol:
vV = nl X nz

=(1,3,-1) x (2,—-2,4)

X VvV 1z
=1 3 -1 =)?(3‘4—(—1)~(—2))—§/(1-4—(—1)-2)+i(1~(—2)—3~2)
2 =2 4

11) Find the equation in parametric form for the line of intersection of the two planes

x+3y—z=>5and2x — 2y + 4z =3.

Solution: The planes are the same as in the previous problem, the vector parallel to the lineisv =
n; xn, = (1,3,—1) x (2,—2,4) = (10,—6,—8). For the parametric equation r(1) = ry + Av we
need to find any point of the line ry.

To find a point of the line, we must find a point that exists simultaneously in both planes x + 3y —
z=5and 2x — 2y + 4z = 3, in other words, we need to solve the two equations simultaneously
and find any solution. There are lots of ways to do this. Let’s subtract two times the first equation to
the second equation:

(2x =2y +4z) —2(x+3y—2z)=3-2(5)
-8y +6z=-7

This is, in fact, one of the two equations which would define the line of intersection. We don’t need
) . . 7
to find the other, as we only need any point. For example, we can set y, = 0 and find z, = — p Now

we can find a value for xy from the two equations of the planes. We can use 2x — 2y + 4z = 3,

substituting vy, and zy we find 2xg — %4 =3 > x9= % + % = % + % = %. We can check that the

point ry = (X, Vo, Zo) also fulfils the equation for the second plane. Therefore, we have found a
point on the line, and we have all the required information:

r(d) =ry +Av

23/6 10
()
-7/6 -8

1.1(9)
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12) Find the parametric equation of the line of intersection of the two planes givenby x — 5 =0
andy = z.

Sol:
Do not be confused by the notation,

x—5=0istheplanex + 0y +0z =5
y =zistheplane Ox +y —z = 0.

vV = nl X nz
= (1,0,0) x (0,1,—-1)

Z
0
-1

Ry 0

1 0 =%0)—-9y(1-1-0)+ 2((—1)—0)=<—1>
0 1 -1

Now find any point ry simultaneous solution to the two planes: ANY point will do. For example, x =
5,y =0,z = 0. So, the equation of the line is (notice | used —v because it looked simpler and is
equally valid as a vector parallel to the line)

5 0
r(d) = (0) + A(l)
0 1

(INCLUDING SPHERES MAKES EQUATIONS BECOME QUADRATIC)

13) Consider the line r = (2,2) + A(2,1). This line intersects a circle with radius r = /2 and
center ¢ = (—1,0) at two points a and b. Find their coordinates.

Sol:

Equation for the line: r = ry + Av
Equation for the circle:||r — c|| = r

Substituting one into the other we can solve for the values of A that fulfil both conditions

simultaneously:

lrg +Av—c| =7

122) + 2(2,1) = (-1,0)[ =2

I3 +24,2+ D] =V2

Evaluating the norm and squaring both sides:

B+21)2+@2+2)?=2

(9+122+422)+ (4 +42+21%) =2

52+161+11=0

. —b+Vb?—4ac -16+V256-220 -16+6
2a 10 10

={-1,-11/5}

Therefore, the two points of intersection are found by substituting A intor = ry + Av:

1.1(10)
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a=ryg+(-Dv=(22)-(21)=(01)
12 1

b =ry+ (—11/5)v = (2,2) — (11/5)(2,1) = (—?, —§>

14) Find the minimum distance between a point with position vector p, and the surface of a
sphere with radius a and centre at position vector c.

Sol:
First find the distance ||p — c||

If ||p — c|| > a, then the required distance is decreased by an amount a, so thatd = ||p — c|| — a.

But what if ||p — c|| < a? Then we overshoot the “subtraction” as we get a negative number, but
this negative number is still the distance! We just need to take the absolute value:

So, finally: d = [||p — c|| — al

Distance from ||1‘Sp}1ere —c| =atopointp: dpin= |llp—cll —al

1.1(11)
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15) Find the radius p of the circle that is the intersection of the plane fi - r = p and the sphere of
radius a centred on the point with position vector c. The answer must be given in terms of the
known parameters only (fi, p, a and c)

Sol:

Let's define b as the centre of the desired circle of intersection
The equation of the desired circle is [r — b| = p, with r constrained to the planefi - r = p.

We can visualize that:

b — ¢ must be parallel to i
thereforeb — c = Al

If you have trouble visualizing why this is, think of the cone formed with tip at ¢ and base equal to
the intersection circle. The base of that cone is within the plane, with normal fi. Clearly the center of
the plane surface of the cone will be the center of the circle, point b, and from this point, the tip of
the cone can be reached by moving perpendicularly to the base.

From Pythagoras' theorem we have:
Ib—cll* + p* = a?

Sop?=a’—|b—c|?

p =@ =Tb—c?

Now we just need to find the length of the vector b — c. Since vector b — c is perpendicular to the
plane, its length corresponds to the distance between point ¢ and the planefi - r = p.

[Ib — c|| = distance between point ¢ and the planefi-r =p

o~

The distance between a point and a plane is (c - rplane) -h
We need any point in the plane:

The equation of the planeisr-n =p

1.1(12)
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So any possible point in the plane rpjape is any point which fulfills ryj,pne - i = p, for example we can
take rpjane = pi

Therefore, the required distance is ||b — ¢|| = |(c — pf) - fi] = |c - 1 — p|

So finally we have:

p=ya@=lc-a—pP

There are several conditions for this to be a real number (meaning that the sphere does intersect
with the plane)

1.1 (13)
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1.2 N-DIMENSIONAL VECTOR SPACES

A. BASIS, SPAN, LINEAR DEPENDENCE AND INDEPENDENCE

Span:
span{vy, v,, ..., Vy } = Space of all vectors reached by linear combinations v = ); a;Vv;
Linear dependence/independence:

{vi,V,, ..., vy} are linearly independent & }}; a;v; # 0 always except for trivial case a; = 0.
{vi,V,, ..., vy} are linearly dependent & }; a;v; = 0 for some non-zero values of a;
& at least one of the v; can be written as a linear combination of the others.

Dimensions of span:

{vy,Vy, ..., vy} are linearly independent < dim[span{v;, vy, ...,vy}] = N
{vy,V,, ..., vy} are linearly dependent < dim([span{v;,v,,...,vy}] <N

Basis:

{e;,e,, -+, en}is a basis of space V < {e,, e,, -, eyx} are linearly independent vectors
which span the whole of V whose dimension is therefore dim[V] = N

B. N-DIMENSIONAL VECTOR SPACES

A vector space V is not necessarily used to represent geometrical vectors. It can represent any set
whose elements behave like vectors, that is, fulfils the following axioms:

- Vector addition:

o Closure: u+visinV

o Commutative: ut+v=v+u

o Associative: (u+v)+w=u+(v+w)

o Additive identity: Vector 0 € V exists suchthatu+ 0 =u

o Additive inverse:  Vector (—u) € 7V exists such thatu + (—u) = 0 for every u

- Multiplication by a scalar:
o Closure: AuisinV

o Distributive over vector addition: A(u+v) = Au+ Av

o Distributive over scalar addition: (A + w)u = Au + pu

o Associative: Awv = A(uv)

o Scalar identity: Scalar 1 exists such that lv=v

Examples: RGB colour space, polynomials of degree n, functions f(x) on an interval [a, b]...

1.2 (1)



MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

C. INNER PRODUCT

Axioms of (Hermitian) inner product:

e (Conjugate) Symmetry (a,b) = (b,a)"

e Positive definiteness (a,a) > 0 (only equal to O if ||a|| = 0)

e Linearity in 1t argument* which implies (conjugate) linearity in 2™
(aa + b, c) = afa, c) + B(b, c)
(c,aa + Bb) = a*(c,a) + B*(c,b)

Definitions associated to inner product:

e Norm of a vector: ||a|| = +/(a,a)

e Orthogonality between vectors: (a,b) = 0 < aand b are orthogonal

* Remember that linearity in 1%t or 2"¢ argument is an arbitrary choice. A typical choice in physics is to
have linearity in the 2" argument and conjugate linearity in the first. This alternative definition of
inner product is typically written as (a|b)

Useful applications of the inner product:

Orthogonal and orthonormal basis:
{e, e, -, ey} orthogonal basis < (e;, e;) = 0ifi # j

Oifi #j
{é,,8&,,:-, &y} orthonormal basis < (éi,éj) = {1 ey _j, = §;; Kronecker delta

Components of a vector in orthogonal (or orthonormal) basis:

(v.e;)
(ej.e;)
Components of a vector: v; = (v, &;) if {€;,€,,-, €y} is orthonormal basis

Components of a vector: v; = if {e;, e,, -+, en} is orthogonal basis

Projection of a vector into a subspace:
Space V; Subspace W = span{e,, e,, -, ey} orthogonal basis; w € W closest vectortov € V

W= (v'e1> e (v'e2> e (vreN) e
(e1,€q) ! (ez,€;) 2 (en,ey) N

(but only if {e;, e,, -, ex} is orthogonal basis)

Hermitian inner product of vectors in terms of orthonormal basis components:

ab) = > aibi

a=),;a;€; andb =), b;&; with {€;} orthonormal basis.

1.2 (2)
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D. FUNCTION VECTOR SPACES

The set of functions f(x) in an interval [a, b] defines an (infinite-dimensional) vector space.

Hermitian inner product for function vector space:
b

(F@. g0 = | fGg @
a

With this definition we can now calculate norms, distances and projections between functions.

Possible basis for this vector space: “Delta functions” of position, coefficients of x (i.e. a Taylor
expansion), etc...

PROBLEMS:

UNDERSTANDING SPAN, LINEAR DEPENDENCE AND INDEPENDENCE

We know that span{vy, v,,v3} can have 0, 1, 2 or 3 dimensions. It will have 3 dimensions only if the
vectors are linearly independent. It will have 0, 1 or 2 dimensions if the vectors are linearly
dependent.

2D
3D

1D

e

How can we mathematically tell the different cases apart? Let’s see examples of them:

1) Check the linear independence of vectors v; = (1,1,0), v, = (1,0,1) and v3 = (0,1,1)

Sol:

Linear independence: The equation a,vy + a,v, + a3vz = 0 has no solutions apart from the trivial
one. Write down the actual vectors and write the equations component by component:

o)) ()-(o)

a,+a, =0 (Eq.1)
{al +a; =0 (Eq.2)
a, +az =0 (Eq.3)

Solve for the coefficients:

1.2 (3)
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(1)-2)»a;—az=0—-az=a, 3D
Into(3)a, +a3=0—-a,+a, =0-a,=a3=0

Into(1)a; = —a, =0

The only solution is the trivial one a; = a, = a; = 0.

Therefore, the vectors are linearly independent

2) Check the linear dependence of vectors v; = (1,1,0), v, = (1,0,1) and v3 = (0,1, —1). How
can we mathematically check the number of vectors which are redundant in terms of the
span?

Linear dependence: The equation a;v4 + a,v, + azvz = 0 has solutions different from the trivial
one.

Write down the actual vectors and write the equations component by component:

() () =(2)-()

{al +a,=0 (Eq.1)

2D

a, +az =0 (Eq.2)
a, —az =0 (Eq.3)

Solve for the coefficients:
(1)-2)»a;—az=0—-az =a,
Into (3) a3 — a3 = 0 — True for any arbitrary valueas; =1 - a, = 1
Into(l)»a;+az3=0->a; +A=0-a; =-1
Therefore, the general solution to the system is:

{a, = —Aa, =21 a3 =1}
Therefore, the vectors are linearly dependent.

The solution has 1 degree of freedom. Interestingly notice that we can write the general solution as
the equation of a line, in the parameter space of (a4, a,,a3) = 1-(—1,1,1).

When the solution to Y.a;v; = 0 has N degrees of freedom, it means that N of the vectors are
redundant in terms of the span (and can be removed)

In this case, one of the three vectors is redundant in terms of the span.

The span{vy, v, v3} is therefore 2-dimensional (a plane)

This will be clarified when we study the “theorem of dimensions” in the matrices lecture.

i.e. if we remove one of the vectors, being a linear combination of the others, the remaining two will
be independent.

1.2 (4)
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3) Check the linear dependence of vectors v; = (0,—1,1), v, = (0,1,—1) and v; = (0,2, —=2).
State the dimension of their span, and state which vectors could be removed from the set
without affecting the span.

By inspection we can immediately see that the three vectors are parallel, in the same line. So, a
quick answer could be: the span is one dimensional, we can remove any two of the three vectors.

But it is interesting to see how this affects the solutions of the equation Ya;v; = 0

o)) e(2)- ()

0=0 (Eq.1)
{—al +a,+2a3 =0 (Eq.2)
a;—a;—2a3=0 (Eq.3)

From (2) » a; = a, + 2a;

Into(3) - 0=0

What's going on? What happens is that any combination in which a; = a, + 2as is a valid solution.
Therefore, we have two degrees of freedom, we can choose a, = 4, a; = u,and a; = 41 + 2u. The
general solution to the system can be written as the parametric equation of a plane in the space of
coefficients (a,, a,, az) = A(1,1,0) + u(2,0,1).

1D

‘—"‘/

The solution has 2 degrees of freedom, which means that two of the three vectors are redundant in
terms of the span. The span{vy, v,, v3} is (3 vectors — 2 degrees of freedom of the linear
independence equation) = 1-dimensional line.

In this case, any two of the vectors could be removed without affecting the span.
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4) Check the linear dependence of vectors v; = (0,—1,1), v, = (0,1,—1) and v = (0,1,2).
State the dimension of their span, and state which vectors could be removed from the set
without affecting the span.

This time, the situation is a bit trickier. It is clear that v; and v, are parallel, so they count as one
when defining a span. Vector v; is independent of either v; or v,. This all means that vq, v;, v3 are
linearly dependent, but we could say that the blame for that falls more heavily on v; and v, than on
v3. In fact, span{vy, vy, v3} will be a two-dimensional plane, and we can remove either v, or v,
without affecting the span. However, if we choose wrongly and decided to remove v3, then the span
would lose one additional dimension! How is all this reflected on the maths?

a]_Vl + a2V2 + a3V3 = 0

o(G)reln) e (y)- (o)

0=0 (Eq.1)
{—al +a,+a3;=0 (Eq.2)
a; —a; +2a3 =0 (Eq.3)

Adding (2)+(3) we get az = 0.
Substituting this into the other two equations just tells us that a; = a, = A, a free parameter.

The general solution can be written in vector form as (a4, a,, az) = A(1,1,0) and has one degree of
freedom, so that the span{vy, v,,v3} is a (3 vectors — 1 degrees of freedom of the linear
independence equation) = 2-dimensional plane.

Maths is also telling us that vector 3 is special because the linear combinations that determine the
linear dependence always have a; = 0 and thus never involve v3. Indeed, v3 is more important than
the other two, in terms of their span.

2D

These cases might seem trivial in this 3D case, but hopefully you can realize how understanding
these results could be useful for understanding the span of a set of vectors in higher-dimensional
spaces.
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5) Let’s deal with 4-dimensional spaces. Check the linear dependence of vectors v; = (—1,1,1,1),
v, =(1,-1,1,1),vs =(1,1,-1,1) and v, = (1,1,1,1).

Sol:

Linear independence: The equation a,vy + a, v, + asvz + a4 v4 = 0 has no solutions apart from the
trivial one.

Write down the actual vectors and write the equations component by component:

-1 1 1 1 0

1 -1 1 11 (0

a11+a21+a3_1+a41—0

1 1 1 1 0
—a;+a,+az+a,=0 (Eq.1)
a;—a+az+a, =0 (Eq.2)
a,+a;—az+a, =0 (Eq.3)
a;ta,+az+a, =0 (Eq.4)

Solve for the coefficients:

(1)+2)»az+a,=0-a3 =—ay
(2+B)—a;+a,=0-0a; =—a,

(3)+(4) d a1 + az + a4 = O g az = _al_a4 = O

Substituting the previous 3 results into (1): —a; +a, +az +a, =0—-a,—a,+a, =0->a, =0
And thereforea; = a3 = —a, =0
The only solution is the trivial one a; = a, = a3z = a, = 0.

Therefore, the vectors are linearly independent
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EXPANDING A VECTOR IN A BASIS

6) Expand the vector v = (—1,1,1) in the basis {e4, e;, €3} with e; = (1,0,1), e, = (0,1,1), and
es; = (1,1,0).

First check that the vectors in the basis are linearly independent, so that we can expand them.
Now we need to solve for the linear coefficients a4, a,, az such that:
V= alel + azez + a363

Substitute the actual vectors and write the equations component by component:

()=o) o= (2)

—1=a,+a; (Eq.1)
{ 1=a,+as; (Eq.2)
1 :a1+a2 (EqS)
Solve for the coefficients:
From(1),a; = —a; — 1
From (2), a, = 1 — a3, and substituting the result from (1) a, = 2 + a4

Substitutinginto (3),1 =a; +2+a; - 2a;=-1- a; = —%

Thereforea, =2 +a; = %

Into (1), a3 =—a; — 1= —%
1 =1 3e,-1
So finally v = ~e1toe;—-e3
L -1
We could even write v = | 3 |in basis {e1,e5,€e3}
-1

7) Find the coordinates a4, a,, a; of the vector v = (1,2,3) with respect to the basis {eq, e;, e3}
given by vectors e; = (1,1,0), e; = (1,0,1) and e3 = (1,1,1).

Sol:
First check that the vectors in the basis are linearly independent, so that we can expand them.
Now we need to solve for the linear coefficients a4, a,, az such that:

vV =a;eq +ae; +ases

Substitute the actual vectors and write the equations component by component:

)=o)+ (e) ()
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l=a,+a,+a; (Eq.1)
2=aq+a; (Eq.2)
3= a, + as (Eq 3)

Solve for the coefficients:
(3)into(1)»1=aq;+3>a; =-2

Into(2) 2 a3 =2—a; =4

Into(3)2a,=3—a; =-1
-2
Therefore, v =| —1 | in basis {eq, e, €3}
4
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OTHER VECTOR SPACES

8) Consider the set of all complex numbers z € C. Is this set a vector space?

You can check that the complex numbers fulfil all the axioms.
Therefore, the set of complex numbers can be considered a vector space.

9) If the set of all complex numbers z € C is indeed a vector space, what is its dimension?

The dimension of a vector space is given by the number of independent “vectors” required to span it
(i.e. by the size of its basis). The problem is, how do we define the span? span{v,, ..., vy} = Ya,v;
for any scalar a;. But do we allow a; to be complex?

If we don’t allow a; to be complex, only real, then the complex numbers have two (real) dimensions.
To show this, a basis for the complex numbers would be {e,e,} withe; = 1ande; = i.Tobea
valid basis, the vectors need to be (i) linearly independent, and (ii) span the whole space

(i) Is fulfilled, because a,eq + a,e; = 0 —» a4 +ia, = 0 - a; = a, = 0 has only the trivial
solution, if only real coefficients are allowed.
(ii) Is true, because any complex number can be written as a linear combination of {1,i}

If on the other hand we allow a; to be complex, then C has only one (complex) dimension, because
we can define a basis {e; = 1} and any complex vector is then written as z = (a;)(1) = a;.

INTERESTING STORY: William Rowan Hamilton, born 1805, knew that the complex numbers could
be interpreted as points in a plane, and he was looking for a way to do the same for points in three-
dimensional space. Points in space can be represented by their coordinates, which are triples of
numbers, and for many years he had known how to add and subtract triples of numbers. However,
Hamilton had been stuck on the problem of multiplication and division for a long time. Complex
numbers, i.e. points in a plane, CAN be multiplied and divided with each other. However, he spent
his life trying to find some system of numbers in which triplets of numbers could be multiplied and
divided.

One day, crossing a bridge, he realised that what he was looking for didn’t exist. The only way to
have a system with numbers that can be multiplied and divided, was to have quadruplets (i.e. sets of
4 numbers, or points on a 4 dimensional space). He thus invented quaternions. This involved the real
line (1), and three imaginary units (i, j ,k) defined by the relations i? = j2 = k? = ijk = —1. Vectors
in 3D space could then be represented as “pure quaternions”, numbers with only imaginary
components and zero real part. This gives rise to our common notation of (i, j k) as unit vectors in
3D space!

Importantly, he found that these quaternions CAN be multiplied or divided directly to produce a new
quaternion. Interestingly, when multiplying two pure quaternions representing vectors in 3D space,
the result is a non-pure quaternion whose real part is the DOT PRODUCT of the original vectors, and
whose imaginary part (i,j,k) corresponds to the CROSS PRODUCT 3-D vector of the original numbers!
THIS IS HOW dot and cross products were “discovered”! Later, quaternions fell largely into disuse,
since it was easier to work with vectors and just define the dot and cross products axiomatically. The
axioms of a vector space do not need to include the possibility of multiplying them or dividing them.
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HERMITIAN INNER PRODUCT - PROOFS

10) Prove the Schwarz’s inequality for complex vectors, which states:

[(a,b)| < llall]|b]|

Proof:
(Do not get confused between the absolute value of a scalar |1| and the norm of a vector ||v||).

Consider the linear combination a + Ab and calculate its squared norm, which must always be
bigger or equal to zero:

la+ Ab||> ={(a+ Ab,a+ Ab) >0
Apply linearity in first argument of the inner product (inner product axiom):
la + Ab||?> = (a,a + Ab) + A(b,a+ Ab) > 0

Apply conjugate linearity in the second argument of the inner product (Hermitian inner product
axiom):

la + Ab||?> = (a,a) + 1*(a,b) + A(b,a) + 211*(b,b) > 0
Apply the conjugate symmetry of the inner product:
la + Ab]|? = (a,a) + 1*(a,b) + A{(a,b)* + 21*(b,b) > 0

Now, remember that {(a,a) = ||a]|> > 0 and (b,b) = ||b||?> > 0 are real positive numbers. However,
do not forget that (a, b) is in general a complex number § which has a certain amplitude and phase
§ = |5|e'® = |(a, b)|e'*. Also remember the identity for complex numbers AA* = |1|2. Substituting
these we have:

lla +2b|? = [la]|* + 2*[(a, b)|e™® + A|(a, b)|e'* + [1[?||b]|* = 0

lla+ Ab||* = [la]|* + (A"e'® + Ae ") |[{a, b)| + |A|*[|b]|* = 0

This inequality must be true for EVERY complex value of A. To simplify the expression, let’s give A the
same phase as (a, b) but an arbitrary modulus 7, i.e. we choose A = re®:

lla]|? + (re_i“ei“ + rei“e_i“)l(a,b)l +7r?||b]|> >0
llall*> + 2r|(a, b)| + r2||b]|> = 0

This is a quadratic equation in r which must be positive or zero for every real value of r. Therefore,
the quadratic polynomial cannot have two real solutions (i.e. it cannot cross the x-axis, as then the
polynomial would be negative in some region), which means that its discriminant must be smaller
than or equal to zero (i.e. imaginary solutions or one single real double solution):

A = (2{a,b)? — 4llall*|Ib]|* < 0
(a,b)|? < [lal|?|Ib]|?
[(a,b)| < llall[Ib]]
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11) Prove the triangle inequality for vectors, which states:

lla + bl < [la]| + [[bl|
We want the proof to be valid for arbitrary N-dimensional vector spaces, as long as they
fulfil the axioms of a vector space and those of an inner product, so it’s not enough to prove
it geometrically.
Hint: make use of Schwarz’s inequality!

Solution:
Since both the left- and right-hand sides are positive definite, by the positive definiteness axiom, we
can square both sides and maintain the inequality (one is true if and only if the other one is true):

lla+blI* < (llall + |[bI))?
lla+blI* < [lall? + [Ibll* + 2[lall]|b]|

The left-hand side is:
la+bl|?=(a+b,a+b)
=(a,a+b)+(b,a+Db)
= (a,a) + (a,b) + (b,a) + (b,b)
= [lall*> + |Ib]|* + (a,b) + (b, a)

Now, (a,b) and (b, a) are complex numbers, but thanks to the conjugate symmetry axiom we know
that (a,b) + (b,a) = (a,b) + (a,b)", and we know that z + z* = 2 Re{z} for any complex number,
so we need to prove:

lall* + [IblI* + 2 Re{(a,b)} < [lall* + [IbII* + 2[|allI|b]|
Re{{a,b)} < [[a|||b]]

But the real part of any complex number is smaller than or equal to its magnitude, which fulfills
[(a,b)| < [la]|||b]| by Schwartz’s inequality; therefore:

Re{(a,b)} < |(a,b)| < |lal|[Ib]l

BASIS

12) Prove that the components of v on a basis {e4, €5, ..., ey} are given by v; = (v, e;)/(e;, €;)
only if the basis is orthogonal.

Solution: When {e;, e,, ..., ey} forms a basis, then we can write v =Y, v, e,, where v,, are the
components of the vector in that basis.

If we take the inner product of v with e; then we have (v, e;) = (3, a,€e,, e;) which, thanks to the
linearity axiom of the inner product, can be split into a sum of inner products (v, e;) = Y,, a,{e,, €;).

If the basis is orthogonal, then all the terms in the sum in which n # i will be zero, leaving only the i-
th single term: (v, e;) = v;(e;, e;), from which we can finally write v; = (v, e;)/(e;, e;).
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13) Show that %a = (v,a) awherea = a/||a]|.

Solution: We apply the definition{a, a) = ||a||? and conjugate linearity in the 2" argument:

(v,a) _ (v,a) a a a a

——a=——=a=(V,——) — = (v,—) — = (v,a)a
(@aa) |l llall*” llall " "llall” llall "~

14) Determine whether the basis {eq, €5, €3} is orthogonal, orthonormal, or otherwise.

e; = (1,0,—1), e; = (1,1,1), e = (1,-2,1).

Solution: We need to check the inner product for all possible pairs:
(e, e2)=(1,0,-1)-(1,1,1)"=1-1+(-1)-1=0

(e, e3) =(1,0,-1)-(1,-21)"=1-1=0
(ez,e3)=(1,1,1)-(1,-21)"=1-2+1=0

So the basis is, at least, orthogonal. Is it orthonormal?

(e, e1) =(1,0,-1)-(1,0,-1)" =2

No it is not. We could easily convert it into an orthonormal basis by normalizing each basis vector.

15) Write the vector v = (1, —3,2) in terms of the orthogonal basis {e, e;, e3} given by e; =
(1,0,—-1),e, =(1,1,1),e3 = (1,-2,1).

Solution: Normally, finding the components involves solving a linear system of equations
V= alel + azez + a363

As was done in some of the problems above. Now, thanks to the basis being orthogonal, the recipe is
MUCH easier!

_(veq) 1-2 1

al_(el,el)_1+1=_z
0 = (v,e;) =1—3+2=
27 (ey,0) 14141

_(vies) 14+46+2 9 3

B leses) 1+4+1 6 2
Indeed, you can check:

1 3
V=(‘§)el+zez
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COMPLEX BASIS:

16) Determine whether the basis {e4,e,} = {X + iy, X — i} is orthogonal, orthonormal, or
otherwise, using the Hermitian inner product.

Solution: To check for orthogonality, we need to check the inner product for the possible pairs, in
this 2D case only one check. Remember the calculation of the inner product in terms of the
components of an orthonormal basis: (a,b) = a,b; + a,b; =a-b".

_ 1 1\, _ 4 4« Ny 2
(ener) =((;). (D=1 1+® (D =1+i2=0
So the basis is, at least, orthogonal. Is it orthonormal (i.e. unit length)?
Y6 SN0 S N Ny _
even ={(;).(;)=11+@® @ =11+® D=1+1=2

No it is not. We could easily convert it into an orthonormal basis by normalizing each basis vector by

V2.

. . 2
17) Determine whether the basis {e;, e,,e3} = {X:;_Ly ”:/ty F }IS orthogonal, orthonormal, or

otherwise, using the Hermitian inner product.

Solution: To check for orthogonality, we need to check the inner product for the possible pairs.
Remember the calculation of the inner product in terms of the components of an orthonormal basis:
(a,b) = ayby + ayb;, + a,b; =a-b*

wen=(3) () = (5 C5) = 2+ ()7

- (E50) () - (). (gt
(ey,€3) = (iﬁ\/;y) - (2\/-%1'2)* = (if(\/-;f/) : (2\/_;2) =0

So the basis is, at least, orthogonal. Is it orthonormal?

(M o/ M 1
(el'e1)=<ﬁ<é>'ﬁ<é>) =§<<(i)>.<(i)>)=§(1+(i)(i)*)= 1
AN WA WAAwL 1
(ez,€;) = <ﬁ (é)ﬁ(é)) = E<<(1)><(1)>> = E((i)(i)* +1)=1
1/0Y\ 1/ 0 1/ 0 0
o=l bl )3 )G -

No, |lez]l = \/(e3, e3) = \/5/3, so ez is not a unit vector. This is an orthogonal basis, but not
2+i0 o

22).

[Q+D)2+D]= ;) 1

wl»—\

orthonormal. (Note: It would have been orthonormal if e; =
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PROJECTIONS:

18) Find the projection of the vector v = (3,1) into the subspace defined by vector e; = (1,1).

Sol:

The projection p of the vector v into the subspace, is given by a simple recipe.

v, ey (i)(i)) 1y _3+1ay_4.1\_2
P=ﬁel=m(1)‘m(1)‘i(1)‘(z)

19) Find the projection of the vector v = (0, a, 1), where a is a real number, into the subspace
defined by vectors e; = (1,1,— 1) and e; = (1,0,1).

Sol: The problem is very easy once we realise that the two vectors of the subspace are orthogonal
(e1,e2) =1 —1 = 0 and, therefore, the projection p of the vector v into the subspace, is given by a
simple recipe, identical to the one for finding the components of a vector in an orthogonal basis:

— (V,e1> e (V, eZ)

(e1,eq) 1 (e2,€2) 2
_ a—1 + 1 _a—l +1
TIHl+1 T %27 T3 1T g%

a—1 1 1
=——(11L,-D) +5(10,1) = (1 +2a,2a - 2,5 - 2a)

An alternative 2 (easy method) would be to get the original vector v, and subtract from it the

component that is perpendicular to the plane:
(v,n)

(n,n)

p=v-

or in more typical “vector” notation:
p=v—(v-n)n
with il = (eq X e3)/|leg X ez]|
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nv-n)

Alternative 3 (long method): This question could have been framed in the context of distances
between points and planes. Find the vector within the plane given by r = A(1,1,—1) + u(1,0,1)
which has minimum distance to the pointv = (0, a, 1).

In the context of distances of points and planes, this problem would be a long one: first obtain the
minimum distance dpin, = (v—rplane) - i between the plane and the vector v (which requires

calculating il = ﬁ with n = e X e3). Secondly equate ||1'p1ane(/1' 1) — V|| = dmin and solve a

quadratic equation in A and u (at the same time!) to find the point in the plane closest to v. This is
simplified with the knowledge that the quadratic must have only one solution, and so its discriminant
must be zero.

Lookout for this in an exam: don’t take the long route! Be open to different methods.

Let’s do the long route just to show how inconvenient it would be:
First calculate the minimum distance to the plane:

Ry 2
n=e;xe;=(1,1,-Dx(101)=|1 1 —-1|=%1D)-9(1+1)+2(-1) =(1,-2,-1)
10 1

e; X ey n (1,-2-1) 1

fi = =—= = —(1,-2,-1)
lleg xexll Imll vI+4+1 V6
“~ 1 1
Amin = (rplane - V) n= ((0:0;0) —(0,a, 1)) : ﬁ 1,-2,-1) = ﬁ(Za +1)

Second find the point of minimum distance. For a plane it’s a bit more involved than for a line,
because we have two free parameters.

”rplane(ﬂ-: W — V|| = dpyin

- [12(1,1,-1) + u(1,0,1) — (0,a, DIl = dmin

A+ mA—a—+p—1) =21
- ) - al - - =
g : V6
Computing the norm and squaring both sides:
2a + 1)?
S A2+ (A— )P + (A +p—1)2 =%

Which we can write as a quadratic equation in A (we could also have gone for a quadratic in p)
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2
-3+ (2-2a)A+ (1 +a? +2u% — 2u - (Zazl) ) =0 (Ea- 1)

Whose solution is given by the quadratic equation formula:

. —b+ Vb2 —4a'c
- 2a’

The key to solving this equation easily is to know that the solution must necessarily be a single point,
and therefore the two quadratic solutions must be the same one, which means that the part inside
the square root (the discriminant) must be zero:

2a + 1)
b2—4a’c=0—>(2—2a)2—4(3)<1+a2+2u2—2,u—¥>

6
>4 —8a+4a?—12—12a? + 24u? — 244+ 8a* +8a+2 =10
- 6(—1—4u+4p®) =0

Which, as it should be, has only one solution for u

—b++Vb%2—4a'c 4+V16—-16 1
U= = — —
2a 8 2

And therefore, the equation (Eq. 1) for the distance from the plane to the point when u = % becomes:

—1)2
3/12+(2—2a)1+¥=0

Which is a quadratic equation with only one solution for A (as expected since we forced the
determinant to be zero)
2a—2

6
Substituting A and u into the equation of the plane, we finally find:
2a—2
p=4(1,1,-1)+u(1,0,1) = 3

Exactly as we had obtained with the inner product method in just three lines!

1 1
(11L,=1) +5(101) = = (1 + 20,24~ 2,5 ~ 2a)
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FUNCTION VECTOR SPACES

20) Consider the function space of functions f(x) on the interval [0,1]. Find the projection of the
function f(x) = x in the subspace spanned by the functions {e; (x), e, (x), ..., ey (x)} =
{sin(mx), sin(2mx), ..., sin(Mmx)}.

Solution: Let’s try to imagine what we are trying to do: consider the simple case M = 2. We could
visualize the situation as follows:

oo dimensions

\ siﬁ(nx)

2-dimensional “plane” = span{sin(rmrx), sin(2mx)}

We are projecting the infinite-dimensional vector corresponding to f(x) = x with x € [0,1] into the
plane formed by span{sin(x), sin(2x)}. This plane is the “functions space” given by all possible
functions that can be written as a superposition of those two sine functions:

[(x) = a, sin(mx) + a, sin(2mx)

So, our task is to find a function which lives in that plane p(x) € I1(x) such that its distance to
f(x) = x is minimal, i.e. find the coefficients a; and a, which make the function p(x) as similar as
possible to f(x) = x.

Amazingly, the maths are identical to the ones we used with geometrical vectors! If the vectors e; in
the plane are orthogonal, then:

— <V,e1> e <V, eZ)
(e, eq) ! (ez,€z) 2

So let’s do it!

First, let’s check if the functions e;(x) are all orthogonal to each other so that we can apply the
above recipe. We could check all possible pairs separately, but in this case, we can do it in the
general case:

1 1

Im () gn(x)dx = J sin(mmx) sin(nmx) dx
0

(emen =

0

Remember sina sinb = %(cos(a — b) — cos(a + b)). Which makes the integral easy to do:
1

(e, e,) = %f (cos((m —n)mx) — cos((m + n)mx) dx
0

_ l[sin((m - n)nx) 3 sin((m + n)nx) =1 _ sin((m - n)n) B sin((m + n)n)

2 (m—-—n)m (m+n)m 2(m —n)m 2m+n)m

x=0
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We know that m and n are positive integers > 0. Therefore, the second term is always zero, while
sin(x) _ 1

the first term is zero if m # n and is equal to lim when m = n. Indeed, we know that

x>0 2x 2

1.5 _1 . _
fo sin“(mnx) dx = > So, in summary:

(em' en) = E‘Smn

So, the set of functions {sin(mx), sin(27x), ..., sin(Mmx)} is an orthogonal basis!! and the norm of
all the vectors in the basis is 1/v/2.

Now we can do the projection of f(x) = x into the M-dimensional “plane” spanned by the e;’s:

— (fr el) e (fl eZ) 4ot (fr eM)
(eq1,eq) 1 (€2, €z) 2 (em, en) M
ai az am
(fr el) <fl eZ) (fl eM)
(x) = sin(mx) + sin(mx) + -+ + ————sin(mmnx
PO = e e ™) F e, ey M T e ) )
ai az am

p(x) = a4 sin(mx) + a, sin(mx) + -+ + ay sin(mmnx)

So, let’s do the calculation for the coefficients a;. We already have the bottom inner products, so
let’s calculate the top inner products. We can calculate them all simultaneously:

1 1
(f,e,) = J f)gm(x)dx = f x sin(mmx) dx
0 0

We can do integration by parts: [ u dv = u v — [ v du with u = x, du = dx, dv = sin(mmx)dx,
v = [ sin(mmx)dx = —( L )cos(mnx). So:

(F, ) = jo

1 x x=1 1 !
x sin(mmx) dx = [— (—) cos(mr[x)] — —f cos(mmx) dx
mm x=0 MTJ,

(‘%)_0 [% sin(mnx)]:=0

(-pm?
f, =
(fem) =~
So, we have:

(f, en) (—pmt
Ay = =2
(em, em) m

and the projection is given by:
p(x) = a, sin(mx) + a, sin(mx) + -+ + ay sin(mmnx)

() = Zsin(ex) + —sin(2mx) + - sinGrx) + - + 2D Gin(Mx)
p(x —nsm X o sin(2mx) 3ﬂsm( X) = sin(Mnx

(-7
p(x) = Z Tsm(mnx)

m=1
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Indeed, this projection is an excellent approximation to f(x) = x, and in fact gets better and better
with increasing number of terms!

1.2} M 2( 1)m_1 M = 201
p(x) = Z ————sin(mnx) = x M =5 f\ (M =100
1.0 mi1 H h“‘
o
M=2 ‘\ M
\ —1
p(x) |‘ ,
0.6 M=1 | .
- \| — 20
4 VAl — 100
- x - u.o

If you understand all the steps, you are ready to understand the Fourier series and the Fourier
transform, which is a topic for second year.
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2. MATRICES

2.1 INTRODUCTION TO MATRICES AS LINEAR TRANSFORMATIONS
& BASIC MATRIX OPERATIONS

Pre-requisite for these notes:

Video lecture introduction to matrices and matrix-vector multiplication:
[MATRICES 1] What IS a MATRIX? Essence and Motivation (29 min)

SUMMARY OF CHAPTER 2.1
LINEAR TRANSFORMATION OF VECTORS:
" A(V)
A is alinear

transformation < A(aa + fb) = aA(a) + BA(b)

REPRESENTATION AS A MATRIX:

cﬂ(V) = cﬂ(vlel + .-+ UNeN)
= Ulcﬂ(el) + .-+ vNc/q(eN)

| | U1
“Ale;) ... Aley) ( : >=Av
| |

SIMPLE EXAMPLES OF LINEAR TRANSFORMATIONS

Example: Rotation and scaling (both isotropic and anisotropic) in 2D and 3D.
Example: Projection of 2D and 3D space into a line or a plane.

MATRICES ACTING ON N-DIMENSIONAL SPACES

A matrix can be any size M X N, converting an N dimensional input into an M dimensional output.
Example: Derivative of polynomials is a linear transformation which converts degree N to degree N-1

Vector spaces can be many different things. A matrix could represent linear transformations to
polynomials, colours in {R,G,B} space, etc.

NESTED LINEAR TRANSFORMATIONS AS MATRIX MULTIPLICATION

Example: projection followed by rotation vs. rotation followed by projection — matrices don’t
commute in general: AB # BA
Some matrices do commute with each other AB = BA. Example: nested rotations on same axes.

2.1(1)
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SUMMARY OF BASIC MATRIX OPERATIONS

Addition of matrices A + B : add each corresponding element (matrices must have the same size)
Multiplication of matrices BA : apply matrix multiplication B to each of the columns of A

The matrix multiplication BAv corresponds to the nested transformations B[A (V)].
Similarly to nested functions g[f (x)], first apply A and THEN apply B.
Dimensions of vector spaces must match throughout the “chain”.
Multiplication of matrices is not commutative AB # BA (e.g. project then rotate)
The rest of the properties of addition and multiplication are identical to scalars,
but remembering that multiplication on the left is different to multiplication on the right:
A(B+C) =AB + AC
(A+B)C=AC+BC
A(A+B)=1A+ 1B
The identity matrix I is the matrix version of the scalar 1. Its diagonal is 1’s, rest are O’s. It
does not transform vectors. Multiplying I left or right leaves a matrix unchanged: AI = IA =
A.

Transpose of a matrix AT : swap rows by columns
(1A)T = 2AT
(BA)T = ATBT (very careful with the order, it must be swapped!)

Hermitian conjugate of a matrix: AT = (A*)T - conjugate each element and transpose the matrix.
(using symbol ‘dagger’ 1)
Note that Hermitian inner product: (u|v) = utv

Powers of matrices A" = AA --- A : multiply a matrix times itself n times.
e.g. application in “directed graphs” and “Markov processes”

ORTHOGONAL MATRICES:

A is an orthogonal matrix
s AT =A"1
< Columns of A form an orthonormal (real) set of vectors
< (x]y) = (Ax|Ay) for any real vectors x and y

UNITARY MATRICES:

Generalization of orthogonal matrices to matrices which are complex.

A is a unitary matrix
= At =A71
& Columns of A form an orthonormal set of vectors
< (x|y) = (Ax|Ay) for any vectors x and y

2.1(2)
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A. LINEAR TRANSFORMATIONS OF VECTORS

A general transformation of vectors has a vector as input and produces a vector as output. In general,
it maps every vector in an input N dimensional vector space, into a given vector in an output M
dimensional vector space. This includes the possibility of N = M = 1 which is the well-known case of
a functiony = f(x).

' A(V)

There is a special type of transformations called LINEAR TRANSFORMATIONS with the following
property:

(A2 4(qa+ fb) = aA(a) + BA(b)
Most functions (f (x) = x?,sinx,e*, 1 + x, ...) are NOT linear. The only 1D linear functions that exist
can always be written as a multiplication f(x) = ax, where a is a scalar. When the linear
transformation acts on N > 1 vectors, the scalar multiplication f(x) = ax becomes a matrix-vector
multiplication A(v) = Av. Therefore, matrices are the N-dimensional equivalent to scalar
multiplication!

Once we know that a transformation is linear, it is very easy to find a way to characterise it (obtaining
the “fingerprints” of the transformation) by considering the decomposition of every input vector into
its basis components and applying the linearity property:

cﬂ(V) = cﬂ(vlel + -4 UNeN)
= vlcﬂ(el) + -4 UNCA(eN)

| | U1
e Ale)) .. Aley) (5>=Av

| | Un

Therefore, the linear transformation is fully characterised by a list of N vectors corresponding to how
the transformation acts on each basis vector of the input space: A(e;),A(e;), -, A(ey). These are
the “fingerprints” of the transformation. The matrix associated with this linear transformation is
simply obtained by writing these vectors as the columns of the matrix. Every linear transformation
of vectors can be represented by a matrix once we have chosen a certain basis for the input and
output space.

A visual trick to remember matrix-vector multiplication is to shift the vector up and write the result in
the vector-shaped space left in the bottom right corner. Then each element is the dot product of the
corresponding row and column of the inputs:
(v )
Uy

(‘111 a12) (vx) _ (a1117x + a1217y) -
az1 A2/ \Vy a21Vx T Ap2Vy (a11 a12) (allvx + a1277y)
a1 Qz2 Az1Vx t A220)
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B. SIMPLE EXAMPLES OF LINEAR TRANSFORMATIONS

ROTATIONS:

1) Write down the matrix associated with a 90-degree rotation counter-clockwise in two
dimensions.

Solution:

Think about where the unit vectors X and ¥ end up after the transformation.

g = ((1)) S AR) = (‘1’)

,\ 0 o -1

y=(1)>4® =)

Therefore, the associated matrix is (place the resulting A (X) and A (¥) as the columns of the matrix):
/0 -1

A= (1 0 )

The transformed version of any vector is given by the matrix-times-vector multiplication:

am=av=( )0)= ()

2) Write down the matrix associated with a 45-degree rotation clock-wise in two dimensions.
~ (1 o 11
X= (o) - AR®) = ﬁ(_1)
~ (0 ~ 11
y= (1) - AQ) = ﬁ(1)
Therefore, the associated matrix is:

Az%(—11 i)

And the transformed version of any vector is:

aw =av=5(1 By L%t

It’s quite impressive that this works so easily. For example:

V= (43}) ends up in Av = \/%(_33-:_44) = %(Z) You would not have guessed this easily without

matrices!
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3) Write down the matrix associated with an arbitrary 6-degree rotation in two dimensions (as a
convention, we use 8 > 0 for anticlockwise rotation, 8 < 0 for clockwise rotation, as the right
hand rule results in the thumb pointing along +z or -z, respectively).

sin @

v

cos @

2= (5) ~ 40 = ()
7= (1) 40 =)

Therefore, the associated matrix is:

A= (s coxt)

And the transformed version of any vector is:
—gj v v, cos@ — v, sinf
AW) = Av= (050 sing) (B _ (% e

sin@ cosf /\Vy/ \v,sinf + v, cosb

SCALING

4) Write down the matrix associated with a scaling of 2D space by a factor K. What is the matrix
associated to a transformation that leaves everything unchanged?

= ()=

~ 0 ~ 0
7=(1)~ 4 =(y)
Therefore, the associated matrix is:

2= x)

And the transformed version of any vector is:

am=av=(5 9 ()= (k)

The matrix that leaves everything unchanged is called the identity matrix, often written as I, and
corresponds to the case above when K = 1 (or to the 2D rotation matrix when 8 = 0).
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5) Write down the matrix which scales space in the x-direction by a factor of 2, and scales space
in the y-direction by a factor of 1/2.

(1)~ 40=()

9=(3)- a®= (132)

Therefore, the associated matrix is:

A= (5 1?2)

PROJECTION IN 2D

6) Write down the matrix whose associated linear transformation projects 2-D space into the x-
axis.

2= (o)~ A® = (o)

Q) 49 -(0)

Therefore, the associated matrix is:

-G

And any vector lands in the x-axis:

A =av=( o) ()= (%)

7) Consider the projection of vectors into the line y = mx + c. Is it a linear transformation? If so,
write down the associated matrix.

A projection into the line y =mx +c is a vector transformation, but is it a linear vector
transformation? It will be a LINEAR transformation, and therefore can be represented by a matrix,
only if A(Av) = AA(Vv) for any value of A. This includes A = 0 which gives A(0) = 0. Every linear
transformation must map O to O, by definition of linearity. Therefore projection into y = mx + ¢ is
not a linear transformation unless the line crosses the origin: i.e., ¢ = 0, because otherwise, (0,0)
would not be projected onto (0,0). So we will assume ¢ = 0 as a necessary condition.

We are interested on the linear transformation which projects 2-D space into the line y = mx. The
projection p = A(V), of a vector v into a direction given by the unit vector i is given by p = (v, U)1.

In the line y = mx, we know that m represents the gradient, so when x increases by 1, y increases by

. ~ . ~_(1m _ 1 (1)
m. Therefore, the unit vector U can be obtained asu = aml — i )"

We can now apply the projection to each unit vector:
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PPN 1 1 1
£=() > A® = @ wa <(é)’ﬁ(il)> ﬁ@) ()

o 1 1
y= ((1)) - AQE) = ma <(2)'m (7’11)) Jrm? (711) 1 lan (711)

Therefore, the associated matrix is, as a function of m:

Am = (0 )

And any vector lands in the y = mx line:

AV) =Av =

T 14 m? 1+ m? 1+ m?

(1 m)(”x) 1 <Vx+m17y>_vx+mvyA muv, + m?v,,
1+ m?

= = X+
m m?/\Vy muv, + m?v, y

1 0) which corresponds to the

Interestingly, notice that when m = 0, the matrix becomes A(0) = (O 0

projection into the x-axis.

0 0
0 1
which corresponds to a projection into the y-axis.

Interestingly, A(o) = ( ) if properly performing the limit m — oo, and this is indeed the matrix

ROTATION IN 3D

8) Write down the matrix associated with an arbitrary 6,-degree rotation around the y axis. The
main difficulty in this problem is to get the signs correct (these signs are all an artificial
convention but must be consistent. The convention is to use the right-hand rule to define the
sign of 6, according to whether the thumb points along +y or —y when the other fingers move
in the direction of the rotation). Suggestion: draw a diagram.

Solution:

Draw the 3 unit vectors (remembering that x-y-z form a right-handed triplet such that X X § = Z) and
then draw their transformed version. Next consider a rotation with 8 > 0 which using the right hand
rule results in the thumb pointing along the positive y direction.
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Then use trigonometry to write down the transformed version of the three unit vectors:

1 cos@
§=<0>—>Jl(ﬁ)=< 0 )

0 —sin@

0 0
-}

0 0

0 sin @
i=<0>—>cﬂ(2)=<0>

1 cos@

So the rotation matrix in 3D around the y-axis is given by (this matrix is used often in different
mathematical contexts and usually named as R,):

cosd 0 sind
R, (6) = 0 1 0

—sin@ 0 cos@

You should be able to find the rotation matrices for rotations around the other two axes.

PROJECTION IN 3D

9) Write down the matrix whose associated linear transformation projects all of 3-D space into the
plane given as Il = span{e,, e,}, with e; = (0,1,0)7 and e, = (1,0,1)7

The projection p of a vector v to a subspace span{eq, e} can be written using a simple recipe if the
basis of the subspace is orthogonal. In this case, (e, €) = 0, the basis is orthogonal, so we can apply
the simple recipe:

_ (v, eq) e (v, e) e

B (eq,eq) ! (ez,ez) 2

So, applying this projection (e; = (0,1,0)T and e, = (1,0,1)7) to the unit vectors:

1 X R 1
o _ N ~_ (Req) (X e 1
T <8> AR = (e ep) ! " (ez.e2) 27 0+3 <2>

0 o o 0
g = <1>—> A(Y) = (9, e1) e, + §.e2) e, = 1<1>+0

0 (e1,eq) 1 (e2,ez) 0

0 5 5 1
o ~ _ (Zeq) (Ze) 1
‘= <O> = Al) = (e1,e1)e1 * (ez,ez)ez =0+ 2 <0>

1 1
1/1 01
A=-l0 2 0
10 1

A quick check that this is correct can be to test how the matrix acts on vectors e; and e,, which, being
in the plane itself, should be unchanged by the projection. Indeed Ae; = e; and Ae, = e,.

Therefore, the associated matrix is
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10) Write down the matrix whose associated linear transformation projects all 3-D space into the
plane givenby x +y = 0.

This time, the plane is given in terms of its normal vector in the form n,x + n,y + n,z = 0, so we
know that n = (1,1,0).

As we know from the previous problem, the projection of a vector v to a subspace span{e, e;} can
be written using a simple recipe if the basis of the subspace is orthogonal. A possible method would
be therefore to find two orthogonal vectors within the plane and apply the method in the previous
problem. However, since we have the normal vector to the plane, and we are working in 3D space,
there is an easier method. See the figure:

(v,n)

A(v) -_({‘”

(v,n)
(n, n)

Clearly, any vector v can be written as a vector within the plane (subspace) which is the projection

A(v), added to a vector parallel ton, sov = A(V) + %n, where the second term parallel to n is
simply the projection of v on the direction of n. Therefore, A(V) is given by subtracting this

component to v, such that:

(v,n)
(n,n)"

AlV)=v—

So, applying this projection to the unit vectors:
. (1) AR =2 (%) é 14040 i
= d = —_ = D ————————
X 0 X=X (n,n) n 1+14+0
0 ¥ 0 1
R R _ (¥,n) 0+1+4+0
= c/l = —_ = _———
y <(1)>_) W=y (n,n)n <1> 1+1+4+0 L
7= = Z) =7 — n= —_ =
1 (n,n) 1 14140 0 1
Therefore, the associated matrix is
1/1 -1 0
A= > -1 1 0
0 0 2

A quick check that this is correct can be to test how the matrix acts on vector n. Indeed An = 0.
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MIRROR SYMMETRY IN 3D

11) Write down the matrix whose associated linear transformation performs a mirror-symmetry
operation on 3-D space, with the mirror-plane given by x + y = 0.

The normal vector of this mirror plane (nyx + n,y + n,z = d) is given by n = (1,1,0).

Mirror symmetry is a transformation which flips the sign of the component of every vector v along the
direction normal to the mirror, n.

(v,n)
mirrorimage of v: g~_ “(n, n)
A(V)

mirror (v,n)

{n,n)

That is, if p is the projection of a vector v on the mirror plane, then that component remains
unchanged by the linear transformation, but the component normal to the mirror plane is flipped:

N (v,n) A (v,n)
= - — —
VP T " C)=p (n,m)
Therefore:
A(Y) = 2<v, n)
VYT )
So, applying this mirror-symmetry to the unit vectors:
._(t . (&) N 14+0+0/(1 0
X=|0]> AR)=%X-2 n=1|0 —21_}_1+0 1|=(-1
0 (n,n) 0 0 0
0 ¥ 0 1 -1
R R R y,n) 0+1+0
y (g))_’ @ =y=2n (é) 1+1+0 (1)

I R
zZ= (; - AZ)=72— (n,n)n_

Therefore, the associated matrix is
0 -1 0
A= (—1 0 O)
0 0 1

A quick check that this is correct can be to test how the matrix acts on vector n. Indeed An = —n.

=]
~ —

|

N
= o
+|+
=l K=
+|+
oo
-~
O R =
S~~~
Il
VS
oo oo
~ —
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ANISOTROPIC SCALING IN NON-ORTHOGONAL DIRECTIONS (2D)

12) Write down the matrix whose associated linear transformation scales space in the direction
v; = (2,1) by a factor of 2, and scales space in the direction v, = (1,2) by a factor of 1/2.

Solution:

In order to find the matrix associated with this transformation, we need to find how this
transformation affects each of the unit vectors.

How are we going to do this?
First, let’s think how the transformation affects ANY vector a - A(a).

The transformation scales space in the direction v; = (2,1) by a factor of 2, and scales space in the
direction v, = (1,2) by a factor of 2, therefore, remembering the linearity of the operation, we can
write any vector as a linear combination of v; and v,, and then scale them appropriately:

A 1
a=aq vy +av, — Aa) = a;A(vq) + a,A(vy) = a1 (2vq) + a, (§v2>
If we want to do this with the unit vectors, we need to write each of the unit vectors as a linear
combination of the two vectors v; and v,. This is easy if vectors v; and v, are orthogonal, however
(vq,vp) = 2+ 2 =4 # 0, so they are not orthogonal. We have to find the components in the usual
way, solving a system of equations.

() -em e ra()

Writing the equations component by component:

{Zal +a,=1 (Eq.1)
a; +2a,=0 (Eq.2)

(1)'2(2) - _3(12 = 1 g a2 = —%

Into (2) = ay = —2a, = %

Repeating the procedure with ¥:

§ = (2) = vy +av, = a4 (i) T a; G)

Writing the equations component by component:

{Zal +a,=0 (Eq.1)
a; +2a,=1 (Eq.2)

(102(2) > =35, = =2 > @y ==

Into (2) = a1, =1 —2a,, = _?1
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Once we know how to write X and ¥ in terms of those two special directions, we can apply the
transformation to each component separately.

R 1 2 1 A - 2 1
2= () =3vi—3v2 — AR = 3AW) 3 AV)

2 1/1 2 11
=30 -3(3%)=32(D-3:) =)

y= (0) = _%V1 +§Vz AN A(Y) = —%Jl(vl) +§CA(V2) = (—%) 2 (i) +_l(%) _ (—01)

Therefore, the associated matrix is:

You can easily check that Av; = 2v; and that Av, = %Vz as required.

_(5/2 —1\(2\ _ (4 _(5/2 =1\(1\ _ (1/2
Avl_(1 0)(1)_(2) and sz_(1 0)(2)_(1)
Demonstrate using Geogebra. Point out we would never guess those special directions by looking at
the transformation alone.
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C. LINEAR TRANSFORMATIONS IN N-DIMENSIONAL SPACES

Let’s not limit ourselves to geometrical spaces in {X, ¥, Z}.
Linear transformations, and therefore matrices, act on any possible (finite dimensional) vector space.

Vector spaces can be many different things. A matrix could represent a conversion from polynomials
to colours in {R,G,B} space, for example.

13) Consider the vector space of polynomials of degree equal or smaller than 4, using the basis
{1,x,x2,x3,x*}. Answer the following:

a) Isthe derivative of a polynomial e (p(x)) alinear transformation of p(x) in this vector space?

b) If so, obtain the matrix which represents the derivative.

Solution:

a) The definition of a linear transformation is the following. For any two vectors u and v, and any two
coefficients A and y, the transformation A fulfils:

A(Au + puv) = AAM) + pA(v)

We know that polynomials can be interpreted as vectors, so exactly the same definition for linear
transformation applies. A transformation of polynomials is linear if and only if:

A[Ap() + 1 q(x)] = AA[P ()] + pA[q(x)]

For any two polynomials p(x) and q(x). Does the derivative fulfil this condition? Indeed:

d d d
— [P0+ a()] = A P + i [9()]

is fulfilled. Therefore, the derivative of a polynomial IS a linear transformation (in fact, the above
equation works for any function, not only polynomials, so the derivative is a linear transformation in
general)!

b) If the derivative is a linear transformation acting on a finite-dimensional space, then it necessarily
has a matrix representation! To find the matrix, we need to have a clearly defined basis for the input
and output space. In this case, the questions asks us to use the basis {1, x, x2, x3, x*}.

To find the matrix, we need to apply the linear transformation to each of the basis elements:
1-A0) = ;—x [1] = 0 whose vector representation is (0,0,0,0,0)”

x> Alx) = % [x] = 1 whose vector representation is (1,0,0,0,0)”

x? - A(x?) = % [x?] = 2x whose vector representation is (0,2,0,0,0)T

x3 > AN = % [x3] = 3x2 whose vector representation is (0,0,3,0,0)”

xt > AY) = % [x*] = 4x3 whose vector representation is (0,0,0,4,0)”
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Therefore, the associated matrix is obtained by placing the different outputs as the columns in the
grid:

0 0
0 0
0 3
0 0

SO OO
Qoo NOoO
O B~ O OO

0 0

Notice that the last row is all zeroes. That is because the derivative of a polynomial of degree 4 is
always a polynomial of, at most, degree 3. We could therefore interpret the derivative as acting on
the space of polynomials of degree 4 or less, and placing the output into the space of polynomials of
degree 3 or less. This can be represented by a non-square matrix, whose number of columns is equal
to the dimension of the input space, and whose number of rows is equal to the dimension of the
output space. In this case it is a 4 X 5 matrix.

01 0 00
[0 0 2 0 O
A= 0 0 0 3 O
0 0 0 0 4
Input space Output space

p(x) p(x)

Input Basis {1, x, x2,x3, x*}: Output Basis {1,x,x%,x3 }

5 dimensional space 4 dimensional space

Indeed, the matrix-vector multiplication must fulfil the following conditions on the number of
dimensions of the input and output vectors. The dimension of the input vector must be equal to the
number of columns of the matrix (5 dimensional input). The dimensions of the output is equal to the
number of rows of the matrix (4 dimensional output).

In this way, a matrix can be any size M X N, converting an N dimensional input into an M dimensional
output.
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14) Linear RGB colorspace uses the three components (R, G, B) to determine the intensity of each
coloured subpixel. However, sometimes we want an image to be monochromatic (black & white
& shades of grey) and therefore each pixel should be defined by its intensity, a single value (Y).

When converting a colour image into a grayscale image, we could just project each vector
(R,G,B) into the line of grayscale A(1,1,1), however this would ignore the fact that the different
colours are perceived with different brightness. Scientists and psychologists determined that a
pure blue colour is perceived as less bright than a pure green colour (for equal light intensity).
This is related to biology of the eye and perception. Therefore, the RGB values should not
contribute equally to the luminosity for the best result. The following international standard is
given for conversion of RGB to luminosity values.
Y =0.2126R + 0.7152G + 0.0722B
Find the matrix associated to this linear transformation.

Solution:

This linear transformation converts a three-dimensional space (RGB) into a one-dimensional space (Y).
Therefore, the matrix must have 1 row and 3 columns. Each column must be the luminosity Y
corresponding to each of the basis vectors RGB. The matrix is simply given as:
A =(0.2126 0.7152 0.0722)

So that, indeed:

R

Y =Ac=(0.2126 0.7152 0.0722) (G) = 0.2126R + 0.7152G + 0.0722B
B

Notice something that is often used: An M X 1 matrix is equivalent to the dot product operation for
vectors of dimension M. In fact, some books denote the dot product of u and v as the matrix-vector
multiplication u” v where, if one wishes, we can see the transposed vector u” as a matrix.
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D. BASIC MATRIX OPERATIONS

ADDITION OF MATRICES

Addition of matrices A + B : add each corresponding element (matrices must have same size)

This corresponds to a linear transformation C(v) = A(v) + B(Vv). This only makes sense if the input
and output vector spaces have the same dimension, i.e. matrices have same size.

15) Find ((1) ;) + (2 7;)

1 a+7r)

Solution: Simply add element by element: (1 a) + (0 n) = (a 3

0 27 \q 1
16) Find((l) ;)+(2 ; 71T)

Solution: They cannot be added because they have different size

MULTIPLICATION OF MATRICES BA

The matrix multiplication C = BA corresponds to the nested transformation C(v) = B[A(V)].
Similarly to nested functions g[f(x)], first apply A and THEN apply B.
Dimensions of vector spaces must match throughout the “chain”.

e Consider a nested linear transformation C(v) = B[A(V)].

Input space Output space

1 X 1 dimensional case:
Linear transformations are given by good old multiplication by a scalar:
Transformation A(x) = ax
Transformation B(x) = bx
Nested transformation C(x) = B[A(x)] = bax = cx with ¢ = ba

So 1 X 1 dimensional matrices are multiplied by simply multiplying its single elements together.
What happens to general-sized matrices? Things get interesting and beautiful.
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General dimensional case. Write the input vector v as a combination of the input basis vectors:

B[CA(V)] = B[cﬂ(alel + azez + -+ aNeN)]
Thanks to the linearity of the transformations <A and B, we can rewrite this as:

B[A(V)] = a;B[A(e;)] + a,B[A(e;)] + - + ayB[A(ey)]
C(v) = a;C(e1) + a,C(ez) + -+ ayC(ey)

Therefore, the i-th column of C is given by the nested transformation applied to each of the input basis
vectors:

C=(B[Jl:(e1)] B[a‘l:(ez)] B[CA:(eN)]>

This matrix C can be defined to be the product C = BA, where B and A represent the matrices for the
individual transformations.

Remember that A(e;) is nothing else than the columns of matrix A.

Therefore, each column of matrix C = BA corresponds to the matrix B multiplied with each of the
columns of matrix A.

Multiplication of matrices BA : apply matrix multiplication B to each of the columns of A

_ e (1 a0 m
17) CaIcuIatethematrlxmultlpllcatlon(o 2)(a 1)

) to each of the columns of (2 n)

Solution: Apply matrix multiplication (1 a 1

0 2
First column is ((1) 621) (2) = (gi)

Second column is ((1) ‘21) (71T) — (” 42' a)

Therefore: ((1) (21) (2 71T) = (gz n ; a)

The multiplication can be done directly with the same trick we use for matrix-vector multiplication,
placing the second matrix shifted upwards, and looking at the matrix-shaped space at the bottom right
corner, where the output goes.
@ 1
a 1

(1 a\ (a? 7T+a)
Vo 2/ \ug4 2

Each element of the output is the dot product of the corresponding row and column in the input
matrices being multiplied. This has the added advantage of being an in-built dimension mismatch
check.
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1 a

18) Calculate the matrix multiplication 0 2 (0 n ﬁ)
1 1/\a 1 0
k 0

Even though the matrices have different sizes, we can still apply the matrix B to each of the columns
of matrix A (because the dimensions are compatible for matrix-vector mutiplication). Therefore, we

can obtain:
a? mw+a 2
(() T ﬁ)z 2a 2 0
a 1 0 a mw+1 2

0 km 2k

RO
O R, N Q

Think about how each matrix modifies the dimensions of its input and output spaces. Remember that
an M X N matrix converts an N dimensional space into an M dimensional space. Dimensions match
throughout the chain, like this:

19) Calculate the matrix multiplication ((1) 621 i) (2 71T)

Solution:

This matrix multiplication cannot be done, because dimensions do not match! A converts 2D to 2D,
while B converts 3D to 2D. They cannot be concatenated as B[A()].

Note that, using the visual trick for multiplication of matrices of shifting the second matrix upwards
and filling the result into the empty gap, we immediately see that something is wrong because we
cannot do the dot product. Dimensions do not match. The check of dimensions is built into the
algorithm.

However, they COULD be concatenated in the reverse order! A[B()].

ndeed: (o 1) 2 D=0 air2 2011)
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PROPERTIES OF MATRIX MULTIPLICATION:

Matrix multiplication is not commutative AB # BA in general

This is fascinating. It tells us that while multiplication of scalars is commutative, when we naturally
extend the concept into higher number of dimensions, it ceases to be commutative in general.

This is deeply related to Heisenberg’s uncertainty principle in quantum mechanics.

The rest of the properties of addition and multiplication are identical to scalars,
but remembering that multiplication on the left is in general different to multiplication on the right:
A(B+C) =AB + AC
(A+B)C=AC+BC
A(A+B)=1A+ 1B
A(BC) = (AB)C = ABC
AAB = AAB (the scalars can always be moved as a common factor)

When not remembering what is and is not allowed with matrices: think of everything you would be
allowed to do with scalars. Everything is valid with matrices EXCEPT you always need to keep track
whether you multiply on the left, or multiply on the right, and they cannot be interchanged.

The identity matrix I is the matrix version of the scalar 1. Its diagonal is 1’s, rest are 0’s. It does
not transform vectors. Multiplying I left or right leaves a matrix unchanged: AI = IA = A.

EXAMPLES OF NON-COMMUTATIVE VS. COMMUTATIVE NESTED LINEAR TRANSFORMATIONS:

20) Let’s check that matrix multiplication is non-commutative. Consider the linear transformations
A = projection into the x-axis, and B = rotation by 90 degrees anticlockwise. Both
transformations were associated with a matrix in previous examples as:

A= Yoan= (0 7

a) Consider the transformations visually. Why are they non-commutative?
b) Consider the transformations mathematically. Calculate the nested transformation
matrix AB and BA. Check they are not equal.

Solution:

a) Visually it is evident that the transformations are not commutative. Projecting into the x axis, and
THEN rotating 90 degrees, will mean that all output vectors lie along the y axis.

Rotating by 90 degrees, and THEN projecting into the x-axis, will mean that all output vectors lie along
the x-axis.

Both transformations are clearly a different transformation, and so will be represented with a different
matrix.

_(1 00O —-1y_(0 -1 . S
b) AB = (0 0) (1 0 ) = (0 0 )corresponds to rotation (B) followed by projection (A).

0

BA=(1

_01) (é 8) = ((1) 8) corresponds to projection (A) followed by rotation (B).
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21) Consider a 90-degree clockwise rotation (A) and a 45-degree anticlockwise rotation (B).
Interestingly, the order of the operations is not important in this case. Check that their matrices
are commutative and result in a 45-degree clockwise rotation.

Solution:

A= ((1) _01) and B = % (_11 1) (easily found with the method of previous sections)

_(0 -1y1,1 1 . T .
AB = (1 0 )\/7(—1 1) (matrix multiplication to concatenate the operations)

(the scalars can always be moved as a common factor, as they act on ALL elements of the matrix, they
are a global scaling)

1 — 1 —
-50 G =50 1)
1 — 1 —
BA = E(—11 1) ((1) 01) N EG 11)'
Same result! The transformation corresponds to the 45 degree rotation clockwise.

This is a rare exception when two matrices give the same result regardless of their order of
multiplication. These matrices are said to commute with each other.

MATRIX TRANSPOSE AND MATRIX HERMITIAN CONJUGATE

Transpose of a matrix AT : swap rows by columns
Properties:
(1A)T = 2AT
(BA)T = ATBT (very careful with the order, it must be swapped!)

A square matrix is called SYMMETRIC when it is equal to its transpose

22) Find the transpose AT of the matrix A = ((3) 41} i)

Solution:

First row becomes the first column. The second row becomes the second column

3 0
AT=(1 4
2 1

Think about it as a mirror symmetry across the main centre diagonal

=03
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Hermitian conjugate of a matrix:
AT = (A")T - conjugate each element and transpose the matrix.

(the symbol is called ‘dagger’ 1). Note that the Hermitian inner product can be written as a matrix
product:

(u|v) & ufy if w and v written in orthonormal basis

*Note: Above we used the version of Hermitian inner product which has linearity in the second
argument, and conjugate linearity in the first, (u|v). If we wanted to use the version (u, v) with
linearity in the first argument, the expression is uglier: {(u,v) = uTv*

1 2 3i)

23) Find the Hermitian conjugate AT of the matrix A = (1 +i i 0

Solution:

Do the transpose, and do the complex conjugate to each element:

1 1-—i
AT=<2 —i)
-3i 0
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E. ORTHOGONAL AND UNITARY TRANSFORMATIONS

UNITARY MATRICES

A certain type of transformations have the special property that the length of the vectors is not
changed by the transformation and that the angles between vectors are not changed by the
transformation: those two statements can be compactly written as (x|y) = (Ax|Ay) for any vectors
X and y (including the possibility of x = y). A matrix representing such transformation is called a
unitary matrix.

A is a unitary matrix & (x|y) = (Ax|Ay) for any vectors x and y

Examples include rotations, reflections, and combinations of both.
We can use the assumption that the transformation does not change lengths to show the following:
(x|x) = (Ax|Ax) = (Ax)T(Ax) = xTATAx

Comparing the leftmost and rightmost terms, we see that xTATAx = xTx, which means that the
multiplication ATA =TI “cancels out”. This means that the Hermitian conjugate AT is equal to the
inverse A1, a concept introduced formally in the next lesson.

Ais a unitary matrix < AT = A1

Also, if we write the matrix multiplication M = ATA = I element by element, the matrix elements of
M will correspond to the inner product between every pair of column vectors a; in A, thatis, M;; =

(ai|aj). But we know that the result is the unitary matrix, therefore M;; = (ailaj) = §;j which is the

definition of orthonormal set of vectors, so that we can conclude that the columns of A form an
orthonormal set.

A is a unitary matrix < Columns of A form an orthonormal set

ORTHOGONAL MATRICES:

All the previous properties can be particularised to matrices which are purely real. In that case, the
Hermitian conjugate simply becomes the transpose in all the proofs above, e.g. the inner product
becomes the dot product (x|y) = x'y = xTy =x -y, and all results remain identical after that
substitution.

The purely real case of unitary matrices is called orthogonal matrix.

A is an orthogonal matrix
SAT=A1
& Columns of A form an orthonormal set of real vectors
< (x|y) = (Ax|Ay) for any vectors x and y
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F. POWERS OF A MATRIX (REPEATED MULTIPLICATION)

Calculating powers of a matrix (i.e. multiply a matrix times itself n times) can have interesting
applications. This is especially true in fields different to “linear transformation” of vectors.

Application to directed graphs:

For example, given a “directed graph” (a set of vertices connected by edges, in which the edges have
directions associated with them), you can construct an associated matrix A as follows: a;j = 1 if there
is an edge going from the j-th to the i-th node, otherwise a;; = 0. Then, the powers of this matrix AN
tell you how many ways there is to travel from j to i in exactly N jumps.

24) Obtain the matrix associated to the following connected graph and obtain the total number of
ways to travel between nodes in 4 jumps.

# edges

O vertices

0 0 1 01 0 1 0 1 0 1 1
A=[|1 0 1} A2=(0 1 1 A=(1 1 1 A*=(1 1 2
01 0 1 0 1 0 1 1 1 1 1

e.g. There are exactly two different ways of getting from 3 to 2 in exactly 4 jumps. Can you find them?
We also see it is impossible to travel from 1 to 1 in exactly 4 jumps.

49 65 86
Using a computer, you can go on calculating this in a breeze, e.g. A?°=(86 114 151
65 86 114

There are exactly 49 different ways of getting from 1 to 1 in exactly 20 jumps!

And this was a remarkably simple graph with only 3 nodes. Imagine 100’s of nodes: you could model
the tube network for London and find number of ways to travel between stations.

2.1(23)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

Application to the evolution of a system (Markov chain):

The probabilities of weather conditions (modelled as either rainy or sunny), given the weather on the
preceding day, can be represented by a transition matrix:

2=(01 o)

Where the element a;; represents the probability that the weather condition is i if the preceding day
itwas j, with i, j = 1 for sunny day and = 2 for rainy day. This can be represented as a graph as follows
(taken from Wikipedia):

25) Find the following regarding the below Markov process:

a) Given that today is rainy, what is the prediction for 5 days from today?
b) What is the steady-state expected proportion of sunny and rainy days, in the long run?

Solution:
a) The statement that today is rainy can be given as a “state vector” v, = (0,1)7.

0.5)

The state tomorrow will have probabilities given by: v; = Avy = (0'9 0'5) (0) = (O c

0.1 0.5/\1

The state on the day after tomorrow: v, = Av; = A%y, = (8;)

By induction, it is evident that the state for the N-th day will be given by:
VN = ANVO
Which a computer can calculate extremely fast.

0.83504 0.8248) (0) _ (0.8248)

_ A5 _
S0 Vs = Ao (0.16496 0.1752/ \1) T \0.1752

Notice that, as the power was increased, the two rows of the matrix tended to the same value. That
is because the first and second columns represents the expected distribution of weather, after N days,
if the initial day was sunny or rainy, respectively. Obviously, as the days go past, the state of the
weather today becomes less and less relevant, and the distribution tends to a steady state which
depends only on the transition probabilities between the different states. This is usually denoted as
A®. Calculating an infinite number of multiplications cannot be done, but there is a smart way to do
it.

b) Once the system reaches an equilibrium point, we know that the state will not change after applying
one more day, so:

Av=v
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Av =1v
(where I is the identity matrix ((1) (1)), which can be multiplied times a vector or matrix without
changing anything)
Av—-1Iv=20
A-Dv=0
—0.1 05\/Yx\ _ (0
( 0.1 —0.5) (Uy) - (O)
This is a system of two equations and two unknowns which can be solved.

Using the usual method to solve a system of equations yields 0 = 0.

This is because the system of equations is undetermined. Its solution has one degree of freedom. WE
can find it by assuming v, = a and finding v,, = 0.2¢, solution valid for any value of a. If we now add

the condition that v, + v,, = 1, since they are probabilities, we get that the steady state is (vx, vy) =
(0.833...,0.166...)

OTHER APPLICATIONS

26) Example in Physics: General Lorentz Transformation (special relativity) seen as a matrix linear
transformation. Taken from Prof. Victor Yakovenko notes “In most textbooks, the Lorentz
transformation is derived from the two postulates: the equivalence of all inertial reference
frames and the invariance of the speed of light. However, the most general transformation of
space and time coordinates can be derived using only the equivalence of all inertial reference
frames and the symmetries of space and time.”

http://www2.physics.umd.edu/~yakovenk/teaching/Lorentz.pdf

Derivation of Lorentz transformation from first principles. Very natural/fundamental assumptions:

0) From translational symmetry of space and time, transformation between coordinates systems
must be a linear transformation:

From translational symmetry of space and time, the relative distances between two events in one
reference frame must depend only on the relative distances in another frame: x; — x; = f,(x; —
X1,ty; —ty) and t; — t5 = f;(x, — xq,t, — t;). Because these equations must be valid for any two
events, the functions f, and f; must be linear functions. Therefore: Consider reference system origin
0 with (x, t) and reference system origin O’ at relative speed v with respect to 0, coordinates (x’, t").
The relation must be linear, hence can be described by a matrix:

(()=2() - ()= 20
1) Definition of relative speed between the two systems:
1a) x'=0->x=vt Therefore: (Jtc,,) = ((Cl Z) C) - (2) = (Z Z) (vtt) - b=—av

1b) x=0-x"=—vt' Therefore: - (_;J,tl) = (Ccl —;w) ((z) - t' =dt » —vdt = —vat -
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Therefore, our matrix must always have certain relations between its elements:
X\ _/a —avy x\ _ 1 —v\(x\ _ 1 —-v\(x
(t’) _(c a )(t)_a<c/a 1 )(t) =W (F,, 1 )(t)

2) Combination of two transformations must also be itself a transformation:

Ap2Ay = Ay
_ 1—-F, v, —-vi— vz) ( 1 —v)
AL AL = Yo1 Ve (Fvl +F, 1—F, v, must also be of the form y,, E, 1
Therefore: F, v, = F,v; = % = %for anyv; - F,; = (const)vy; = %
1 2

3) Transformations with opposite velocities must bring us back to the original system:

AA_, =1
2
T
1 —v 1 v 2 1 0
AyA_, =YYy (17/0!2 1 )(_v/az 1) = YWV-v \ ¢ 172/ = (0 1)

MRCS ey

Because of symmetry of space, the function y,, must depend only on the absolute value of velocity:

1

sz—vz
1+

From those 4 assumptions, we have arrived at the general form of the transformation:

(xr) _ ;( 1 —v) (x)
t'  J1+v2/a? v/a* 1)\t
The ONLY free parameter to determine is a, which has dimensions of speed.

Galileo and Newton would have said “addition of velocities” (who can blame them) as a strong version
of (2): Ay;A,; = Ayq4pz. This results in 1/a? = 0 giving the Galilean transformations.

Einstein instead would only agree on A,A_,, = A, as strictly necessary (which is (3)) and then used
the extra degree of freedom allowed by this to say “a light ray is seen the same in any frame” to obtain
a value for a:

’ t ]
x=ctox'=ct’ = (Ctl:)=A,,(c;t) > a=+ic » a?=—c?
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2.2 MATRIX TRACE AND DETERMINANT

There are two operations that act on matrices and result in a useful scalar related to some important
properties of that matrix: the trace, and the determinant. They can only act on square matrices.

A. TRACE OF A MATRIX

A ——> Trace —>  Tr(A)

Any square matrix A single number

The trace Tr(A) is equal to the sum of the elements in the diagonal.

Properties:

Trace is a linear operation: Tr(AA + uB) = ATr(A) + uTr(B)
Trace of the product is independent of the order: Tr(AB) = Tr(BA)
Trace of the identity matrix equals its dimension: Tr(I) = dim(I)

It can be shown that the ONLY operator which fulfils the three properties above is the sum
of the elements of the diagonal. In fact, we could say that the trace is defined by these
properties.

. . (2 1 _ (0 2
1) Find the trace of matrices A = (O 1), B= (1 0), AB, and BA

ww=nl( D=5 mw=r[C =0

v =[G )@ o)l=7(G o)

nom=r(® G D=n(d )

As expected, Tr(AB) = Tr(BA).

1
1

]
]
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B. MATRIX DETERMINANT

Beautiful explanation in 3bluelbrown YouTube channel:
The determinant | Essence of linear algebra, chapter 6 (10 min)

A —— Determinant ——> det(A) = |A]

Any square matrix A single number

The determinant of a matrix tells us about the associated linear transformation:

For a 1D linear transformation (y = ax) it tells us how lengths are scaled, i.e. det(a) = a,
For a 2D linear transformation (b = Av) it tells us how areas are scaled (area of
parallelogram formed by transformed basis),

For a 3D linear transformation (b = Av) it tells us how volumes are scaled (volume of
parallelepiped formed by transformed basis). etc.

The determinant is negative if the length/area/volume/... is “flipped”.

The determinant is zero if the transformation “squashes” the input vector space into an
output space of smaller dimensions (e.g. projection of 2D space into a line, projection of 3D
space into a plane or line, etc.)

C. CALCULATION OF THE DETERMINANT: GENERAL AND SIMPLE CASES

For 2 X 2 matrices: det [(‘; Z)] =ad — bc

It is equal to the oriented area of the parallelogram enclosed by the two column vectors.

a b c
For3x3matrices:det[<; e {)]:aKz {)|_b|(g {) +C|(3 Z)

h
It is equal to the oriented volume of the parallelepiped enclosed by the three column vectors
of the matrix.

For N X N matrices (general recipe):

Consider a square matrix A with elements a;;. The determinant is equal to the oriented N-
dimensional “volume” of the columns. It is defined in terms of determinants of (N — 1) X (N —
1) matrices.

1. Calculate the minors of the matrix M;; for any row or column.
Calculate the cofactors of the matrix C;; for that same row or column.

3. Sum the products of the elements of that row or column with each corresponding
cofactor: e.g. ay1Cy1 + ay,Cop + ay3C53 (fixed i = 2)
or a,3C 3 + ay3C,3 + az3C33 (fixed j = 3).
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Definition: The minor M;; of the element a;; of an N X N matrix A is equal to the determinant of
the (N — 1) X (N — 1) matrix that results when we remove the i-th row and j-th column of A.

Qi1 Q12 dg3
Example: Calculate all the minors M;; of the matrix A = | 21 22 Qa3

az1 a3z 4zs
To calculate M;; cross out the row and column corresponding to the element a;;. That is, the i-th
row, and the j-th column. The minor is the determinant of the matrix that is left.

M, = det = det _(azz a23)- = Q22033 — d23032
[\d3; d33/]
[(A21  A23\]
M, = det = det ( ) = 0,033 — Ay20a
12 \az;  ass)) 21033 23031
[(A21  A22\]
M5 = det = det ( ) = 0,103, — Ay
13 \az;  as,)) 21032 22031
[(A12  A13\]
M,, = det = det ( ) = aq,,033 — 0130
21 \as,  ass)) 12033 1332
[(A11  A13\]
M,, = det -=det( ) = aq{033 — A13a
22 \as;  ass)) 11433 13d31
[(A11  QA12\]
M,, = det = det ( ) =a,103, — 01,0
23 \as;  as,/) 11432 12031
[(A12  A13\]
M5, = det = det ( ) = Q1,093 — 130
31 \a,, ay3)) 1223 1322
[(d11 A13\]
M, = det = det ( ) = Q41053 — Q130
32 \a,; a3/, 11423 13d21
[ /A11 412 A3\ ] Ay Ao\
M3z = det|| @21 A2z a3 || = det ( ) = Q11022 — Q12021
. 4 4 \d21 d23/]
| }&*3¢ 32 37

Definition: (;; = (—1)i+jML-j. The cofactor C;; associated with the minor M;; is equal to the minor
M;; with a flip in sign given by (—1)”1, which is a chessboard-like array of +1 and -1.

Example: This is what the term (—1)“*/ looks like for all elements of a 3 X 3 matrix:

+ - +
o= (= v 2
+ - +

Therefore, a matrix containing all cofactors, usually called C, looks like this:

Ci1 Gz Cy3 My, —M;; My
C=(Cy1 Cupp Coz3|=(—Myy My, —My

C31 C32 C33 M31 _M32 M33
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Calculation of determinants becomes messy and slow for matrices greater than 3 X 3. We should
always choose the row or column wisely to make the calculation easier (normally the one which has
a greater number of zeroes).

1 0 2 -1

) . ({0 0 2 1

2) Example: Calculate the determinant of A = 2 2 1 0
3 0 -2 1

Let’s choose the second column, because all elements except one are zero.

The determinant will be the sum of the products of the elements of that column with each
corresponding cofactor:

det(A) = 0612 +0C22 +2C32 +OC42
=_OM12+0M22_2M32+0M42

1 2 -1
3 -2 1

Which in turn can be calculated by choosing the second row (remember the sign (—1)i+j)

i S PR o et
=-2(2(1+3) - 1|(-=2-6)])
=-2(8+8)=-32

SIMPLE CASES

The determinant of diagonal or triangular matrix is equal to the product of the elements of the
diagonal.

Diagonal matrix: A diagonal matrix is one whose off-diagonal elements are all zero. It corresponds to
scaling of axes.

2 0 0 0
_ 0 -4 0 0 \|_., — 87l —
Example: det 0 0 = 0 =2(-4)(m)(A1+2) = —-8nA— 167
0 0 0 A+2

Triangular matrix (upper/lower triangular): An upper/lower triangular matrix has zeroes in all
elements below/above the diagonal. It corresponds to scaling and shear of axes. The area remains
the same as if it was only scaling.

Example: Upper triangular matrix: det =1(-4)(2) = -8

Example: Lower triangular matrix: det =1(-4)(2) = -8

2.2 (4)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

D. PROPERTIES OF DETERMINANTS

Properties related to matrix operations:

e Determinant is NOT linear det(1A + uB) # Adet(A) + u det(B)

e Determinant of a product: det(AB) = det(BA) = det(A) det(B)
Visually: the combination of two transformations always changes the area in the same way
regardless of the order of the transformations.

e Determinant of the transpose: det(AT) = det(A).

e Determinant of the complex conjugate: det(A*) = (det(A))*

Properties related to changes in the vectors forming the columns and rows of a matrix:

It is easy to interpret these properties in terms of the vectors forming the columns of the matrix,
which are the transformed version of the input basis A(e;). But the same properties apply to the row
vectors, too, as follows from the transpose property.

o If the vectors of a matrix are linearly dependent, the determinant of the matrix is zero
o The transformation squashes N-dimensional space into a space of lower dimension
(equal to the dimension of the span of the vectors)
o If two vectors are proportional to each other, the determinant is zero (duh)
e Interchange of vectors: Interchanging any two vectors in the matrix flips the sign of the
determinant (as the transformed grid is flipped) but leaves the magnitude unchanged.
e Common factors: You can remove a common factor A to any vector in the matrix, and the
remaining determinant just needs to be multiplied by A.

2 5 0 2 1 0
e.g. det [(3 —-20 1)] = 5det [(1 -4 3)]
1 15 2 1 3 2

o Visually: This scales the transformed grid along one of its directions by a factor A.
o By extension, doing it to all columns: [1A| = AV |A].
e Linear combination: You can add, to any vector, a linear combination of the other vectors,
and the determinant is unchanged! (very powerful property!)
o V;+Av; - v; (forany A and any j # i) does not change the determinant
o Visually: This is like introducing a shear into a given transformation. The
areas/volumes are unaffected by shears (area of parallelepiped unchanged)

The determinant can be elegantly defined via a selection of its properties.

The determinant of a matrix A is the unique function that satisfies:
1) det(A) = 0 when two columns are equal.
2) The determinant is linear in the columns.
3) if Iis the identity, det(I) = 1.

You can easily convince yourself that the oriented volume vol(vy, v,, ..., v,,) between vectors

V4, Vq,..., Vy is a function that satisfies exactly those same properties if we place the vectors as the
columns of a matrix A = (v4,Vy,...,V,). Hence vol(vy, v,, ..., v,) = det(A).
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Using the properties of determinants can be very useful to calculate determinants because they
allow you to modify the matrix and turn it into a triangular matrix, for example, in which calculation
of the determinant is trivial.

2 2 0
3) Example: Calculate det [(1 -3 4)] by using properties of determinants to turn the matrix
1 3 2

into a triangular one.

Modify the second row by adding to it (-1/2) of the first one. We write that operation as R, —

(5) R; = R,. Continue doing similar operations which leave the determinant unchanged:

2 2 0 Rz_@)RﬁRz 2 2 0 R3_(%)R1%R3
det|{{1l -3 4])|———=det|[0 —4 4||——

1 3 2 1 3 2
Kz 2 0) R3+(%)Rz—>R3 Kz 2 o>]

=det|{0 —4 4||——>=det|{|{0 —4 3

0 2 2 0 0 4

= (this is a triangular matrix) = (2)(—4)(4) = —32

Problems:
1 2 1
4) Find the determinant|3 5 3
1 1 1

| Solution: Two columns are equal, therefore the determinant is zero.

5) Solve the following equation with respect to x:

x 1 0 1
1 x 1 0]_
0 1 x 1 =0
1 0 1 x
Solution: Let’s expand the determinant along the 1% row:
’1‘ ch (1) (1) x 10 110 1 x 1
01x1=x1x1—10x1+0—101x=0
0 1 x 1 1 x 1 0 1
1 0 1 «x

x[x(x2 = 1) = 1(x = 0) + 0] — 1[1(x2 = 1) = 1(0 = 1) + 0] — 1[1(1 = 0) — x(0 — x) + 1(—1)]
>x(x3-2x)—-1(x?-1+1)-11+x*-1)=0
>x*t—2x2—x2—-x%2=0
S>x*—4x2=x?(x*-4)=0
- {x1 =0,x33 = iZ}
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2.3 MATRIX INVERSE, RANGE AND NULL SPACE

Beautiful introduction in 3bluelbrown YouTube channel:
Inverse matrices, column space and null space | Essence of linear algebra ch. 7 (12 min)

A. SOLVING THE INVERSE TRANSFORMATION

So far, | have given you x and asked you to find v = Ax.

What if | give you the output v and ask you to solve for x? How do we solve Ax = v for x?
This is the important inverse problem.

Consider the simplest case: 1D-to-1D transformations. A linear transformation is a multiplication
v = ax (where a is a scalar playing the role of the 1 X 1 matrix)
We can find the value of x given a value for v by dividing both sides by a:

1

x = a v (wherea™! = (1/a) is a scalar playing the role of a different 1 X 1 matrix called inverse)

We can see this as an inverse transformation. A transformation which undoes the previous one.

In higher dimensions, the inverse transformation is represented by a matrix which we call the inverse
matrix, denoted as A~ 1.

x —> A e

v = Ax

x— AL v
x = A" 1ly

Evidently, if we apply the transformation A and follow it by the transformation A~1, we will get back
to the original vector.

Input vector space Output vector space

A

dq—l
X=ANAX)] » A A=AA"1=

This means that A"1AX = X, or in other words, A"*A = I, where I is the identity matrix which
represents the unitary transformation that leaves everything unchanged.
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TRIVIAL EXAMPLES OF INVERSE TRANSFORMATION

Scaling: Consider a transformation which scales the x-direction by 3 and the y-direction by 7. The
inverse transformation should undo the previous one, therefore it should scale the x-direction by 1/3
and the y-direction by 2.

Indeed, the matrices fulfil the condition:

A= ((3) 1(/)2>; ATl = (163 (2))" AT'A= (1(/)3 (2)) ((3) 192) = ((1) 2)

Rotations: Consider a 2D rotation by 6 degrees clockwise. The inverse transformation should be an
identical rotation but anticlockwise, i.e. with a reverse sign in 6.

_ (cosH —sinf

) ) ; rotation @ clockwise
sinf@ cos@

_1 _ (cos(—0) —sin(—H)) _(cosB sinBY\. . . :
A = (sin(—@) cos(—6) ) = (_ sinf  cos 9), rotation @ anti-clockwise

a—1Ax _ [ cosB sinf\/cosf —sind
Indeed: A™°A = (— sin@® cos 9) (sin6' cos 0 )
( cos? 6 + sin? 0 —cos@sin9+cosesin9):(1 O)=I
—cosfsinf + cosBsinb cos? 8 + sin? 0 0 1

CALCULATION OF THE INVERSE — GENERAL RECIPE (IF IT EXISTS)

Given a matrix A with elements a;;.

We calculate the matrix C containing the cofactors C;; as defined earlier.

The transpose of the matrix of cofactors CT will have elements D;j = Cj;. (Note the swap i © j)

The inverse matrix A~! will have elements b;j which can be calculated as:

Cji
b = —2
Y det(A)
Or, writing the matrix explicitly:
T
L_ €
det(A)

For a 2 X 2 matrix, the recipe can be written very simply:

Al =
A11027 — A12021

1 (azz —‘112)
—dz1 Q11

This matrix fulfils A"1A = AA™1 =
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1 2 0
1) Findtheinverse matrixforA={0 1 -1
0 0 2

Solution:

First find the determinant. Since it is a triangular matrix, the determinant is the product of the
diagonal, so det(A) = 2.

Now find the minors:

m=ly =z masl) =0 mamlp ff=o
O A I P B
A R L A I B

Hence the matrix of minors is:

2 0 O
M=(4 2 0
-2 -1 1

The matrix of cofactors is equal to the matrix of minors but changing sign of the terms with odd (i +
j) i.e. a chessboard-like pattern of signs:

Myy  —M;; M3 2 -0 0
C=|-My Mz —My|=|-4 2 -0
—M3, —Ms, Mss -2 +1 1

Finally, we just need to transpose this matrix, and divide by the determinant:

T 1(2 0 0>T 1(2 —4 —2) (1 -2 —1>
det() 2\_, 1 1/ 2\¢ o 1 0 0 1/2

We can always check if this is the inverse by doing the multiplication:

1 =2 —=1\/1 2 0 1
AlA=|0 1 1/2|(o 1 —-1]=[{0
0 0 1/2/\0 0 2 0

1 2 0V\/1 -2 -1 1
AA'=(0 1 —-1])l0 1 1/2)=10
00 2/\0 0 1/2 0

S =R O S R O
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1 1 0
2) Findtheinverse matrixforA=[1 1 1
0 1 1

Solution:

First find the determinant: this one is a particularly easy matrix. Add the 3 positive and 3 negative
diagonals:

det(A)=1+0+0—-0—-1—1=—1.

Now find the minors:

1 1 1 1 1 1
M11=1 1=0; M12=O 1=1' M13=0 1=1

1 0 1 0 1 1
M21=1 1=1' M22=0 1=1; M23=0 1=1

1 0 1 0 1 1
M31=1 1=1' M22=1 1=1' M23=1 1=0

Hence the matrix of minors is:

01 1
M={1 1 1
1 10

The matrix of cofactors is equal to the matrix of minors but changing sign of the terms with odd (i +

DE
Myy  —M;; M3 0o -1 1
C = _M21 MZZ —M23 == —1 1 _1
Mz, —Mz, Mss 1 -1 0

Finally, we just need to transpose this matrix, and divide by the determinant:

T 1/0 -1 1\" /0 1 -1
Al= =— (-1 1 -1| =1 -1 1
det(d) -1\ ; 4 o -1 1 0

Finally, we can always check if this is the inverse by doing the multiplication:

0 1 —-1\/1 1 0 10 0
A—1A=<1 -1 1)(1 1 1)=(0 0)
-1 1 o0o/\0 1 1 0 1

>
>
[y

|
~~
O R R
=
S =
N~
[
RN
N I
—_

|
SHEIRN
N~
Il
/N
S O =
OFR O OM
=]
~

The algorithm becomes very tedious for N = 4 and becomes impractical for even higher dimensions.

In real life, no-one uses the inverse to solve a system Ax = b —» x = A~'b. We will study a practical
method in the next chapter.
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INVERSE OF UNITARY (ORTHOGONAL) MATRICES

In chapter 2.1 we saw that unitary matrices (those matrices whose linear transformation does not
change lengths nor angles) have a very easy to calculate inverse:

A is a unitary matrix & Columns of A form an orthonormal set & A1 = At

As we also saw, if a unitary matrix is purely real, then it is called an orthogonal matrix, and its inverse
is simply its transpose!

A is an orthogonal matrix < Columns of A form a purely real orthonormal set < A= = AT

1 1 0
3) Example: Calculate the inverse of the matrix A = %(1 —-i 0 )
0 0 V2

Solution: Notice that the columns of A form an orthonormal set: <\/i§ (1,i,0), % (1,1, 0)> =

% a,—i, 0),\/—17 1, —i, 0)> =((0,0,1),(0,0,1)) = 1

% 1,i, 0),% 1, —i, 0)> = <\/i§ (1,i,0), (o,o,1)> = % 1,—i,0), (0,0,1)> =0.

So we are lucky! This is a unitary matrix, and therefore its inverse is simply its Hermitian conjugate:

A-1=AT=—<1 i 0)
V2o 0 vZ

cosf —sin 9).

4) Calculate the inverse transformation of A = ( .
sinf cos#@

Solution:

We can see that the two columns of the matrix are orthonormal vectors:
cos B\ (—sinf\\ _ ..
<(sin6’)’( cos 0 )> =0;
cosB\ (cosB\\ _ [/—sinB\ [—sinB\\ . 5 24
<(sin9)’(sin9)> B <( cos @ )( cos@ )> =sin®6 +cos”0 =1

Therefore, A is an orthogonal matrix, and so by definition its inverse is simply its transpose:

—1 _ AT _ cosf sinf\,
A=A (—sine cosH)'

a—1a _ [ COsO sin@\(cosf —sinf\ _
Indeed: A A_(—siné? cose)(sin9 Cose)_

( cos? 0 + sin?% 6 —cosOsin6+cosesin9)=(1 0)=I
—cos@sinf + cosOsinf cos? 6 + sin? 6 0 1
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B. CASES WITH NO INVERSE: SINGULAR MATRICES

Trivial example: the transformation A = 0 has no inverse

Consider the 1D transformation given by v = ax with a = 0. This transformation collapses the entire
number line into the origin. Given an output v = 0, we have no idea what the input was. This
transformation has no inverse. Indeed, we cannot divide both sides by a because a = 0.

The solution to v = 0x = 0 is that x = A, for any value of A.
The solution to v = 0x = 2 is that there are no solutions. NO possible input x gives v = 0x = 2.

This 1D scenario extends nicely to N-dimensions, when v = Axand A = 0.

In higher number of dimensions, there are more interesting possibilities for transformations with no
inverse.

When det(A) = 0 the matrix has no inverse. There exists no matrix A~! such that A=1A = I.
A matrix A with det(A) = 0 is called a singular matrix.

Such transformations always map the input N-dimensional space into a subspace of dimension lower
than N, therefore, they always map an entire subspace of the input into the origin.

Example - Projection of 2D space into the x-axis:

A=() 9)-deta=0

Solvev = Ax = ((3;) andv = Ax = (i) for x.

Let’s solve the equation v = Ax = ((3;) for x.
There is no inverse transformation, because there are infinite possible input values.

In this example, the infinite valid solutions to the problem v = Ax = ((3)) form a line:

_ (3 0y. . .
X = (O) + 1 (1) is a line, the solution has 1 degree of freedom

»

x(1) =v+4in

n

Notice something: the second term of the solution An is exactly the solution of the “homogeneous
system” Ax = 0 (i.e. when the output v = 0 is in the origin).
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Now let’s try to solve v = Ax = (2,1). This has no solutions because V is not inside the space of
allowed outputs of the transformation.

v = AX

[n

Example - projection of 3D space into the x-axis:

1 0 O

A=10 0 0) - detA=0
0 0 O

Solve v = Ax = (3,0,0)7 for x.

Let’s solve the problem v = Ax = (3,0,0)7. What are the input vectors x which get projected onto v?

Plane of valid solutions x
suchthatAx = v

3 0 0
X = (0) +1 (1) +u <0> The solution has 2 degrees of freedom.

0 0 1

infinite plane
The range of possible outputs is a line, it has 1 degree of freedom.

Once again, notice that the term A§¥ + uz is exactly the solution to the homogeneous equation v =
Ax = 0. Not a coincidence!
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Example: Projection of 3D space into z = 0 plane:

1 0 0
A={0 1 0|—detA=0

0 0 O
Solve v = Ax = (3,-2,0)7 for x.

SEMESTER 2

Let’s solve the problem v = Ax = (3,—2,0)T.

i Line of valid solutions x
i suchthatAx = v

3 0
X = <—2) + 1 <O) The solution has 1 degree of freedom.
0 1

infinite line

The range of possible outputs is a plane, it has 2 degrees of freedom.
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C. RANGE AND NULL SPACE OF A TRANSFORMATION

There is a beautiful pattern hidden in the previous examples!

This figure and table (explained in the next page) summarizes the general case:

Input vector space (dim: N) A Output vector space (dim: M)

Theorem of dimensions: rank(A) = N — nullity(A)
Name of space/subspace Dimension Span
Input space N span{e,, -+, ey} basis vectors of input space
Range of A or Column Space of A rank(A) span{A(e,), -, A(ey)} columns of matrix
Null Space of A nullity(A) span{Xy, -+, Xnuliity} vector solutions to Ax = 0
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RANGE (OR COLUMN SPACE) OF A:

The transformation A will map the input vector space into a subspace of the output vector space,
which may be the entire space. This subspace is called the range of A. It is also called the column
space of A, because it is the subspace spanned by the columns of A. This is because the transformed
vectors Ax for every possible X can be written as:

| | | 1
Ax=[Ale) Ale)) .. Alew) || 2 |=xiAler) +x,A(e;) + -+ xyAley)

| | AW

= span{A(e,),A(e,), -, A(ey)} for any possible x.

Range of A = span{A(e;),A(e,), -, A(ey)} where A(e;) are the columns of A, of
which some may be redundant in terms of their span.

The dimension of the range of A is called the rank of A.

If the columns are linearly independent, rank(A) = N, and the matrix is said to have full rank. This
happens only when det(A) # 0.

NULL SPACE OF A:

If the transformation A is singular, there will exist a subspace of the input vector space which is
mapped to 0. This is called the null space of A.

The null space is the set of solutions for x to the equation Ax = 0.

Null space = span{zl, Zy, ", zNuHity} where {z;} are linearly independent vectors that map
to zero: Az: =0

The dimension of the null space of A is called the nullity of A.

THEOREM OF DIMENSIONS:

Theorem of dimensions: rank(A) = N — nullity(A)
Name of space/subspace Dimension Span
Input space N span{e,, -+, ey} basis vectors of input space
Range of A or Column Space of A rank(A) span{A(e,), -, A(ey)} columns of matrix
Null Space of A nullity(A)  span{z,, ‘-, Zyunity} vector solutions to Ax = 0
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The null space Ax = 0 is very useful when solving the inverse problem Ax = v:

If we find a solution x4 such that A(x;) =V
then the set of vectors x; + Null space(A) are all a solution too, due to linearity.

Proof: cA(xl + Null space(A)) = A(x1) + cfl(Null space(A)) =v
v 0

Non-singular square matrix (det(A) # 0):
For a non-singular matrix, Null space(A) = 0, so solutions AX = v are unique.

Every input is mapped to a single output. That is why there exists an inverse.

Input vector space
(dim: N)

Output vector space

Range of A
(dim: N)

Null space of A
(dim: 0)

Singular square matrix (det(A) = 0):

For a singular matrix, full subspaces of the input are squashed into a single output

Null space of A !

(dim: nullity)

(dim: rank = N-nullity)

Ax = vy - Solution: x = x; + null space(A) (infinite solutions)
Ax = v, = No solution for x (because v, is outside the range)
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5) Projection of 2D space into the x-axis:
_ (1 0
A= (o o)
State the range, null space, rank and nullity of this transformation. Check that the theorem of
dimensions is fulfilled.

3)andv=Ax=(2

0 1) for x.

Hence, Solve v = Ax = (

Range: the span of the columns: since the second column is zero it does not contribute to the span.

range(A) = span {((1)) ) (8)} = spanh {((1))}

Alternatively, we can write it in vector parametric form: range(A) = 4 ((1))

Rank is the dimension of the range:
rank(A) =1
. . _ (0

Null space: Solve the matrix equation Ax = (0)

1 O xl _ 0 xl + Oxz == O
(o 0) (xz) = (o) - {Ox1 +0x, =0
X, is a free variable. The general solution is: x, = 4 and x; = 0, which we can write in parametric
form as (xl) =1 (0)

X2 1
So that:
null space(A) = 1 ((1)) = span {((1))}

Nullity is the dimension of the null space:

nullity(A) =1

The theorem of dimensions is fulfilled: Input space dimension = 2; rank = 1; nullity = 1.

a) Solve Ax = ((3))

G O6=0)- (2%l - x=()=0)+ 10)
Null space

as expected, the null-space can be added to any valid solution.

b) Solve Ax = (i)

(i) is outside the range, so the system does not have a solution.
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6) Projection of 3D space into the x-axis:

1 0 0
A=[0 0 0)—>detA=0
0 0 O

State the range, null space, rank and nullity of this transformation. Check that the theorem of
dimensions is fulfilled.

Hence, solve v = Ax = (3,0,0)7 for x.

Range: the span of the columns: since the second and third columns are zero they do not contribute

to the span.
1\ /0\ /0 1
range(A) = span {(0), (0), <0>} = span KO)}
0 0 0 0

1
Alternatively, we can write it in vector parametric form: range(A) = 14 (0)
0

Rank is the dimension of the range:

rank(A) =1

0
Null space: Solve the matrix equation Ax = (0)

0
1 0 0\ /%1 0 x, =0
0 0 O){*2]=(0)] = J0=0
0 0 0/ \X3 0 0=0

X, and x5 are free variables. The general solution is: x, = 4,x3 = pu and x; = 0, which we can write
X1 0 0
X=|X2|=A{1|+ul(0
X3 0 1
0 0 0 0
null space(A) =A(1|+u{0]|=spani{1],{0
0 1 0 1

Nullity is the dimension of the null space:

in parametric form as:

So that:

nullity(A) = 2

The theorem of dimensions is fulfilled: Input space dimension = 3; rank = 1; nullity = 2.
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1 0 0
A=10 0 O
0 0 O

= Null Space(A)
z (2D)

8 4

Projection of 3D space onto the x-axis:

Range(A) (1D)

Columns of A

3
a) Solve Ax = (0)
0

1 0 0\ /*1 3 X =3
0 0 O)J{*|=10])— {01__0 — X, and x5 are free parameters.

0 0 0/\x; 0
3 0 0

X = 0>+,1 1>+u 0)
0 0 1

null space

as expected, the null-space can be added to any valid solution.

Plane of valid solutions x
suchthatAx =v
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7) Projection of 3D space into z = 0 plane:

1 0 0
A=[0 1 0])—>detA=0

0 0 O

State the range, null space, rank and nullity of this transformation. Check that the theorem of
dimensions is fulfilled.

Hence, solve v = Ax = (3,—2,0)7 for x.

Range: the span of the columns: since the third column is zero only the first two contribute to the

R 1 e L

1 0
Alternatively, we can write it in vector parametric form: range(A) = 14 (0) +u (1)
0 0

Rank is the dimension of the range:

rank(A) = 2

0
Null space: Solve the matrix equation Ax = (0)

0
1 0 0\ /"1 0 x, =0
0 1 0]J{*X2)=10] = 3x,=0
0 0 0/\x3 0 0=0

X5 is a free variable. The general solution is: x3 = 4,x, = 0 and x; = 0, which we can write in

parametric form as:
X1 0
‘= () s (o>
X3 1
0 0
null space(A) = 1 (0) = span {(0)}
1 1

Nullity is the dimension of the null space:

So that:

nullity(A) =1

The theorem of dimensions is fulfilled: Input space dimension = 3; rank = 2; nullity = 1.
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Visually we can understand: Projection of 3D space onto the plane z = 0:
1 0 0

A=|0 1 0
0 0 O

g Null Space(A)
(1D)

Columns of A /
"/

Yy’
Range(A) (2D)//
y

3
a) Solve Ax = <—2)
0
1 0 0\ /%1 3 X1 =3
0 1 0J{*2]=|-2]—> {x,=-2 — x3isafree parameter.
0 0 0/\Xx3 0 0=0

SN

null space

X

5 Line of valid solutions x
! suchthatAx=v

as expected, the null-space can be added to any valid solution.
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1 -2
2 —4
input space, range and the null space of this matrix, state their dimensions, and check the
theorem of dimensions. Draw all subspaces in the 2D plane. Solve Ax = v for the cases:

(a) V= (_112)T
(b) v=(-1,-2)7

8) Problem: Consider the transformation given by the matrix A = ( ) Write down the

Solution:
The input space of this transformation is 2D space, with dimensions N = 2.

The range, or column space, of this matrix is the subspace of all possible outputs of this
transformation and is given by the span of its columns. It is evident that the two column vectors are
parallel, so they are linearly dependent:

range(A) = span {(;),(:i)} = span {(;)} — rank(A) = dim[range(A)] =1

The range of A is therefore the one-dimensional line given by x = 1(1,2)7. The transformation
compresses the entire 2D space into this line! Indeed det(A) = 0.

The null space of this matrix is the subspace of all possible solutions to the equation Ax = 0.
1 —2\/*1\ _ (0
(2 —4) (Xz) - (0)
This can be written as a system of equations:

{x1—2x2=0
2x1—4x2=0

Subtracting twice the first from the second leads to 0 = 0, therefore we have one degree of
freedom in the solution: x, = 4 and x; = 2A. Writing this in vector form, the solution is:

(2
X=A (1)
This is the subspace of solutions to Ax = 0, and therefore is the null space of the matrix.

null space(A) = span {(i)} — nullity(A) = dim[null space(A)] =1

y

X >

>
N\
Q
8
T
X

The null space tells us about the direction in which the space is being “squashed” into the origin, and
it will help us a lot for solving the inverse problem.
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The theorem of dimensions is fulfilled, as rank(A) = N — nullity(A).
a) Solve Ax = (—1,2)T

This value of v falls outside the range of A, therefore there are no solutions!

b) Solve Ax = (—1,—-2)T

This value of v falls inside the range of A, so we can find at least one solution, and then add the null
space as a degree of freedom.

1 —2 xl _ —1 x1 - ZXZ = _1
(2 _4) (xz) = (—2) - {le —4x, = =2
We know we have one degree of freedom, so take x, = A, therefore we can solve x; = —1 + 2.

In vector form: x = (_01) +1 (i)

It is very difficult to interpret this transformation in “visual” terms, because it is not a projection.
However, it does squish whole lines (always parallel to the null space) into single points somewhere
along the line of the range.
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D. NULL SPACE AND RANGE USING GAUSSIAN ELIMINATION

The simplest and most efficient way of calculating the range and null-space of matrices is by using
Gaussian Elimination. This technique is thoroughly explained in the next chapter. Once you learn it,
you can come back here to do these problems:

NULL SPACE:

To obtain the null space we can, by definition, simply solve the system Ax = 0.

Null space{A} = General solution to system Ax = 0

Gaussian elimination will tell us which variables are free (dimensions of the null space).
The free variables correspond to the columns with no pivot in row echelon form.

Nullity{A} = Number of columns without pivot in row echelon form U

RANGE:

To obtain the range we need to find the span of all the columns. For this we need to check if the
columns are linearly dependent or independent.

Columns of A Ax = 0

2xivi =0
Vi, Vy, .., Vylare o = . .
Iiiegrlyzindephé}ndent Only when all x; = 0 has unique solutionx = 0

Gaussian elimination of Ax = 0 will tell us which columns of the original matrix where linearly
dependent on the others (columns with no pivot). The range will be equal to the span of the
columns in the original matrix whose corresponding columns in row echelon form had pivots:

Range{A} = span of the columns in A that have pivot in the row echelon form U

Rank{A} = Number of columns with pivot in row echelon form U
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9) Find the range, rank, null space and nullity of the following matrix:

1 -2 -1
A=<2 —4 2)
-1 2 1

Solution:
First, let’s find the null space of A by solving Ax = 0.

The augment matrix for the system Ax = 0 is written as:

1 -2 =110
2 -4 2 0
-1 2 1 0

Now we perform Gaussian elimination to reduce this matrix into row echelon form:

1 =2 =1 | 0\p e p (1 =2 =10
2 —4 2 0 m’ 0 0 4 0
-1 2 1 o/ VTR0 0 0 0

The first column and third columns have pivot. The second column has no pivot and thus
corresponds to free variables. The general solution, by inverse substitution, is therefore:

x2=a
x3=0

X —2()—(0)=0 > x=2a

X1 1
X () — <1)
X3 0
1
null space{A} = span {(1)}
0

a one-dimensional space. The nullity, being the dimension of the null space, is therefore:

nullity{A} = 1

Which can be written as:

Therefore:

Now, let’s find the range. The range is equal to the span of the columns. But the columns which had
no pivots after gaussian elimination do not contribute to the span of the columns. So, we can take
the first and third column in the original matrix:

In summary, the range is always given by the span of the columns in the original matrix
corresponding to the columns that have pivots in the row-echelon form:

1 -1
range{A} = spani( 2 ),( 2 )}
-1 1

Which is a two-dimensional subspace, hence:
rank{A} = 2

The theorem of dimensions is fulfilled. Input dimension N = 3. Rank = 2. Nullity= 1.
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10) Find the range, rank, null space and nullity of the following matrix:

2 -4 =2
A= ( 1 -2 —1)
-2 4 2

Solution:
First, let’s find the null space of A by solving Ax = 0.

The augment matrix for the system Ax = 0 is written as:

2 -4 =210
1 -2 -1(0
-2 4 2 0

Now we perform Gaussian elimination to reduce this matrix into row echelon form:

2 4 =2 | O\R-(3)Ror, (2 —4 =2 | 0
1 -2 -1 0 m 0 0 0 0
2 4 2 lo BN o0 o |o

The first column has pivot. The two last columns have no pivot and thus correspond to free
variables. The general solution, by inverse substitution, is therefore:

X3 =Q
X2 =B
2x1—4f —2a=0 > x;=a+2f

X1 1 2
< (z)-lg) ()
X3 1 0
1 2
null space{A} = span {(O) , (1)}
1 0

a two-dimensional space. The nullity, being the dimension of the null space, is therefore:

nullity{A} = 2

Which can be written as:

Therefore:

Now, let’s find the range. The range is equal to the span of the columns. But the columns which had
no pivots after gaussian elimination do not contribute to the span of the columns.

In summary, the range is always given by the span of the columns in the original matrix
corresponding to the columns that had pivots in the row-echelon form:

2
range{A} = span {( 1 )}
-2

Which is a one-dimensional line, hence:
rank{A} =1

The theorem of dimensions is fulfilled. Input dimension N = 3. Rank = 1. Nullity= 2.
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11) Find the range, rank, null space and nullity of the following matrix.

2 4 3
A=(1 -2 =2
-3 3 2

and solve the system Ax = (4,0,—7)7.

Solution:
First, let’s find the null space of A by solving Ax = 0.

The augment matrix for the system Ax = 0 is written as:

2 4 3 0
( 1 -2 -2 O)
-3 3 2 0

Now we perform Gaussian elimination to reduce this matrix into row echelon form:

2 4 3 10 Rz_(%)RﬁRz 2 4 3 0
3 3 2 | o/rR+G)RoRs\0 9 1372 | 0

Let’s avoid fractions (this is optional but helps avoiding mistakes) by multiplying rows:

2R,~R, 2 4 3 0
o \0 8 770
7EN0 18 131 0
And now we continue with the steps to reduce into row echelon form:
R3+(2)R2—)R3 2 4 3 O
— (0 -8 -7 0
0 0 -11/41 0

All the columns have pivots! Therefore, there are no free variables. Therefore the null space has no
dimensions (it is only the origin). We can check this by doing inverse substitution and finding the
general solution: x; = x, = x3 = 0.

Therefore:
null space{A} =0
a zero-dimensional space. The nullity, being the dimension of the null space, is therefore zero:
nullity{A} = 0

Now, let’s find the range. Since all columns had pivots after gaussian elimination, we know that all
the columns are linearly independent. The matrix has full-rank, and hence its range is simply the
three dimensional span of its three linearly independent columns.

In summary, the range is always given by the span of the columns in the original matrix
corresponding to the columns that had pivots in the row-echelon form:

(1) ()

Which is a three-dimensional space, hence:
rank{A} = 3

The theorem of dimensions is fulfilled. Input dimension N = 3. Rank = 3. Nullity = 0.
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This matrix is full-rank, which means it has an inverse. We could use the inverse to solve the system
Ax = (4,0,—7)7. Alternatively, we can use gaussian elimination (we can reuse the same gaussian
steps for the matrix! We just need to apply the steps to the independent term)

2 4 3 | 4\R-(jror, 2 4 3 4\ pop (2 4 3| 4
2 2 2
1 -2 -2 0 | —— 0 —4 -7/2 | =2 — 0 -8 —-7| —4
3 3 2 | —7/R+(B)rmraN0 9 1372 | =1/ 7R \g 18 13| —2
R3+G)R2—>R3 2 4 3 4
— 5[0 -8 -7 —4
0 0 -—-11/4 1| -11
Hence, solving by inverse substitution:
39row: —11x3 = —44 > x3 =14
2" row: —8x, —7(4) = —4 —>x2=ﬁ=_3

-8
1 row: 2x; +4(-3)+3(4) =4 - x;, =2

12) Find the range, rank, null space and nullity of the following non-rectangular matrix:

11 0 -2
A=(2 0 2 2)
4 1 3 1

Solution: This case is good practice because it is a non-rectangular matrix. Its input is 4-dimensional,

while its output is 3-dimensional. Still, all the theory applies. The null space is a subspace of the input
space which is mapped to zero in the output. The range is a subspace of the output space into which

all the input space is mapped.

First, let’s find the null space of A by solving Ax = 0.

The augment matrix for the system Ax = 0 is written as:

110 =210
(2 0 2 2 0)
4 1 3 1 0

Now we perform Gaussian elimination to reduce this matrix into row echelon form:

3
1 10 =2 0\g sp g/l 1 0 =2 ] O\r—(S)rmrs 1 1 0 =2 |0
202 2 |0)——2>{0 -22 6 [0)———(0 -2 2 6 |0
413 1 o/ -3 3 9 1o o 0 o0 olo

Now we make our lives easier by dividing some rows by integer numbers to make numbers smaller:
(5)r2R2 (1 1 0 -2 0)

SN O

0

0 -1 1 3
0 0 0 O

Now we can solve the system by inverse substitution. The third and fourth column have no pivots, so

they are free variables. The first two columns have pivot, so they are linearly independent columns.

x3=aandx, =f
2"row: —x, +a+38=0 - x,=a+3p
Itrow:x; + (@ +3B)—2=0->x;, =—a—f

So, the general solution to Ax = 0 is:
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X1 -1 -1
X = zz =a 1 +p (3)
X4 0 1
Which means that:
-1 -1
null space{A} = span 1) g
0 1

This is a two-dimensional plane living in the input 4-dimensional space, therefore, the nullity, being
the dimension of the null space:

nullity{A} = 2

Next, we must find the range of A. The range is the span of the columns of A. However, some
columns might not be contributing to the span (being linearly dependent on others). We can find out
a set of columns that are linearly dependent thanks to Gaussian elimination. We saw that the third
and fourth columns had no pivot, therefore, the 3™ and 4™ columns can be written as a linear
combination of the other two. The first two columns did have a pivot, therefore, they are linearly
independent.

In summary, we can find the range of A by considering the span of the columns in the original
matrix which had a pivot in the row echelon form after gaussian elimination:

1 1
range{A} = span {(2) , (0)}
4 1

This is a two-dimensional subspace of the output three-dimensional space. The dimension of the
range is two, hence:

rank{A} = 2

The theorem of dimensions is fulfilled. Input dimension N = 4. Rank = 2. Nullity= 2.
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13) Find the range, rank, null space and nullity of the linear operation corresponding to
differentiation with respect to x in the vector space of polynomials of degree equal or smaller
than 4, with the basis {1, x, x2, x3, x*}. Check that the theorem of dimensions is obeyed.

01 0 00O
A=

> O O

0
0
0

S O O

2 0
0 3
0 0

This matrix was derived in a previous chapter. Its size is 4 X 5 because it converts polynomials
of degree 4 (i.e. with 5 dimensions) into polynomials of degree 3 (i.e. with 4 dimensions).

Solution:

Remember that we are associating polynomials with vectors:

p=|a |- pK) =ag+ax+a,x?+ azx3+ a,x*

First, let’s find the null space by solving Ap = 0. This will also allow us to find out which columns are
linearly independent (the columns without pivot).

Qo
010 0 0\fg
00200
= a:
AP=10 0 0 3 o| 220
0000 4/\,

Written as an augmented matrix, we have:

01 0 0 01O

0 02 0 01]0O0
0 00 3 010
0 000 410

Now we would perform gaussian elimination to bring it into row echelon form. Fortunately, no steps
are required because the matrix is already in row-echelon form, so we can directly read all the
information from it. The first column does not have a pivot, and so is a free variable, and so it is
linearly dependent on the other columns (this was obvious! It is all zeroes, so any other column
scaled by zero results in this column!). The last 4 columns are linearly independent, because they all
have pivots.

By giving the first variable (no pivot) a free parameter a, = A we can solve the others by inverse
substitution. The solution is trivial: a; = a, = a3 = a, = 0. Therefore, the null space of A is given

(

null space(A) = span{

Wo/) 0

Notice that the null space is a line living in the input 5-dimensional space. The nullity is equal to the
dimensions of this space. Therefore, nullity of A is 1.

o oR
I

Il

N
o oR
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The range of the matrix is the subspace given by the span of the columns. It is a subspace of the
output space of the matrix, i.e. the range exists in the 4-dimensional output space.

We know that the last 4 columns are linearly independent (because they had a pivot after Gaussian
elimination), and the first column is linearly dependent on the others (because it didn’t have a pivot
after Gaussian elimination), therefore we can write the range of the matrix as the span of the last
four columns:

1 0 0 0 1 0 0 0

_ 0 1 0 oj(_ [0 1 0 0

range(A) = span ol'lolt1llolt=% o +p 0 +vy 1 +6 0
0 0 0 1 0 0 0 1

This is a four-dimensional subspace, so its dimension is 4. The rank of A is 4. Interestingly, the range
of A (non-square matrix) in this case is equal to the entire output 4-dimensional space.

The theorem of dimensions is fulfilled. Input dimension N = 5. Rank = 4. Nullity= 1.

It is instructive to translate all these results into the language of polynomials (where it all becomes
quite trivial).

d
null space (a (4™ order polynomials)) = span{1} = q,

d
range (a (4™ order polynomials)) = span{1,x,x2,x3} = by + byx + b,x? + b3x3

14) Following the previous problem. Solve the indefinite integration of polynomials (which is the
inverse of differentiation) by using vector notation and linear algebra techniques:

d
p(X) = J(S + Xz)dx - a(p(x)) =5 4 x?2

In the language of vectors, we are trying to solve:

ag
5 01000/a1\\5
d 0 00 2 0 0 0
JE— = 2 = a, | =
G PON=3+x7 > Ap={, |~ ooo3.o|a§I 1
0 00004\a/0
4

The augment matrix is already in row-echelon form, so we can solve it by inverse substitution:
01 0 0O 5

0 020 071]0O0
0 00 3 011
0 000 410

agy = cis a free parameter (null space); a; = 5; a, =0;a; =1/3;a, =0.

The general solution is therefore, in vector language, a line in 5-dimensional space:
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[\ [s)..[o)

[+c] o |

o)) L)

Which, translated to polynomial language, gives us the familiar:
1
p(x) = 5x +§x3 +c

This is an explanation, in linear algebra terms, for why an indefinite integral (the inverse of the
derivative) always has an arbitrary integration constant c! The linear transformation has a zero
determinant, and so we must add the null space to any solution!

Extra note: This also applies nicely to linear ordinary differential equations which can also be seen as
a linear transformation.

2

d
- - — 42
dezp(x) dxp(x)ﬁ-Bp(x) x

d> d o,
<2w—a+ 3>p(x) =X
A(p(x)) = x?
Ap=v

You know from your study of differential equations, that the general solution is equal to the
particular solution plus the homogeneous solution. The homogeneous solution is the solution to the
system when the independent coefficients are zero, i.e. the homogeneous solution is the null space!

p = pp + Py = pp + null space{A}

This is not an analogy or a coincidence. This is an exact equivalence. That is why some differential
equations are called LINEAR differential equations and always fulfil the above.
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2.4 LINEAR SYSTEMS OF EQUATIONS AND GAUSSIAN ELIMINATION

Linear systems of equations are used very often in science and engineering when solving linear laws
of physics, and equally often when simplifying non-linear equations using a linear approximation.

A. LINEAR SYSTEM OF EQUATIONS AS A MATRIX-VECTOR MULTIPLICATION

A linear system of equations is a collection of M equations and N unknowns, in which the unknowns
(x1,x3, -+, xy) appear as linear combinations with simple scaling coefficients (a;;) and each equation
has independent terms (b;). We can always write a linear system of equations as follows:

A11%1 + A12% + - anxy = by
Ay1X1 + QzpX; + - AynXy = by

ay1Xy + ayzXz + - ayyxy = by

This system can be written and interpreted as a simple matrix-vector multiplication

a1 Qg .. Ay Xq b,
ay1 Ay - Ay XN by
A X b

This means that, in order to solve the values of the variables, we need to find a vector X, which when
transformed according to matrix A results in a vector b. In other words, we need to solve the inverse
problem Ax = b. This means we can apply the results of the previous section.

e Whendet(A) # 0, the system has a unique solution given by x = A~'b.
e When det(A) = 0, the system may have:
o no solutions (when b is outside the range of A)
o infinite solutions with Z degrees of freedom (when b is inside the range of A).
= 7 = nullity(A)

In practice, calculating the inverse A~1 using the general recipe which involved determinants is a
very long procedure, even for a computer (for high number of dimensions). In real-life, the inverse is
never used. Instead, a much faster algorithm is used, called Gaussian elimination.
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B. GAUSSIAN ELIMINATION

Gaussian elimination is a very efficient and general way to solve a system of linear equations in all
possible cases. It works for unique solutions, no solutions and infinite solutions. This method can
also be used to find the rank of a matrix, the range of a matrix, the determinant of a matrix, and to
calculate the inverse of an invertible square matrix. It is much faster than the usual methods.

Using Gaussian elimination, computers can solve systems of equations with tens of thousands of
variables and equations.

To start solving the system Ax = b, we write the matrix A next to the vector b in the same matrix,
simply for convenience. This is called the augmented matrix A|b:

ai1 A4z e Qqn b,

az1 Qzp . Ay | b
Alb = : : 8 : ;2

ayr Aayz - Aun | by

Gaussian elimination performs operations called “gaussian steps” on this augmented matrix until it
reaches row echelon form. A matrix is in row echelon form if:

e All zero rows are at the bottom of the matrix
e The first nonzero number of each row (called the pivot) is always to the right of the pivot of
the row above. Therefore, every pivot has all zeroes below and to the left of it.

Example of a matrix in row echelon form:

¥ X ¥ ¥ ¥ %

0
0
0
0
1Co|umns 1with 1no pivots

e a,b,c,d, e are the pivots O (leftmost non-zero numbers in each row)
e asterisks * are any number (non-zero or zero)

A matrix that has been reduced to this form tells you all its secrets if you know how to read them:

e Row echelon form is triangular, so its determinant is the product of the diagonal elements.
e Columns with pivot Ocorrespond to linearly independent vectors, while columns with no
pivot are linearly dependent on those with pivot.
o The range of the original matrix (before gaussian elimination) can be obtained as the
span of the columns in the original matrix which have pivot in the row echelon form.
o The number of columns with pivot is therefore equal to rank(A).
o If all columns have a pivot, all columns are linearly independent and the original

matrix has full rank and is non-singular.

e Columns without pivot 1} correspond to linearly dependent vectors, linear combination of
those with pivot
o the unknown variable corresponding to columns with no pivot will be free variables
(degree of freedom of the solution)
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SOLVING THE SYSTEM AFTER GAUSSIAN ELIMINATION:

After Gaussian elimination, the resulting system of equations is equivalent:

Gaussian elimination

(Alb) (Ulo)

This means that the system Ux = ¢ has the same solutions as the original system Ax = b.

Different cases arise depending on the form of the row echelon form system (U|c):

Case 1: Unique solution exists. U is an upper triangular matrix (all columns have pivot).

Solve the system by inverse substitution: solve the last variable starting from the bottom
row, which involves only one variable. Substitute the solution in the previous row, and so on.

Remember that the first column corresponds to the first variable x;, second column to x,,
etc.

Case 2: No solutions. Some rows of U are all zero, but column c is not zero in at least one of them.

This means that c is outside the range of U, and therefore x is outside the range of A, so the system
has no solution. Note this case never happens when solving the homogeneous system Ax = 0,
because 0 is always inside the range of every matrix.

0 |ED + «| *
0 0 0 o0
0O 0 0 of=*

Case 3: Infinite solutions. Rest of cases.

i.e. all the zero rows of U are also zero for ¢, and U has columns with no pivot (in other words, after
removing all zero rows, U has more columns than rows): the system then has infinite solutions.

0 OE

t\lo pivot t\lo pivot (free variables)

Solve the system by assigning free parameters 4, i, --- to the variables corresponding to
the columns with no pivot. Solve the other variables by inverse substitution.
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THE GAUSSIAN STEP:

How do you get the augmented matrix into row echelon form?

x+y=2
—-x+y=3
the equations in order to isolate the variables. Now we will do similar things:

Remember when we solved a system of equations { we could do linear combinations of

There are three types of gaussian steps:

e R;+AR; - R;: Get any row and add to it a scaled version of another row
(scalars A can be negative, i.e. subtraction of rows).
e AR; — R;: Multiply a row by a non-zero scalar.
e R;oR,: Swap any two rows.
Example:
1 1 2 Ry+ 2Ry = R, 1 1 2 Rs — 4Ry — Ry 1 1 2 RsoR, 1 1 2
-2 -2 -3)]——|0 0 1)]———|0 0 1)—(0 2 O
4 6 8 4 6 8 0 2 0 0 0 1
. R, + 2R, — R,:second row plus two times the first row, placed in second row.
. R; — 4R; — Rj;:third row minus four times first row, placed in third row.
. R; < R, : swap row 3 with row 2.

Gaussian steps ensure that the augmented matrix in every step corresponds to an equivalent system
of equations, that is, the solutions are the same. The gaussian step also preserves the linear
dependence or independence of each individual column.

Gaussian steps allow turning any matrix into row echelon form:
e Use the pivot of the first row to turn every non-zero coefficient below it to zero
e Move onto the next row. If any row below it has a pivot to the left of the current row’s pivot,
swap the rows (the aim is that no row has any pivot to the left of the previous rows). Use
this new pivot to turn every non-zero coefficient below it to zero.
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1) Example: Solve the following system of equations:
x1+x2+x3 +x4_4= O
le+x3+X4 = 6_2x2
3x1+x2 = 7_ZX3_.X4
x1+x2 +2(2x3+X4_4’) == O

First write the system putting all variables on the left, and all independent terms on the right:

Ixg +1x, +1x3+ 1x, =4
2x1 +2x;, + 1x3 + 1x, = 6
3x1+ 1xy +2x3 + 1x, =7
Ixy +1x, +4x3 +2x, =8

Write the system in matrix form:

_ RN R

4
X2 6
7
8

_ W N
BN R
N R ==
x
w

Write Ax = b as an augmented matrix (A|b), and start performing Gaussian steps to bring the
matrix into row echelon form.

1. Use the pivot to introduce zeroes below it by adding multiples of the first row to the others
2. Swap rows if necessary, to make sure that top rows have the leftmost pivots

>1 1 1|4 ﬁﬁ_ggiiﬁﬁ 1 1 1] 4 4
(2)2 1 16| Fa-RioRs [0 —1f=2) BaoRs @_1 _2 -
(3)1 2 1|7 0 —2 =5 _1 2
A1 4 218 0 0 4 4
1 1 1] 4
R4+3R3—R <> —
4TI 0 1 i g in the form (U|c): Unique solution
—2

Solve the unique solution by inverse substitution:

4N row: —2x, = -2 - x,=1

39row: —x3 —x, =—2 o x3=2-x,=1

2Mrow: —2x, —x3 —2x, = =5 - x, =(1/2)(5—x3—2x,) =1
Prrow:x; +x, +x3+x,=4->x1=4—x, —x3—x, =1

We can write the solution in compact vector form:

X1 1
X = X2 | _ 1
X3 1
X4 1

Also detA = (—1) det U (due to the swap) = (-1)(1)(-2)(-1)(-2) =4
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2) Example: Solve the following system of equations:

x1+xZ+X4=5

{ x1+x2+X3+X4=7
2x1+2x2+3x3+X4 = 10

Write the system in matrix form (notice it is not a square matrix):
X1

11 1 1\[, 7

2

(1102>x=<5>

2 2 3 1\ 10
4

Write Ax = b as an augmented matrix (A|b), and start performing Gaussian steps to bring the
matrix into row echelon form.

11 1 et 111 17 1 1 1|7
R2:—2R+— R3+R,—R
1025>3l<00@1—2>¥>ioo@1—2>
2 3 1l10 0 0CD -1l-4 00 0 o0l-6

in row echelon form (U|c). This system is incompatible, no solutions exist, because the all-zeros
rows of U are not zero in ¢ too.

3) Example: Solve the following system of equations:

x1+x2+2x4=5

{ x1+x2+X3+X4=7
2x1+2x2+3x3+X4 = 16

Write the system in matrix form (notice it is not a square matrix):
X1

1 1 1 1 x 7

110 2|l 2]=(5

2 2 3 1\ \16
4

Write AX = b as an augmented matrix (A|b), and start performing Gaussian steps to bring the
matrix into row echelon form.

R,—R1—R
1117R322R11211 1 1| 7\ psryor 11 1|7
10 2|5 00 &> 1 |(-2)]——(0 0 1]-2
2 31 0 0CD -1l2 00 0 olo

in row echelon form (U|c). This system has infinite solutions because, removing all-zero rows, it has

more columns than rows. We solve it as follows:

First: Variables associated with no-pivot columns are given independent free parameters:
x, = aandx, = .

Then we solve the other variables by inverse substitution:
2Yrow: —x3+x,=—-2 > x3=2+4+x,=2+a
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Prrow:x; +x,+x3+x,=7 = x1=7—x,—x3—x3,=7—-f—-—2+a)—a=5-2a—-p

We can write the general solution in compact vector form as:

X1 5 -2 -1

[ *21_10 0 1
X = P il I +a 1 +B 0
X4 0 1 0

The general solution is a plane in four dimensions.

Note: For this example | took the previous example which had no solutions and modified the
independent coefficients only, to make sure that b fell inside the column space of A so that there
were solutions this time. This means that the steps for Gaussian elimination where the same as in
the previous exercise. This means that once we perform the Gaussian steps for any system Ax = by,
we can solve related systems Ax = by, bs, -+ by just remembering U and performing the gaussian
steps on the different b;’s and doing inverse substitution.

1 1 -1 2
4) Consider the transformation A = (2 -1 -1 1). Find the range and the null space of this
0 3 -1 3

transformation.

Solution:
To obtain the range we need to check if the columns are linearly dependent or independent. It turns
out we can do that by solving a system Ax = 0.

Columns of A
{vi,vy, ..., Vy}are <
linearly independent

Yx;v; =0 - Ax=0
Only whenallx; =0 has unique solutionx = 0

Therefore, we can solve the system Ax = 0:

1 1 -1 2\[} 0
2
(2 -1 -1 1) N =<0>
3
0 3 -1 3 0

Write down the augmented matrix and perform Gaussian steps:

1 -1 2]0 1 1 -1 2 210
R,—2R{—R R3+R,-R

@—1 —110) 2(0@1 -3 )3236%@1 3|0\
0 3 -1 310 03 -1 3 0/
This tells us that the third and fourth columns (no pivots) of the original matrix where linearly
dependent on the first and second column. The range is equal to the span of the columns in the

original matrix, and we can discard the linearly dependent columns, which therefore leaves us with
the span of the first and second columns (i.e. the span of the columns in A that have pivot in U):
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1 1
Range(A) = span {(2) , (—1)}
0 3

The rank of the matrix is equal to two (number of dimensions of the range), which equals the
number of columns with pivot.

As you can see, Gaussian elimination is useful for finding if vectors are linearly independent, and not
only that, but also for knowing WHICH vectors in the set can be kept and which ones discarded.

The null space are the solutions of the same system Ax = 0. The columns without pivots (x5 and x,)
can be given free parameters. The other variables can be obtained by inverse substitution:

X4=a
X3 =P
2™ row: —3x, + X3 —3x, =0 > x, = G) (x3 —3x4) = —a + G)ﬁ

1¥row:x; +x; —x3+2x, =0 ->x; = —x; +x3—2x4=—a+(§)ﬁ

So the answer can be written in vector form:

X1 1 2/3
| X2 ) _ -1 1/3
X = X3 =a 0 +p 1
X4 1 0

It is the equation of a plane in a 4-dimensional space.
Indeed, the theorem of dimensions is fulfilled, as rank(A) = 2 and nullity(A) =

5) Example: Solve the following system of equations:

L2 o5 1 2y [x \

0 1 -2 —4 | x3 1

2 -3 4 ~1 \ / 9
Write down the augmented matrix and perform Gaussian steps:

2 -5 -1 2 —3>R3_2RﬁR3<1 2 -5 -1 2
_ 0

o 1 -2 1 -4]1 -2 1 -4
-3 4 2 =119 0 14 4 -5
2

R3+7R2—R3 12 -5 -1 -3
—| 0 1
22

-3
1>
15

1 -2 1 -4
0 0 0 11 -33

(55)RaRa 2 -5 -1 2 |-3
= —2 1 -4|1
—31 2

The columns without pivots (x5 and x5) can be given free parameters. The other variables can be
obtained by inverse substitution:
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X =«

x3 =

39row:x, —3x5 =2 - x, =2+ 3xs =2+ 3a

2Mrow:x, —2x3+x, —4dxs =1 > x, =2x3— x4 +4x;s+1=-1+2B+a

rrow:x; +2x, —5x3 — x4 +2x5=—3 > x; = -3 -2, +5x3+x, +2xs=1—a +f8
So the answer can be written in vector form:
X1 1
X2 -1
=| x|=]| 0|
) \5)
X5 0
It is the equation of a plane in a 5-dimensional space.
Note that the subspace spanned by the vectors multiplying @ and 8 correspond to the null space of

the transformation: as we know any solution can be added any multiple of a combination of those
vectors.

Gaussian elimination can also be done with complex matrices.

i =i 1 i
6) Problem:Solve( 11 -2 2 |x=|3i
1 1 2 0

Solution:

We can write down the augmented matrix and perform Gaussian steps:
—i 1] 1 ; iy —i 1 i . i —i 1
Ry+iR,—R R3+iR,—R
@—2 2 3i>2—12>—1 2+i —1+3i>3—13><0@ 2+i
1 1 210/ 1 1 2

0 0 2 2+i

i
-1+ 3i
-1

R3+2R;—R3 —i 1 i Rs3/3-R3 o= 1 t
_— -1 2+4+i | -14+3i]—|0 -1 24+i|—-1+3i
6+3i | —34+6i0 0 0 24il-1+2i
Which we can solve by inverse substitution:
Third row: X3 = —1+?i _ (—1+.2i)(2.—i) _ —2+i+4i+2 _ E .y
2+i (2+i)(2-i0) 4+1 5

Secondrow: —x, + 2+ x5 =(-14+3)) > x=Q2+D)i—(—1+3)=—-1+2i+1-3i=—i
Thirdrow:ixl—ix2+x3=i—>ix1—1+i=i—>ix1=1—>x1=%=—i

So, the solution is unique:
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Gaussian elimination can be used to convert equations of lines/planes/etc. into parametric form:

7) Find the parametric equation of the following geometrical entity:

x—4=y=z+1

From previous lectures we know that this is the equation of a line. However, we can apply the
methods of this lecture to obtain that answer through another method:

x—4=y

The equation is in reality two different equations: {y 1

. ) 1x—1y+0z=4
which can be written as: {Ox +1ly—1z=1
Written as an augmented matrix:

0 = —01 All)

It is already in row echelon form. We have a free parameter (the third column, with no pivot).

zZ=a
2Mrow:y—z=1-> y=1+z=1+4+a
39row:x—y=4 > x=44+y=5+a

So, the solution in vector form is, indeed as expected, the parametric equation of the line:

666

Interestingly, comparing the equation of the line x — 4 = y = z + 1 with the usual form

X—X, - Z—Z . . .
0 — Yo — - 2 we would have written the equation of the line as:

-G-(2)f

Both are, of course, the same line! Even though the specific equation looks different.

Remember that the specific choice of points ry and the specific choice of vectors multiplying the free
parameters, in this case v, is not unique, because any point in the line is good for ry and any vector
in the line is good for v.
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8) Aplanein 3D is given by the equation z = 1 — y. Find the parametric equation of this plane.

This is a very interesting question because it is unconventional. It is not written as a system of
equations, however, the same algorithms we use to find the solutions can be applied to the case of
matrices with one row!

The equation, written explicitly in terms of the x, y, z unknowns, is:
Ox+1ly+1z=1
Written as an augmented matrix:
0 1 111

The second column has the pivot (the first non-zero number in the row, by definition). There are no
more pivots because there are no more rows, so the other two columns correspond to free
variables. So:

X =a

z=p
T'row:y+z=1-y=1-z=1-p

Therefore, written in vector form:

G-l

Which gives us two vectors that span the plane, and a point in the plane. Easy!

2
9) Aplanein 3D is given by the equationr - (1) = 0. Find the parametric equation of this plane.
1

Again another unconventional question. But notice that this dot product is a linear equation:
2x+y+z=0

Written as an augmented matrix:
2 1 110

The first column has a pivot, the other two columns correspond to free variables. So:

z=a
y=8

1 1 1 1
I'row:2x+y+z=0- xz_fy_EZZ_Ea_Eﬂ

Therefore, written in vector form:

) f-(FIlE

Which gives us two vectors that span the plane.
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CALCULATION OF DETERMINANTS USING GAUSSIAN ELIMINATION

Gaussian elimination can be used for finding the determinant if we keep track of how each gaussian
step affects the determinant of the resulting matrix:

e R;+AR; — R;: The most common gaussian step does not change the determinant.
e AR; = R;: Scaling a row multiplies the determinant by the same scalar A.
e R;oR,: Swapping two rows (or columns) multiplies the determinant by -1.

e Once the matrix is triangular, the determinant is the product of the diagonal.

1 1 2
10) Example: Calculate the determinant of A = (—100 —100 —150) using Gaussian
4 6 8
elimination.
1 1 2 (i)RzﬁRz 1 1 2
-100 -100 -150 —— (50)(-2 -2 -3
4 6 8 4 6 8

This gaussian step multiplied the determinant of the resulting matrix by (%), so we multiply the
determinant by 50 to keep it equal to the original determinant.

Ry+2R; =R, L1 2| 4R, R, 11 2
2260l 0o 12— G0l o0 1
4 6 8 0 2 0

These gaussian steps do not modify the determinant, so the determinants are equal. Finally we swap
two rows, to make the matrix triangular, which changes the sign of the determinant. We multiply by
(—1) to keep it equal.

R3<—>R2 1 1 2
—— (-1)(G0)[0 2 0of=(-1)x50x2=-100
0 0 1

Since the matrix is now triangular, the determinant is equal to the product of the diagonal elements.

For 3 X 3 matrices, this procedure seems more cumbersome than the usual cofactors method.
However, for 4 X 4 and 5 X 5 this procedure is much easier. By the time you reach 20 x 20 this
would be the only possible way of realistically calculating the determinant.
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C. COMPUTATIONAL SOLVING OF SYSTEMS

Solving systems of equation by calculating the inverse (bruto force way using matrix of cofactors)
involves calculating determinants, which are very expensive to compute.

If you estimate the number of operations required to solve a system of equations via a brute force
calculation of the inverse, the answeris = (n + 1)! Where n! = n(n — 1)(n — 2) --- (2)(1) stands
for factorial.

On the other hand, solving a system by Gaussian elimination requires a number of operations =
3
n°/3.

Imagine having to solve system of equations with hundreds or thousands of variables, as often
happens in a technical career:

Number of variables n Gaussian elimination Calculation of inverse using
operations: n3/3 minors/cofactors : (n + 1)!

10 333 39916 800

100 333333 9.4 x 101>°

1000 333333333 4,0 x 102570

Even with powerful computers, we MUST use Gaussian elimination.

SOLVING LINEAR SYSTEM OF EQUATIONS IN PYTHON (GAUSSIAN ELIMINATION):

import numpy

A = np.array([[3,1], [1,2]])
b = np.array([9,8])

X = np.linalg.solve(A, b)
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D. GAUSS-JORDAN ELIMINATION AND MATRIX INVERSE

Optional read: will not be in exam but can be very useful as a reference in
your technical/scientific career.

Gaussian elimination can be further continued to turn a matrix in row echelon form into reduced
row echelon form, in which all pivots are always equal to 1 and have zeroes both below and above.

1T = 0 0 = 0 0 #*
0 01 0 = 0 0 =x|*
0 0 0 1 = 0 0 =x|*
0O 00O 0 1 0 =x|*
\0 0O 0 00 0 1 **/
0O 0 OO 0O 0 0 ol

This is called Gauss-Jordan elimination. The solution to the system can then be read directly using
each row to solve each variable (together with any free dependent variable).

If all columns have pivots (non-singular matrix), Gauss-Jordan elimination results in the identity
matrix. The solution can then just be read from the right column of the independent coefficients:

Gauss—Jordan

(Alb) ——— (I|x)

In fact, if we start with an augmented matrix which uses the original matrix A placed next to the
identity matrix I, and then apply Gauss-Jordan elimination, we transform A into I and I into A~1.

Gauss—Jordan

(AID ——— (1|A™1)

This is how computers compute the inverse of a matrix. Much faster than the usual recipe.

E. LU FACTORIZATION:

Optional read: will not be in exam but can be very useful as a reference in
your technical/scientific career.

Each gaussian step of the form R, + @R}, — R, can be codified into a matrix:

1 0 0
e.g. R, + aRy — R, can be writtenas: E; = (a 1 O)
0 0 1

Therefore, the process of Gaussian elimination is the successive application of those steps, which
can be seen as matrix multiplication of the different steps:

Ry, +aR; = R, 1 0 0y/1 0 ON/1 0 O
R3 + BRy = R3 can be written as: E=E3E2E1=<0 1 O><0 1 0><a 1 0>

Rs + YR, = Ry 0 vy 1

Therefore, the Gaussian elimination
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Gaussian elimination

(Alb) (Ulo)

Can be represented as a matrix multiplication:

Gaussian elimination

(Alb) E(A|b) = (EA | Eb) = (UJc)

We have arrived at EA = U so we can write A = E~1U. It turns out that the matrix E has an inverse
which is very easy to generate if we know the scaling factors of the Gaussian steps:

R, + aRy > R, 1 0 0
R3; + BRy » R3 — E =E3E,;E; > E™! = (E3E,E|) ! = E{'E;'E3! = (—a 1 o)
R3 +YR; = R3 B —v 1

With no need for actual calculation of inverses.

This is a lower triangular matrix which we call L = E~1:

R, + aRy = R, 1 0 O
R3 +BR1_)R3 —)L=<_a’ 1 0)
R3 +YR; = R3 B v 1

Such that Gaussian elimination EA = U can be rewritten using L = E™1 as:
A=LU

Note that L is a lower triangular matrix that can be constructed by the process of gaussian elimination
(computationally efficient). The row echelon form U is an upper triangular matrix when the system
has a unique solution (and thus all columns have pivots). The names of the matrices LU stand for
“lower” and “upper” triangular.

Therefore, by doing Gaussian elimination, we can (with no need for extra operations) decompose the
non-singular matrix A as a product of a lower triangular L and an upper triangular U matrix. This is
called LU factorization. The advantage of calculating this factorization is that now we can use it to
solve the system:

Ax=Db
LUx=Db
e
y

Which can be solved in two easy steps:

First solve Ly = b to find y. This is easy because L is triangular, so we can use inverse substitution.
Then solve Ux = y to find X. This is also easy because U is triangular, so we use inverse substitution.

This is very useful when you are going to solve the same system Ax = b many times, perhaps millions
of times, changing only the values of b. The computation of LU is done together with gaussian
elimination when solving the system for the first time and needs to be done only once. The subsequent
solving of the system for any vector b requires only computationally fast inverse substitutions.
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SWAPPING ROWS:

In the above steps we assumed that Gaussian elimination only involved steps of the type R, + aR}, —
R, with no substitution of rows. In practice we sometimes need to swap rows.

Fortunately, the Gaussian step of swapping rows also corresponds to a matrix:
1 00

e.g. R, © R3 can be writtenas: P, ={0 0 1
0 1 0

And all necessary row permutations can be done at the beginning of the whole process via a simple
permutation matrix P, so that PA is ready for gaussian elimination with no further row permutations.

Permutations P Gaussian elimination E

(Alb) ——— > P(A|b) EP(A|b) = (EPA | EPb) = (U|c)

So that EPA = U. And remember that we called E~1 = L so that the factorization becomes:
PA=LU

With P a permutation matrix, L a lower triangular matrix and U an upper triangular matrix.

EXAMPLE: COMPUTING PA=LU FACTORIZATION IN PYTHON:

import scipy
import scipy.linalg # SciPy Linear Algebra Library

A = scipy.array([[7, 3, -1, 2],[3, 8, 1, -4],[-1, 1, 4, -1],[2, -4, -1, 6]])

P, L, U = scipy.linalg.lu(A) # returns matrices P, L and U

Now you are ready to solve the system Ax = b as many times as you wish, requiring only inverse
substitution.
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2.5 EIGENVECTORS AND DIAGONALIZATION

A. CHANGE OF BASIS

Beautiful explanation of change of basis in 3bluelbrown YouTube channel:
Change of basis | Essence of linear algebra, chapter 12 (13 min)

CHANGE BASIS OF VECTOR USING MATRIX MULTIPLICATION

A vector is an entity with magnitude and direction. Once we specify a basis, we can assign coordinates
to the vector:

v = (vy,v,)7 in basis {e;, e,} represents the vector v = v, e; + v,e,.
Our usual basis is {e;, e,} = {X, ¥}

But we can write the SAME vector, in ANOTHER basis {b;,b,}, giving two new coordinates v' =

(v1, v2).
v' = (v1,v5)7T in basis {by,b,} represents the vector v = v;b; + v}b,.

Even though they look different in terms of coordinates, v and v’ are the SAME vector. This is like
writing the same concept in a different language.

How can we get the coordinates of the vector in the new language?
In previous problems, we solved a linear system of equations v = v;b; + v;b, to find v;, v;.

But there is an alternative (easier) way of doing it, using matrices. To figure it out it’s best to start by
thinking the other way around: How do you change a vector written in a different language (v{, v5)”
in basis {b;, b, } into a vector written in our language {e;, €,}? We can multiply (v, v5)T by a change
of basis matrix A, which is formed by placing the basis vectors we want to translate from as the

columns of a matrix:
o |
(Uz) = b1 bz

2
——

: . =
vector written in L_l/ vector written in
our basis new basis vectors new basis

viei+vye;, b, and b ’ !
i 2 V1b1 +'|72b2

written in our basis
v =Av'

our basis « new basis

This is intuitive to understand if we realise that we literally want to find the vector v = v;b; + v;b,,
which is exactly what this matrix multiplication is doing.

Then, to find the coordinates of a known vector in our language, translated to the new language, we
just have to multiply by the inverse matrix!
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1) Example: Expand the vector v = (—1,1,1) in the basis {e4, e;, e3} with e; = (1,0,1), e, =
(0,1,1), and e3 = (1,1,0).

This is a problem we already did in the “N dimensional vectors” class, by solving a system of equations,
solving for the linear coefficients a4, a,, az such that:

vV =a;e; +ae, +ases
Now we are going to solve it using change of basis matrices.

The change of basis matrix for {e4,e,,e3} = {X,¥,Z} is given by placing {ey, e, e3} as columns
(written in terms of the {&, ¥, Z} basis):

I 10 1
A=[|e e, e3|=|0 1 1]
[ | [ 1 1 0

The inverse of this matrix A~ will convert {%, §,Z} - {e;, e;, 3}

Let’s calculate the inverse. We start by computing the determinant using the first row:

0 1y _

an=afl Yoff frft Y-

The minors are the determinants obtained when crossing out the corresponding row and column:
|1 1| |0 1| |0 1|
My; My, Mg _/1 or 1ot 1 1\! -1 -1 -1
_j|ro1 o1 11 11 0 _
My1 My, Mys )= | | | | | ={-1 -1 1
1 ol 1 ol 11 1
M3y Mz, Mss 0 1 1 1 1 0 -1 1 1
4l fo ol ol
The cofactors are the minors with alternating change of signs (—1)*/:
Ci1 Ciz Cy3 My —Mi; M3 -1 1 -1
C=|Cyn Cpp Cyz3|=(—Myy My —My|=(1 -1 -1
C31 C3p Cs3 M3y =Mz, Mss -1 -1 1

The inverse is equal to the transpose of the cofactor matrix, divided by the determinant:

A_1 = =
detA -2 2

1 1 1
1 1 -1

-1 1 -1\

1 -1 -1
CT__l 1 1 _1<1 -1 1)
Therefore, we can expand vector v into the new basis by applying the change A:

a, 1 1 -1 1 -1 1 -1
I _ -1y, — —
V—<a2>—A V—E<—1 1 1><1>_E<3>

as 1 1 -1 1 -1

The great thing about having the matrix A~1 is that we can immediately translate any other vector v
doing a simple matrix-vector multiplication.

It is curious to note that this time, A is representing a change of basis which leaves the actual vector
entity unchanged, instead of representing a linear transformation of vectors. However, it can also be
interpreted as a transformation.
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CHANGING BASIS OF A MATRIX

One same vector can be written in different languages/basis. Similarly, one same linear
transformation can be written in different bases too, resulting in different matrix coefficients.

In other words, a linear transformation can be written as a matrix ONLY AFTER we define a basis for
the input and output spaces. The exact coefficients in this matrix will depend on the basis chosen for
BOTH the input and the output vector spaces.

Input space Output space

\" V

Input Basis {e"}: Output Basis {e?"}:

in
€

_ out out
=€+t ayey

Associated matrix: A=

Therefore, the coefficients of a given matrix represent a given linear transformation ONLY for a given
input and output basis. The examples we have seen so far always assumed the usual {X, ¥, Z} basis for
both input and output.

In many cases, an appropriate choice of basis means that the matrix associated with a linear
transformation can be written in a simpler way.

Let’s focus on square matrices in which the input and output spaces are the same dimension and are
represented using the same basis vectors: e.g. 2D to 2D transformations typically written in {X,y}
basis, both input and output.

The question is: if we know M in our basis, how can we translate it to the new language M'?
Transformation w = Mv where vectors and matrices are written in “our” basis {e;, e,}

Transformation w' = M'v’ where vectors and matrices are written in “new” basis {b;, b}
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We can figure it out by using the change of basis matrix A (new language — our language):

transformed vector original vector
in new basis in new basis
! -1 ;
w =A"" MA \'

—_
original vector
in our basis
transformed vector in
our basis
transformed vector in
new basis

SIMILARITY TRANSFORMATIONS

M =A"1MA

M=AM'A!

Input space: Transformed space:

X \"4
Basis{e,, e} Basis{e, e,}

.
b, b,

written in
basis{eq,e;}

Basis{b,, b,}

The matrices M and M’ represent the SAME linear transformation, just in different basis!

M and M’ are called SIMILAR MATRICES.

Since they represent the same linear transformation, they share all properties of the transformation
which are independent of the basis:

Similar matrices always have the same...

- Range and null-space (but written in their corresponding basis)

- Rank and nullity

- Determinant (the “amount of stretching/squashing” of the transformation)
- Trace

- Eigenvalues

- Eigenvectors (but written in the corresponding basis)
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ORTHOGONAL CHANGE-OF-BASIS MATRIX

When the new basis {b;, b, --, by} is orthonormal, the change-of-basis matrix

(. |
A - (bl b2 bN)
(. |

will have orthonormal vectors as its columns. Therefore, it is a unitary matrix, and as we know A™1 =
AT, so the similarity transformation becomes M = AM’AT and is even easier to calculate.

Note: when considering real matrices, unitary matrices are called orthogonal matrix, and the property
isA™t = AT,

—1) .
1 ) usinganew

basis {b; = (2,1),b, = (1,2)}. Check the determinant and trace stay the same.

2) Example: Change the basis of the input and output space of matrix M = (i

Let’s build the matrices which change the basis {b;,b,} © {%,¥}.

I 5 1
A=|b; by |= (1 2) translates basis {b;,b,} = {X, ¥}
I

é(_zl _21), calculated by doing the inverse, translates basis {X,} - {b;,b,}

Al =
Now let’s convert our linear transformation M into the language of basis {b;,b,}
Lr2 —1y2 -1\/2 1 1 -1
r_ a-1 - _ _
M=ATMA 3(—1 2)(1 1)(1 2) (1 2)

Indeed, det(M) = det(M') = 3 and trace(M) = trace(M') = 3.

3) Orthonormal basis example: Change the basis of the input and output space of matrix M =

(i _11) using a new basis {bl = \/% (1,1),b, = % (—1,1)}. Check the determinant and trace

stay the same.

Let’s build the matrices which change the basis {b;,b,} © {%,¥}.

.
_ _1/01 -1 . s A
A= <b|1 b|2> = \/7(1 1 )translates basis {b;,b,} - {X, ¥}

Because {b,,b,} are orthonormal, the real matrix A is orthogonal, and so:

1 1
-1 1

A =AT=—(

5 ) translates basis {X, ¥} —» {b;, b}

Now let’s convert our linear transformation M into the language of basis {b;,b,}

f o Ae 1 1\ 1 _ 1 _
MzAlMA:E@ )@ 11)5(1 =36 3)

Indeed, det(M) = det(M') = 3 and trace(M) = trace(M') = 3.
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SIMILARITY TRANSFORMATIONS FOR RECTANGULAR MATRICES

Let’s generalize this to rectangular matrices. Assume a general M X N matrix M represents a linear
transformation which acts on an N dimensional input space written using basis {e%n} and its output is
in an M dimensional vector space written using basis {e?“t}. In previous examples we used {e}“} =
{e?“t}, but in general they could be different. Find out how to write the same linear transformation
using a matrix working with an input space basis {b%n} and an output space basis {b?“t}.

First, we compute the translation matrix for the input and output space:

= |bi® .. bi| :translates from new language {b}n} to our language {e}“}.

new basis vectors b;"

written in basis e}"

A, = bt . bt | : translates from new language {b{"*} to our language {e{"'}.

new basis vectors b;"

written in basis e%n
If we want to translate in the other direction, we need to use the inverse matrices.

Then, to find the transformation matrix in the new language, we can do a chain of operations: (i)
translation in input space from the new language to our language, (ii) application of transformation in
our language, and (iii) translation of the output back to new language. Each operation is added on the
left as a pre-multiplication, so we get:

M = (Aout)—lMAin

You can see that all the sizes in the multiplication are correct.

Input space: Output space:

Old b : i
asis Basis {e%n} Basis {e?ut}
N-D M-D
New basis: | Bgsis {b%n} Basis {b?ut}
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Example to deepen our understanding: Let’s mix things up! Find the matrix M"' (representing the
same linear transformation as M) which is defined using our language for the input space basis {e}“}
but gives the result in the output space using the new language {b?“t}. This new matrix combines the
transformation with a change of basis. Write this new matrix in terms of M and also in terms of M’.
Once you find both expressions, check that they are equal using the relation between M and M'.

Things seem to be getting complicated. But everything becomes crystal clear if we do a diagram of the
different vector spaces and their transformations, and find paths from desired input to desired output,
where each additional step is a matrix multiplication on the left:

Input space: Output space:

N-D M-D
Basis {e]"} Basis {e?"'}

Old basis:

New basis:

We need to find an expression for the path M’ which starts top left and ends in bottom right.
To write M"’ in terms of M, we go right and then down:
M = (A°Ut)-1M
To write M"’ in terms of M’, we go down and then right:
M = M'(Ain)
Check that both are equal via the relation M’ = (A°")"1MAI™;

M = MI(Ain)_1 — (Aout)—lMAin(Ain)_1 — (Aout)—lM
I
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B. EIGENVECTORS INTUITIVE UNDERSTANDING: Av = Av

In general, a linear transformation modifies an input vector such that both magnitude and direction
are modified. But sometimes, a linear transformation A has the property that, for some special
vectors in the input space, it does not change their direction, only their magnitude. For these special
vectors (called eigenvectors) the transformation A (v) = Av is equivalent to a simple scaling Av, with
a specific scaling coefficient A (called eigenvalue). This is summarized as Av = Av.

Knowing what these vectors are can give us a lot of information about the transformation.

4) Example: ISOTROPIC SCALING OF SPACE - determine eigenvectors and eigenvalues by
intuition

Consider a transformation which scales the whole space by a factor K.

(5

Every vector in the input space undergoes a change in amplitude with no change in direction.
Therefore, every vector in space fulfils:
Av = Kv.

In this case, every vector in space v € span{X, ¥} is an eigenvector, with eigenvalue K. When
specifying the eigenvectors, we simply list the vectors that span the subspace:

Eigenvectors Eigenvalue
Randy K

5) Example: ROTATION IN 2D - determine eigenvectors and eigenvalues by intuition

Consider the transformation which rotates the whole 2D space:

4= (o cost)

This transformation modifies the direction of every possible input vector (except the trivial case v =
0) and therefore it has no eigenvectors (at least, no real ones... see later).

6) Example: ROTATION IN 3D - determine eigenvectors and eigenvalues by intuition

Consider the transformation which rotates 3D space around the z-axis:

cos@ —sinf O
A=|sinf6 cosf 0
0 0 1
Any vector parallel to the z-axis is unchanged, and fulfils:

Av=v

Therefore, the vectors parallel to the z-axis are an eigenvector with eigenvalue A = 1:
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Eigenvector Eigenvalue
Z 1

In fact, in general, any rotation around an axis n will not modify the direction of vectors in the direction
of the axis n, so that An = n. So, any vector in span{n} is an eigenvector with eigenvalue 4 = 1.

Eigenvector Eigenvalue
n 1

7) Example: ANISOTROPIC SCALING (easy case) — determine eigenvectors and eigenvalues by
intuition

Consider a transformation which stretches space by a factor of 3 along x, and by a factor % alongyy.

A= ((3) 192>

Any vector parallel to x will fulfil:

Any vector parallel to y will fulfil:

Therefore:
Eigenvectors Eigenvalues
X 3
y 1/2

8) Example: PROJECTION TO A LINE (easy case) — determine eigenvectors and eigenvalues by
intuition

Consider the transformation which projects the entire 2D space into the x-axis:
1 0
A=(y o)
00
It is obvious that this transformation changes the direction of every vector except those that point

along the x axis for which Av = v and, less obviously, those which point along the y axis, which are
squashed to zero and also fulfil Av = Ov = 0. Therefore, this transformation has two eigenvectors:

Eigenvectors Eigenvalue
X 1
y 0
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9) Example: SKEW - determine eigenvectors and eigenvalues by intuition

Consider the skew transformation:

(1 1
A= (o 1)
This transformation skews vectors to the right. It however does not change vectors pointing purely
along the x axis. In fact AX = 1X. Therefore:

Eigenvectors Eigenvalue
X 1

NOTICE COMMON PATTERNS IN ALL PREVIOUS EXAMPLES (and always true in general):

e The eigenvectors are telling us valuable information about the transformation: the axis of
rotation, the axis of projection, the axis of scaling, the direction parallel and normal to a mirror
reflection, the direction of skew, ...

e The eigenvectors associated with each eigenvalue span an entire subspace (called an
eigenspace) of the input space. Any vector in this subspace is an eigenvector.

o This is due to linearity of the transformation: if v is an eigenvector Av = Av, then any
scaled version of v will be an eigenvector too: A(av) = A(av).

o This means that the system of equations Av = Av always has either a single trivial
solution v = 0 when there are no eigenvectors, or it has infinite solutions, whole
subspaces (infinite line, plane, etc.).

e The eigenvectors whose eigenvalue is 0 are the null space of the linear transformation, as
they are solutions to Av = 0v = 0.

o If an eigenvalue equal to 0 exists, the matrix is singular.

e N X N matrices have at most N linearly independent eigenvectors, others have less than N
down to at least 1.

e Whenever a column of the matrix has zeroes everywhere except on the diagonal term, the
associated basis vector for that column is an eigenvector, whose eigenvalue is the number at
the diagonal. This is trivial if you think about the columns of the matrix as A(€;).

Example:

| | | |
A=|A(e;) A(ey) A(es) A(ey) |=

S o Q O
* * ¥ %
o O O

* ¥ % ¥

b

A(e,) = 0e; + ae, + 0e; + Oe, = ae,, therefore e, is an eigenvector with eigenvalue a.

A(e,) = 0e, + 0e, + 0e; + be, = be, therefore e, is an eigenvector with eigenvalue b.
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C. CALCULATION OF EIGENVECTORS AND EIGENVALUES

Eigenvectors, as we have seen, are vectors such that Av = Av. We need to solve that equation for any
possible value of A and v (evidently A must be a square matrix):

Av = v
We want to write it as a system of equations, (matrix)*(unknowns) = (independent coefficients)
Av—Av=0
Av—-Alv=20
I being the identity matrix, and the matrix transformation Al is identical to scaling the vector by A.

A-ADv=0

FIRST: FIND THE EIGENVALUES

Now we have it in the desired form. The matrix (A — AI) acts as coefficients of the linear system of
equations. This matrix can be seen as a new transformation. It looks like this:

a;; — A 12 ain
a ar, — A a
A= = :21 22 2N
an1 an2 ooayy — A

Earlier we proved that either there is a single trivial solution v = 0, which will happen when
det(A — AI) # 0, or there are infinite solutions (a whole subspace) when det(A — AI) = 0. We are
interested on the second case.

det(A — A = 0
eyAN + ey AN+ -+ A+ ¢y =0 [N-th degree polynomial]
A—21)A—2)+(A—Ay) =0 [Factorised into N complex roots (some can be repeated)]
This is called the characteristic polynomial p(A) of the matrix A.

The roots {1,,1,, -, Ay} are the N eigenvalues (some can be repeated, called degenerate)
Once we have found the N eigenvalues 14, 4,, -+, 1y, we need to find the eigenvectors associated to
each of them.

SECOND: FIND THE EIGENVECTORS FOR EACH EIGENVALUE

For each eigenvalue A; that we found, we need to solve the linear systems (A — A;I)v; = 0 to find the
corresponding eigenvectors. For example, we can use Gaussian elimination.

We know that the system must have infinite solutions, because the determinant is zero: the solution
will be a subspace, i.e. a span of at least one vector. This vector (or vectors) will be eigenvectors v;
associated to the eigenvalue 4;.

Note that what is fixed for a given eigenvalue is the subspace, which is the solution to (A — 4;D)v; =
0 (called the eigenspace). We have some freedom in choosing the vectors which span it. For example,
we can always scale an eigenvector and it will still be an eigenvector of the same eigenvalue.
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10) ISOTROPIC SCALING OF SPACE — determine eigenvectors and eigenvalues of the matrix

2= 1)

First, find the eigenvalues by solving the characteristic polynomial:

K—-21

det(A — Al = 0

0 |_(x_ =
(o | = E=DE =D =0
It has two degenerate roots, therefore two degenerate eigenvalues 4; = 1, = K. Now to find the
eigenvectors, we need to find the span of solutions to the system:

(A—KDv=0 - (0 0 | 0)

0 0f0

No need to do gaussian elimination! Two columns, both without pivots. The solution has two degrees
of freedom v; = @ and v, = 8 so that v = a(1,0)” + $(0,1)” which are the two eigenvectors.

Eigenvectors Eigenvalue
Randy K

11) ANISOTROPIC SCALING (oriented along the axes) — determine eigenvectors and eigenvalues of

. (3 0
the matrix A = (0 1/2)

First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:

3-14 0 1
1 |=@-n(z-
0 S-A (2 /1)(2 A)

det(A — AI) =

. 1
So the two eigenvaluesare ; = 3and 1, = >

For eigenvalue 4, = 3:

Clearly the first column has no pivot and is a free variable, so x; = ¢ and x, = 0.
— (N =
X=a (O) = span{v; }

. 1
For eigenvalue 1, = >

a—ix=( ()=

Clearly the second column has no pivot and is a free variable, so x, = @ and x; = 0.

X=a ((1)) = span{v,}

Eigenvector Eigenvalue
1,0" 3
©o,D" 1/2
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12) PROJECTION TO A LINE (easy case) — determine eigenvectors and eigenvalues of the matrix

(Y

First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:
_|1-2 0 |_ /1 _ _
deta—a =" " 0 [=a-no-»

So the two eigenvaluesare ; = 1and 1, = 0.

For eigenvalue 4, = 1:
(0 0 /*1\ _
Aa-uDx=(; ) (xz) =0
Clearly the first column has no pivot and is a free variable, so x; = ¢ and x, = 0.
— (1=
X=a (0) = span{v; }
For eigenvalue 4, = 0 :
(1 0\ /*1\ _
A-20x=(; ,) (xz) =
Clearly the second column has no pivot and is a free variable, so x, = @ and x; = 0.

X=a ((1)) = span{v,}

Eigenvector Eigenvalue
1,0’ 1
o’ 0

13) SKEW - determine eigenvectors and eigenvalues of the matrix

A=y 1)

First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:

deta-n=|"04 1o l=a-na-»

So there is a double degenerate eigenvalue 1; = 1, = 1. The associated eigenvector can be obtained
by solving:

a-mx= (0 ()=

Clearly the first column has no pivot and is a free variable, so x; = ¢ and x, = 0.

X=a ((1)) = span{v; }

Eigenvector Eigenvalue
1,0" 1
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14) MIRROR REFLECTION WITH RESPECT TO x = y LINE — determine eigenvectors and eigenvalues
of the matrix A = (0 1).

1 0
First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:
_10—-2 1 ]_ Y —
deta—a="7" D [=0-DO-H-1=2-1=0+DG-1)
So the two eigenvaluesare A; = 1and 1, = —1.

For eigenvalue 4, = 1:

(A — A, Dx = (_11 _11) (2) =0
G 4l —=( olo)

So the second column has no pivot and is a free variable, x, = a, and from the first row x; = a.

X=a (i) = span{v; }

For eigenvalue 4, = —1:
(1 1\ * _
(A — A,Dx = (1 1) (xz) =0
G l0===6 olo)
1 110 0 010
So the second column has no pivot and is a free variable, x, = a and from the first row x; = —a.

X=a (_11) = span{v,}

Eigenvector Eigenvalue
(1,17 1
(=1,D7 -1

As one would intuitively expect for this mirror reflection. It tells us the direction parallel (eigenvalue
1) and normal (eigenvalue -1) to the mirror! Because vectors parallel to the mirror are unchanged,
while vectors normal to the mirror are flipped.

15) PROJECTION INTO THE LINE y = mx — determine eigenvectors and eigenvalues of the matrix:

A(m) =

1
1+ m?2 (r}‘t r:‘an)

First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:

1 m

- 5
2 2 1 m m 2
det(A — AI) = 1+’T’:l L+m =( A)( /1)—(—) —0

m 14+m2 1+m2
1+ m? 1+ m?
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(m)z N 1 Amz +AZ—(L)2=0

1+m2/  "1+m?2 "1+m? 1+ m?2
AT e
1+ m? N

2-2=0 - AA-1)=0

So the two eigenvalues are 4; = 1 and 4, = 0. (Shortcut: use trace and det of matrix to deduce that
det(A) = A2;4, = 0 and trace(A) = A; + 1, = 1; properties taught later)

For eigenvalue 1, = 1:

1 _q m
N e LEmt () =0
1+ m? 1+m? 1
—m? m 1 )
o T (o) M (2 )
0 0

1+m?2 1+ m?2

So the second column has no pivot and is a free variable, x, = «, and
From the first row: —m?x; + ma=0-> —mx; +a =0 - x; = a/m
X=a (1/1m) = span {(1/1m)} = span {(:1)} = span{v, } is our first eigenvector

Notice that we are free to scale the eigenvectors to simplify the expression if we wish, as we did above.

For eigenvalue 1, = 0:

1 m
[ 1+m? 14+ m? | X1\ _
A—2Dx={ "] r (xz)_o
1+m?2 1+ m?

1 m

14+m?2 1+m2|0 |R—mRi~R, 1 m_|o
2 — |14+ m?2 1+m?
m m 0 0 0 0

1+m?2 1+m?

So the second column has no pivot and is a free variable, x, = a and

From the firstrow: x; + ma =0 - x; = —ma

X=a«a (—1m) = span {(—{n)} = span{v,} is our second eigenvector

Eigenvectors Eigenvalue
am’ 1
(_m' 1)T 0

Notice that, by finding the eigenvectors, we have found the direction of the line of projection (with
eigenvalue 1 because vectors along that line are not changed) and the direction normal to the line of
projection (with eigenvalue 0 because vectors in that direction are projected into the origin).
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Sometimes, the eigenvalues and eigenvectors of a real matrix can be complex (this usually
happens with rotations).

As a general rule for real matrices, when two eigenvalues are complex conjugates of one
another, then the associated eigenvectors are also complex conjugates of one another.

16) 2D ROTATION: Calculate the eigenvectors and eigenvalues for the matrix:

A= (e cost )

Solution: First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:

|CO:]?19_A Co_ssgin_gﬂJ = (COSH - /‘{)2 + Sinz 9 = 1 —_ ZA COSO +AZ

Quadratic polynomial with solutions:
—b++Vb%2—4ac 2cosO ++V4cos?0—4 2cosf + 2V—sin26
12 — — —
’ 2a 2 2

So that det(A — AI) = (eie - /'l)(e‘i‘9 - /1) = 0. The eigenvalues are the two roots: 1; = ¥ and
A, = e The associated eigenvectors can then be obtained for each:

= ptib

For eigenvalue 1, = e'?:
(A - All)x:l = 0
(cos@—eit9 —sinO')X -0
sin@ cosf —ei®) 1

We don’t really need to go through Gauss elimination, because we know that the determinant is zero
(as we imposed that as a condition for finding 1) so we know we have one degree of freedom which
we can use straight away:

X1 = Q
xll(COSH - e‘g) —Xq,8in0 =0

oi6_o—i6 0
i 14
sin@ 21 . e

cos H—elf e16+e—19_ei6 elb fe—16_7pib _elbpe—ib
2

i6 oif _p—if

—-e” —-e”

ia.

Therefore: x4 =

Written in vector form:

X=a (;) = span{v; }

For eigenvalue 1, = e % we find, after an almost identical procedure:

X=a (_11) = span{v,}

Therefore, the eigenvalues and eigenvectors are:

Eigenvector Eigenvalue
@D’ et
(=i, DT e 0
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How is it possible that a rotation has eigenvectors? They are complex!

We thought that rotation had no eigenvectors, but that is because our intuition was limited to real
space. It turns out that rotations DO have complex vectors whose direction is left unchanged!

Let’s check with an example. The rotation 8 = 7 /2 (90 degree rotation counter-clockwise).
a=(7 %)
The two eigenvalues and eigenvectors are:
=i - v1=(_1i)
Ay=—i - v2=(%)
Indeed, we can check the result:
av =av = () ) (C) =) =)
av=v, > (3 () =(G)=-()

17) ROTATION IN 3D — determine eigenvectors and eigenvalues of the matrix:

cosf@ —sin@ O
A=<sin6 cos @ O)

0 0 1

Solution: First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:

cosd —1 —sind 0
sin @ cosf — A 0
0 0 1-4

=1 —=MD[(cosf —1)? +5sin?0] = (1 — )[1 — 24 cos b + 1?]

The quadratic polynomial between square brackets has the solutions:

—b++Vb2—4ac 2cosO +V4cos20—4 2cosf + 2V—sin?8
12: = =
’ 2a 2 2

+i6

=e
Therefore, the characteristic polynomial is:
det(A — AI) = (ei‘9 - A)(e‘w - A)(l -1)=0
So, the eigenvaluesare ; = e'?, 1, = e P and 1; = 1
And the associated eigenvectors:

For eigenvalue 1, = e'?:

A-11Dx=0
cos6 — el® —sin@_ 0 X1
sin @ cosf — el® 0 X2 =0
0 0 1—e®/ \X3
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We don’t really need to go through Gauss elimination, because we know that the determinant is zero
(as we imposed that as a condition for finding 1) so we know we have one degree of freedom which
we can use straight away. Which column? We know that the third column has a pivot. Therefore the
first two columns must be linearly dependent and one will not have a pivot. (If you don’t trust this
reasoning, go ahead and do gaussian elimination). The solution is:

x2=a

X3 = 0
xl(cose - eie) —x,sin8 =0

elb_e—i0 . i .
sind Y] , elf_g~i0 -i0

— = 0 — !
cos @—elf el9+e_19_eL6
2

i0

, eY-e .
la—p—=p = L.

Therefore: x; = a 01 o-10_2010 _

Written in vector form:

X=a (;) = span{v; }
0

For eigenvalue 1, = e~ we find, after an almost identical procedure:

X=a <_11> = span{v,}
0

For eigenvalue A; = 1:

cosf —1 —sin@ 0\ /%1
( sin @ cosf —1 O><x2>=0
0 0 0/ \X3

This time, the third column has no pivot and so is our free variable, while the other two variables must

be zero. So:
0
x=a| 0| = span{vs}

1

Therefore, the eigenvectors and eigenvalues are:

Eigenvector Eigenvalue
(i,1,0)7 elf
(=i, 1,007 g0
(0,0,1)T 1
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18) Find the eigenvectors and eigenvalues of the matrix (g _02)

Solution: First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:
det(t(A—AI) =0

5-4 -2 |_

5 0—1 G=-DD+4=2-51+4=1-1)A-4)=0

Solutions are the eigenvalues: 1; = 1and 4, = 4

Now we solve the associated eigenvector for each eigenvalue (when solving this, we always know the
solution must have free parameters, because the determinant is zero):

For Eigenvalue 4; = 1:
A-1Dx=0

We solve by Gaussian elimination:
¢ D= 219
One free variable is x; = @ and from the first row: x; = (5) a. In vector form:
Xx=a (1{2) - span{(léz)} = span{v;}

L . Cy 1
The solution is always a span, we can take any scaled version as a valid eigenvector v; = (2)

For Eigenvalue 1, = 4:

(5 ; 4 0__24)x -0
We solve by Gaussian elimination:
G =06 ol
One free variable is x, = a and from the first row: x; = 2a. In vector form:

X=a (i) = span {(i)} = span{v,}

We can take any scaled version as a valid eigenvector.
So we are finished. In summary, the eigenvectors and associated eigenvalues are:

1121 e V1=(1,2)
1224 e V2=(2,1)

This was not at all something we could have seen from intuition, as it is a very “weird” linear
transformation. We can visually check it is true in a geometric software.
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19) Calculate the eigenvalues and eigenvectors of the following matrix:

1/2 2 -1
A=— —
sz -1 2

-1 2 2

Solution: First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues (be careful
subtracting I when the matrix is written with a pre-factor like 1/3) :

1/2-30 2 -1
-l 2 -1-312 2

3 -1 2 2—32

3
= G) [(2—=31)2(—1—31) —4—4—4(2—32) —4(2 = 31) — (=1 —=31)] = 0

(1/3) [-4+ 124 — 922 — 121+ 3642 — 2723 -8 -8+ 1241 -8+ 124+ 1+ 31] =0
(1/3)(—=2723 + 2722 + 274 —27) =0
“B+22+21-1=0
A = 1is an obvious solution, so we can factorize out (1 — 1):
1-DA?-1=0
a-1HVaA-)H(1-1)=0

So the eigenvalues are 4; = 1, = 1 (degenerate eigenvalues) and 1; = —1.
Now calculate the associated eigenvectors for each eigenvalue:
Casel, =1, =1:

Solve the system (A — AI)x = 0 with A = 1. Use gaussian elimination on the augmented matrix:

-1 2 —=1|0\Rt2R~R, 1 2 _17]0
R3—R1—R3

(2 -4 2 0)—><0 0 0 0)

-1 2 -=11lo 0 0 o0lo

Therefore we have two free variables (two columns without pivot) and we can solve the eigenvector:

Xy =a,x3=0,x; =2xy — X3 =2a—f8

2 -1 2 -1
X = a(l) +,B< 0 ) = span{(l),( 0 )} = span{v,, v, }
0 1 0 1

The eigenvalue was a double degenerate eigenvalue, and we obtained two associated eigenvectors.

(two degrees of freedom, which means two eigenvectors, but they are not unique, as any two linearly
independent vectors contained in the plane could be used as pairs of eigenvectors)

Case 13 = —1:
Solve the system (A — AI)x = 0 with A = —1. Use gaussian elimination on the augmented matrix:
5 2 —1]0\R @R 52 —1 o\ f2ReR 5 5 g0
(2 S 0>w<0 6/5 12/5 0>w<0 L 0)
-1 2 510 0 12/5 24/510 0 0 01IO

Therefore we have one free variable (third column without pivot) and we can solve by inverse
substitution:
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X3 =a, X, =—2x3 =—-2a, x; =§(x3 — 2x5) =§(a+4a') =a

1 1
X=a <—2> = span {(—2)} = span{vs}
1 1
2 -1
A1, = 1 (degenerate eigenvalue) > v, = | 1|, | 0 | [orany other basis of that same plane]

0 1
1
A3=—-1->v3=|-2
1

With this information, and noticing that v; X v, = v3, we see that the eigenvalue 1 is associated with
a plane, and the eigenvalue -1 is associated with the normal to the plane. Therefore, the linear
transformation corresponds to a mirror symmetry on the plane given by r - v3 = 0.

So, in summary:

20) Calculate the eigenvalues and eigenvectors of the following matrix:

E

Solution: First solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues
-1 1
=] | =2=0-D0-2

Solutions: A; , = 0 (double degenerate eigenvalue)

Now calculate the associated eigenvectors by solving (A — A;)x = 0:
0 10
(o olo)
Free variable (first column has no pivot) x; = @, andx, =0

Therefore: x = a ((1)) = span {((1))} (one single eigenvector)

Soinsummary: A;, =0 - vy = ((1))
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Table with selection of previous examples:

SEMESTER 2

Matrix

G %)

1(3
3\ 1

2
-1
2

-1
2)
2

o o

Charactersitic
polynomial
p(1)

A-2-4-2

1-4-A-1)-(-1-42)

\

0-2-0-2

Eigenvalues A;
(algebraic
multiplicity)

\_ ]
Y%

=4 A]_,Z:l

(2)

v

Ay =—1
(1)

Eigenvectorsv;
(geometric
multiplicity)

0
(2)

2 \—1 1
0 [ ) o1

(1)

)

Important theorems about eigenvectors/eigenvalues (as illustrated with the examples above):

e The characteristic polynomial always has N complex roots, and therefore N eigenvalues, but
some of the roots can be repeated roots: these are called degenerate eigenvalues.

o The number of times which a degenerate eigenvalue is repeated is called algebraic

multiplicity of the eigenvalue.

o The number of independent eigenvectors obtained from a given eigenvalue is called

the geometric multiplicity of the eigenvalue.

For each eigenvalue: ‘ 1 < Geometric multiplicity < Algebraic multiplicity ‘

This means that an eigenvalue with algebraic multiplicity m can give rise to anything
between 1 and m eigenvectors.

e Eigenvalues which are different always give rise to linearly independent eigenvectors.

Matrix Ayxy has N
different (non-degenerate)
eigenvalues

= A has exactly N independent
eigenvectors (an eigenbasis)

& Ais diagonalizable

e The determinant of a matrix is equal to the product of all its eigenvalues (counting
degenerate eigenvalues m times, where m is their multiplicity).
e The trace of a matrix is equal to the sum of all its eigenvalues (again counting degenerate
eigenvalues m times)

o The eigenvalues of a triangular matrix are exactly the elements of the diagonal.
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Some proofs of the above theorems:
¢ If all eigenvalues are different, then all eigenvectors are linearly independent:

Consider eigenvalues A; and eigenvectors v; for i = 1,2, ..., p. Remember that the eigenvectors are
linearly independent if and only if w = (clvl + vy + o+ cpvp) = 0 has only the trivial solution
Ci = 0.

Let’s prove that ¢; = 0 (later we will prove the same for c,, c3, ... ). Consider the following matrix
product:

M; = (A—2,D(A—A3D) - (A — ,1)

Since matrices (A — A;I) and (A — Ajl) commute [check it], the above matrix product can always be
reordered to move any desired (A — A4;I) term to the right of the product. Now consider multiplying
this matrix M; times the arbitrary linear combination of the eigenvectors:

M;w = M; (c1vy + v, + -+ ¢pVp)

Notice that (A — 4;1)v; = Av; — 4;v; = (Aj — Ai)vj. Since we can always reorder the products on M
we can make sure that each eigenvector is first multiplied by its corresponding term (A - /ljl)vj =
(/'lj - /'lj)vj = 0. So all terms go to zero except the v; term because M; does not include (A — A,1):

M;w =M vy
But applying the property (A — A;1)v; = (4; — 4;)v; successively for each term in M;, we get that:
Myw = ¢ (4 — A2) (44 — 43) - (/11 - /‘lp)vl
Clearly, if all eigenvalues are different, the only way to have w = 0 isif ¢; = 0.
We can prove the same for all other ¢ by using My, = [[;.x(A — 4;1).

Therefore, all ¢, = 0 for w = 0, and so the eigenvectors are linearly independent.

¢ The determinant of a matrix is equal to the product of all its eigenvalues:
Consider the characteristic polynomial:

p(D) =det(A—A) =4 — DAz =) Ay — 1)
And now consider the case when A = 0:

= p(/1=0)=detA=/11~/12~...~/1N

¢ The eigenvalues of a triangular matrix are exactly the elements of the diagonal.

To prove the last statement, realise that the determinant of a triangular matrix is equal to the product
of the diagonal elements, and if A is triangular, then so is the matrix (A — AI). Therefore: p(1) =
det(A — AI) = (a1 — A)(azy, — A) -+ (ayy — A). Therefore A; = a;;.
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D. DIAGONALIZATION OF A MATRIX USING ITS EIGENBASIS

Sometimes, we can use knowledge of the eigenvectors of a matrix to “diagonalize it”. This is best
understood through examples.

21) Consider the previous example for anisotropic scaling:

(5 -2
M= (2 0 )
Eigenvectors Eigenvalue
D’ 4
1,2)" 1

Do a change of basis so that we use the eigenvectors as the basis. What do you notice?

{)’Z, 37} i {vl = (2,1),V2 = (1’2)}

In this basis, the linear transformation should look very simple because it will simply scale the basis
vectors. Let’s do it. Let’s compute the matrices which change the basis {v;,v,} © {X,¥}.

|
A= (vl v2> = (i %) translates basis {v;,v,} = {X, ¥}
|

Al = g( 21 _21), calculated by doing the inverse, translates basis {X,§} — {v;, v,}

And now let’s convert our linear transformation M into the language of basis {v,,v,}

12 —1\(5 —-2\(2 1 4 0
I _ A-1 — =
w=atma=3(5 )G )G =6 1)
Not surprisingly, using the eigenvectors as our basis, the matrix is now diagonal! And the elements
of the diagonal are simply given by the eigenvalues associated to each of the eigenvectors.
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22) Consider the matrix for projection onto the line y = mx

1
M=1+m2(711 77:2)

Eigenvectors Eigenvalue
am’ 1
(_m' 1)T 0

Change the basis of this matrix to use the eigenvectors as basis.

We begin by finding the matrices for change of basis:

|
A= (Vl v2> = (1 —1m) translates basis {v;,v,} = {X, ¥}

A"l = ( 1 m) translates basis {%, §} — {v;, v}
Therefore we can convert our linear transformation M into the language of basis {v;,v,}

1 1 -
M’=A‘1MA=1+m2(_1m T)l_l_mz(;l ::2)(111 1m)

Let’s do this in steps:
(1 m)(l —m)=(1+m2 0)
m m*\m 1 m+m3 0

Co DL D=0t o

1 1
et =6 o)

Therefore:

M'=AaMA= (] )

. . . . 1 —-m ) . . .
Again, this should not be surprising. In the basis {(m) ,( 1 )} the first basis vector is along the line
of projection, and is left unchanged under transformation, while the second vector is orthogonal to

the line of projection and is therefore projected to zero.

The matrix has been diagonalized, with the diagonal elements corresponding to the eigenvalues of
each eigenvector.
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DIAGONALIZABLE MATRICES

A matrix is said to be diagonalizable if you can find a similar matrix that is diagonal.
That is, there exists a basis in which the transformation is represented by a diagonal matrix.

Diagonal matrices D represent a scaling (stretch/squeeze/flip/complex-phase-change) along each
of the N basis vector directions. By definition Dv; = 1;v; these directions must be eigenvectors
v of the matrix, and the scaling factors will be the corresponding eigenvalues A.

If a matrix is similar (technical term) to a diagonal matrix, it represents exactly the same
transformation but expressed in a basis which does not coincide with the directions of scaling.

Diagonalization of matrices can be done whenever we can use the eigenvectors as a basis, called an
eigenbasis. This means that there must be enough eigenvectors to span the whole space.

An N X N matrix is diagonalizable <= it has N linearly independent eigenvectors (an eigenbasis)

When that condition holds, we can create an invertible change-of-basis matrix A to change the basis
into the eigenbasis, and so we can write the matrix as a diagonal matrix: D = A"'MA, where A is a
matrix which contains the eigenvectors as its columns, and D is a diagonal matrix containing the
eigenvalues as the main diagonal. This means that a diagonalizable matrix can be completely defined
via its eigenvectors and eigenvalues as follows:
M = ADA™!
A4 0 .. 0 -1
| AV o \/1 | |
M = Vi Vp .. Vy g :2 . c Vi VvV .. Vy
(. 1 7\og o . Ay | |

where v; are the N eigenvectors of M, each with corresponding eigenvalue 4;.

Input space: Output space:

Basis{x, ¥} Basis{%, ¥}

Basis{v,, vy} Basis{v,,v,}
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Since D is diagonal, it is obvious that detD = A; X A, X -+ X Ay is the product of the eigenvectors.
But we know that det M = det D because they represent the same transformation, therefore:

The determinant of an N X N matrix is equal to the product of its N eigenvalues (some may be
repeated). The trace of an N X N matrix is equal to the sum of its N eigenvalues.

These properties are true even for matrices that are not diagonalizable, as mentioned earlier, but here
we proved it for diagonalizable ones.

ADVANTAGES OF DIAGONAL MATRICES

Diagonal matrices are very useful because it is very easy to do calculations with them.

- The determinant of a diagonal matrix is equal to the product of all diagonal elements.
- The product of diagonal matrices is simply the product of the individual entries.

- Following the above, two diagonal matrices always commute AB = BA.
- Following the above, raising a diagonal matrix to the n-th power becomes trivial:

D" = [diag(dy, Ay, -+, Ay)]™ = diag(A}, A%, -+, A%)

A 0 .. 0\ /AT 0 .. 0
0 4 .. 0 _[0 2 .. o
0 0 .. Ay 0o 0 .. At

While raising a non-diagonal matrix to an n-th power M™ is a slow process. This suggests a fast-easy
way to compute the n-th power of a matrix for huge values of n:

Basis(x, 7} Basis{z, ¥} Basis{X, y}

Basis{v;,v,}

Therefore, we can compute the n-th power of a matrix by doing:

M" = AD"A!
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23) Diagonalize matrix A (reflection with respect to the y = x line) and hence calculate its n-th

power A™:
A=y o)

Solution:
Eigenvalues and eigenvectors of this matrix are, from a previous problem:

Al =1 - V]_ = (1,1)T
Az == _1 - VZ == (_1,1)T

The two eigenvectors are linearly independent and form an eigenbasis, so we can change the basis of
matrix A to the eigenbasis. For that, we use the change-of-basis matrix, and its inverse (trivial for a
2 X 2 matrix):

|
(b W) - el )

Such that the matrix in the new basis is given by the similarity transformation

/1 170 1yl -1y_1/,1 1y 1 1 0
r — Q-1 —_—— —_- — = =
A =S As_z(—1 1)(1 0)(1 1) 2(—1 1)(1 —1) (o —1) D
Which is, as we expected, a diagonal matrix with the eigenvectors as its diagonal elements.

Hence, the matrix can be diagonalized:

A =SDS™!

/1 —-1\/1 on\l,1 1
A_(l 1)(0 —1)2(—1 1)
This allows us to calculate the n-th power of the matrix:

A" = (SDS™1)(SDS™1)(SDS™1)--- (SDS™1) = SD"S™ !
_ n1
A" = G 11) ((1) —01) E(—11 i)
_ 1
A" = 9 11) (é (—2)")5(—11 i)
A" = 5(1 _11) ((_11)n+1 (_ll)n)

(1 0) , neven

An _ 1(1 + (_1)n+2 1 + (_1)n+1) _ 0 1
21+ (=™t 14+ (=Dr /) |0 1
(1 O)' n odd

i.e. the powers of A alternate between A and I, which is what one expects for a reflection symmetry
transformation!

Interesting note: the expression for A™ also works for A~* whenn = —1. Indeed, it tells us that A™1 =
A, as one would expect for a mirror symmetry operation, to be its own inverse.
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24) Compute the 1000-th power of matrix M = (5{2 _01)

Knowing that the eigenvectors and eigenvalues are:

Eigenvectors Eigenvalue
2,7 2
(1,2)T 1/2

The diagonalization of the matrix can be made by expressing the transformation in the basis of the
eigenvectors, as done in a previous problem:
(2 1) _ (2 0 )
1 2/ \0 1/2

5
1r2 —-1\(2 -1
— A1 —
D=A"MA=Z(" 2)<2 )
A_1 1_,0_/ A
M

As expected, D contains the eigenvalues. Now, matrix D represents the same linear transformation as
M, but in a different basis. Therefore, the linear transformation that results from applying M
successively n times is equivalent to applying D successively n times (in the eigenvector basis).
Multiplying diagonal matrices by themselves is simply multiplying the coefficients of the diagonal,

therefore:
2 0\"_m2" o
n —
D _<0 1/2) _(o 2—")

And the associated matrix in the original {%, §} basis is, simply:
M" = AD"A!
This can be proven: M"™ = (ADA™1)" = ADA"'ADA'ADA™'...ADA™! = AD"A!

I 1

1 _

3 (—21 21)
e

=(i é)(zon 29") T

A D"
-1 HEn 2

1( 2n+2 —n _2n+1 + 2—n+1)

- § on+l _ o—n+l 2N 4 p-n+2

So, then = 1000 case results in:

1000 1 /91002 _ 5-1000 _ 91001 4 »-999
M = §< 21001 _ =999  _ 51000 4 2—998)

Which would have been so difficult to find directly in the {X, ¥} basis.

One of the beauties of mathematics is noticing how everything comes together so nicely... Now that
we have an expression for M™ | could ask, can we calculate the inverse by usingn = —1?

Of course we can! Logically, the inverse of a diagonal matrix is just calculating the inverse of its

- - -1 _ 12t =2t —2°+22)_1(0 3 )_(0 1)
diagonal entries. M —3(20_22 _om1493)=3\=3 15/2) =1 572
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FUNCTIONS OF MATRICES

We now know how to calculate M™. With this we can do something fascinating.
We know that a function f(x) ~ ay + a;x + a,x? + --- can be written as a Taylor expansion.

So we can then define f(M) = a, + a;M + a,M? + --- and we know exactly how to compute it.
Therefore we can compute any function applied to M.

For example, we can calculate sin M, cos M, exp M, etc. Amazing!

25) Calculate exp(M) for the matrix:

Solution: we know the Taylor expansion for the exponential function:

_q x2 3
er = +x+§+§+---
Therefore, we can define:
2 M3
M _ T
eM=1+M+—r+—r+

But instead of doing this calculation in the {X, §} basis which would be so difficult, we can do it in the
basis where M is diagonal. Therefore:

1424 0

2 0 o D’ D3 e2 0
_ _ T 1 =

D (0 1/2)—>e 1+D+—+ .+ 0 1+§+"' ( )

Switching back to the {X, ¥} basis
M) _ A(oP)A-1 = (2 1 <e2 0)1 2 -1\ _1f —Ve+4e? -2(—Ve+e?)
(eM)=A(eP)A (1 2) 0 el/? 3(_1 2) 3\2(—e + 2) 4/e — e?
e

A eD 1

26) Calculate /M, the square root of the matrix, knowing from a previous problem that

1( 2n+2 —2n _2n+1 + 2—n+1)

Mn = § 2n+1 _ 2—n+1 _2n + 2—n+2

Rather than going through the Taylor path, we simply use n = 1/2. This gives us

1 1 1 1 7
L1 32 o7z _pztlyort) _1[—= V2
VM:MZ:?(AH 1, 1 1, )T3(v2
22t _ 2732 —22 4272 NN

Notice how remarkable it is that, indeed, VM VM = M

7 7
11— —2\1[—= —2\ /(52 -1
3( 2 3( 2 _(1 o)

i vz \vzz vz

Also notice that M® = I and M = M. In fact this is how | animate transformations in the interactive
presentations! With a slider t, by showing the transformation M¢ for t € [0,1].
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E. EIGENVECTORS OF SPECIAL TYPES OF MATRICES

Special types of matrices have interesting properties in their eigenvectors. The following Venn diagram
summarizes the special types of matrices most widely used:

Normal
AAT = ATA
Unitary / Hermitian \
At =A"1 AT =A
Orthogonal Symmetric
AT=A""1 AT=A

(real case) \ (real case) /

Remember that this is a Venn diagram, therefore all unitary and all Hermitian matrices are normal. If
the matrix is real, then AT = AT, so all real symmetric matrices are Hermitian, and all real orthogonal
matrices are unitary. All properties of normal matrices apply to all the sub-types.

NORMAL MATRICES:

The following important theorem about the eigenvectors of normal matrices exists:

A is normal
(AAT = ATA)

All eigenvectors of A can be A has an orthonormal eigenbasis

chosen orthogonal to each N spanning the input space and is therefore
other (even if there are some  unitarily diagonalizable:

degenerate eigenvalues). A =UDU! =UDUT

(because U has orthonormal eigenvectors as its columns and is thus a unitary matrix U~ = U™)

| See book [Riley, Hobson, Bence] for proof of part of it (a general proof is out of the scope)

If all eigenvalues are different (non-degenerate) then the eigenvectors of a normal matrix are
automatically orthogonal, not only independent as for any other matrix. If some eigenvalues are
degenerate, a normal matrix ensures they will have a geometric multiplicity equal to the algebraic
multiplicity, not lower: the eigenvectors for degenerate eigenvalues are not unique, they can be
chosen arbitrarily to span the necessary eigenspace. The theorem above tells us that the eigenspace
is always orthogonal to other eigenvectors, so the eigenvectors can be chosen to be orthogonal to all

other eigenvectors.
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HERMITIAN MATRICES:

Hermitian matrices inherit all the properties of normal matrices (copied below in shortened form),
plus a new one; that all eigenvalues are real.

, A s Normal

A AIS _05:112 == A has N orthonormal eigenvectors
Hermitian ( B )
(AT =A)

=— All eigenvalues of A are real

In summary, Hermitian matrices have the “nicest” possible eigenvalues and eigenvectors:
purely real eigenvalues and a complete basis of N orthonormal eigenvectors which spans the
input space.

Of course, symmetric real matrices (which are the real counterpart to Hermitian matrices) share all
these properties, replacing AT = AT.

Proof all eigenvalues of A are real: Assume Av = Av for eigenvector v and eigenvalue A. We can take
Hermitian conjugate of both sides to obtain (Av)T = (Av)T = vTAT = A*vT. Multiply on the right by
v to get vtATv = 1*vTv, and since AT = A, we can say: vIATv = vtAv = AvTv. Comparing both
results, we find that A* = A. Therefore A is real.

Proof A has N orthonormal eigenvectors: Assuming different eigenvalues (the general proof is
longer). We assume (a) Av; = A;v; and (b) Av; = Ajvj. Now we take Hermitian conjugate of the first

eq. and multiply right by v; resulting in (a) VLTATVJ- = I{v;rvj. Next, we multiply the second eq. on the
left by v;r resulting in (b) v;rAvj = Ajv;rvj. Subtracting (a) and (b) we obtain: viTAij - v;rAvj = -
Aj)v;rvj and since At = A, the left hand side is zero, and A; = A; because all A are real, so we have:

(Ai — Aj)v;rvj = (Ai — Aj)(vi,vj) = 0. So, if 4; # 4, then (v;, v;) = 0 meaning they are orthogonal.

UNITARY MATRICES:

Unitary matrices inherit all the properties of normal matrices (copied below in shortened form), plus
a new one; that all eigenvalues lie in the unit circle of the complex plane.

A is Normal
A is Unitary (AAT = ATA)
(At = A1)

A has N orthonormal eigenvectors

= All eigenvalues of A have unit modulus |1;| =1 (i.e. A, = e'%)

Proof: We proved earlier that unitary matrices preserve the norms of the vectors they transform:
||Ax|| = ||x||. Therefore, this must of course include the eigenvectors: ||Av|| = |A|||V]| = ||v]].

Of course, orthogonal real matrices (which are the real counterpart to unitary matrices) share all these
properties, replacing At = AT,
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27) Find the eigenvalues and eigenvectors of the following matrix:

0 i 1
A=|—-i 1 0
-i 0 1

First notice that the matrix is Hermitian, so even though it is a complex matrix, we know it will have
3 real eigenvalues and 3 orthogonal eigenvectors. First solve the characteristic polynomial
det(A — AI) = 0 to find eigenvalues:
0-1 i i
—-i 1-2 0
—i 0 1-1

A2 =B =2422=-2B342124+21-2=0

=((-DA-DA-D+0+0-0-(1-D—-(1-1))=0

By trial and error we can easily see that A = 1 is a solution, as well as A = —1. With that information
we can factorize the characteristic polynomial completely and find the three eigenvalues:

QA-HE1-1H2-1)=0

Calculate eigenvectors for 1, = 1. For this we solve the equation (A — A;I)x = 0. Let’s do Gauss

elimination on the augmented matrix:
1 @ Q| o\RTReR g 0y -1 0 Q0
-i 0 0f0o|]——(0 1 1]{0]>l0 1 1(0
—-i 0 0 0 0 0 olo

0 0 1 1
We have one degree of freedom (the third column has no pivot). Therefore:
39row: x3 = a. 2™ row: x, = —a. 1%row:x; = 0.

x = span{(0,1,—-1)T} - v; = (0,1,—1)T or any multiple

Calculate eigenvectors for 1, = —1. For this we solve the equation (A — A,1)x = 0. Let’s do Gauss
elimination on the augmented matrix:

1 @ i o\RrtRoR g g0 1 i i]0
(—i 2 0 0>—>3 1 3(0 1 -1 0>—><0 1 -1 0)
—-i 0 210 0 -1 110 00 olo

We have one degree of freedom (the third column has no pivot). Therefore:
39row: x3 = a. 2™ row: x, = a. 1% row: x; = —2ia.

x = span{(—2i,1,1)7} - v, = (—2i,1,1)7 or any multiple

Calculate eigenvectors for A; = 2. For this we solve the equation (A — A3I)x = 0. Let’s do Gauss
elimination on the augmented matrix:

—2 i i |0\ B WDRoR g i 0 -2 i i]0
(_l _1 0 O) R3—(i/2)R1—R3 ( 0 _1/2 1/2 0) N ( 0 _1 1 O>
—-i 0 =110 o 1/2 -1/210 0 o0 olo

We have one degree of freedom (the third column has no pivot). Therefore:
39 row: x3 = a. 2™row: x, = a. 1% row: x; = (1/2)(xzi + x3i) = i.

x = span{(i,1,1)7} - v5 = (i,1,1)T or any multiple

Which are indeed three orthogonal vectors
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28) Calculate the 100-th power A0 of the matrix:

0 ¢ O
A={—-i 1 i
0 —-i O

In order to calculate such a high power, the only practical method is to diagonalize the matrix:
A =SDS™!
Such that:
A" = Sp"S~1

where D is a diagonal matrix containing the eigenvalues, whose n-th power is trivial to calculate:

A4 0 0 A 0 0

D=<0 A, 0) -D'=0 A} O
0 0 A3 0 0 A%

and where S is a matrix containing the eigenvectors:

I
S = (Vl \') V3>
I

Therefore, our first task is to calculate the eigenvalues and eigenvectors of the matrix.

For this, first notice that the matrix is Hermitian, so even though it is a complex matrix, we know it
will have 3 real eigenvalues and 3 orthogonal eigenvectors.

Therefore, the eigenvectors form an orthonormal eigenbasis {V;, V,, V5 } which means that the matrix
S must be a unitary matrix, which in turn means that calculating the inverse becomes trivial:

S=|¥;, ¥, ¥ |with{¥;,7V,,0;}orthonormal basis & S is a unitary matrix < S~! = ST
- -
S—l | = "}; —

N

3
Knowing all this, let’s start by finding the eigenvalues and eigenvectors of A.

Calculating the determinant and trace of the matrix A is quick: detA=04+04+0—-0—-0—-0=0
using the diagonals method, and tr A =1 by adding the elements of the diagonal. This quick
calculation can help us finding the eigenvalues, since now we know that detA = 1;4,1; = 0 and
tr A =2A; + A, + A3 = 1. From this we can deduce that 4; = 0and 1, =1 — 45;.

Now, solve the characteristic polynomial det(A — AI) = 0 to find eigenvalues:
0—2 [ 0
- 1-2 i | = ((—A)(l —ADED+0+0-0—- DDA — (—A)(i)(—i)) =0
0 —-i 0-1
AZ2—B+2+1=0
—B+2124+21=0
—-A(A?=-21-2)=0
-AA+1D(1-1)=0
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Therefore, the three roots are the three eigenvalues: 1; = 0, 4, = —1 and A3 = 2. Quick check, this
matches the expected detA = 414,43 = 0andtr A = A4 + A, + A3 = 1. Also, since A was Hermitian
we know that its eigenvalues are all real.

Calculate eigenvectors for 1, = 0. For this we solve the equation (A — A;I)x = 0. Let’s do Gauss
elimination on the augmented matrix:

0 @i OO\FHF>Rs /i 1 10

29Ky

—i 1 i|0)]——|( 0 i 0]0O0

0 —i 010 0 0 ofloO
We have one degree of freedom (the third column has no pivot). Therefore:
39row: x3 = a. 2™row:ix, =0 > x, = 0. Irow: —ix; +ia =0 > x; = a.

x = a(1,0,1)7 = span{(1,0,1)7} = v; = (1,0,1)7 or any multiple

Calculate eigenvectors for ., = —1. For this we solve the equation (A — A,1)x = 0 (we must subtract
—1, i.e. add 1, to the main diagonal). Let’s do Gauss elimination on the augmented matrix:

1 i 0]0 . 1 i 010 . 1 i 0]0
Ry+(—i)R1—R R3+(i)R,—R
(—i 2 0>L”><0 1 i 0>L”><o 1 i 0)
0 —i 1 0

0 0 —i 110 0 0 O
We have one degree of freedom (the third column has no pivot). Therefore:
39 row: x3 = a. 2™row: x, +ia =0 - x, = —ia. I%row: x; +ix, =0 > x; = —ix, = —a.

x=a(-1,—i,1)T = span{(-1,—i, DT} » v, = (=1, —i,1)T or any multiple

Calculate eigenvectors for A; = 2. For this we solve the equation (A — A3I)x = 0. Let’s do Gauss

elimination on the augmented matrix:
-2 i 0 | 0\, +(=i/2) R{~R —2 L 010\ +(—20)R,-R —2 ; 0] 0
(—i 1 o)#( 12 i o)#( 0 —1/2 i 0)
0o —-i -2 0 0 0 ol o

0 0 - =2
We have one degree of freedom (the third column has no pivot). Therefore:
39 row: x3 = a. 2™ row: x, = 2ix; = 2ia. 1% row: 2x; = ix, > x; = —a.

=]

x = a(-1,2i,1)T = span{(—1,2i,1)7} - v3 = (=1,2i, 1)T or any multiple
Which are indeed three orthogonal vectors:

(v, v2) = (DD + 0+ (D)D) =0
(vi,v3) = (DD + 0+ (D)D) =0
(v, v3) = (DED + (DD + (DM =1-24+1=0

We would like to have an orthonormal eigenbasis. For that, we can simply normalize each eigenvector
by its norm so that they all become unit vectors:

1 (1) o1 (1 1 ;_1
Vv, =— , v,=—| —i |, Vv, =—| 2i
1 \/E 1 2 \/g 1 3 \/8 1

Therefore, we can now construct the unitary change of basis matrix:

1\ [V I -1

S=(v;, V, V3 ]=—| 0 —i\/i 21
6

1) Y8\ vz 1
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And we know its inverse must be equal to its Hermitian conjugate (since S is unitary):

- v - 1 V3 0 3
Sl=gt=| - Yi — =ﬁ V2 iVZ V2
- V3 - -1 =2i 1

The diagonal matrix D simply contains the eigenvalues (please note, the ordering of eigenvalues is
arbitrary, however, we must be consistent: the first element in the diagonal must be the eigenvalue
for the first column vector in matrix S, and so on...)

0 0 O
D={0 -1 0
0 0 2

At this point, we can check, doing matrix multiplication, that, indeed:
A =SDS™?

(0 i 0) 1 (V3 =2 -1\/0 0 0y1/V3 0 3
—-i 1 i|=—=|0 -i2 2i (0 -1 0)— — j
0 —-i 0 G V3 \l/i 1l 0 0 2 V6 —\/1E l—\/ZEL \/15

So we have successfully diagonalized the matrix! Now it’s very easy to calculate its 100-th power:

A% = (SDS~1)(SDS~1)(SDS™1) -+ (SDS 1) = SD100s5 1

AlOO [ 0 —l\/i 2i 0 (_1)100 0 —\/E l\/i \/E

1\/§—\/§—1<0 0 o>\/§o\/§
6 o o 2w00/\ 37 5

V32 1

Knowing that (—1)1°° = 1, we now do matrix multiplication:

AC=2l0 -2 2i|| V2 W2 V2
_2100 _2101' 2100

V3 V2 1 L
1<2+21°° —2i + 2101, —2—21°°>

1\/§—\/§—1<0 0 o>

20— 2101 242102 _3j 4 2101
-2 — 2100 2i — 2101i 2+ 2100

6

which is the requested answer.
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F. SIMULTANEOUS EIGENVECTORS AND COMMUTATION OF MATRICES

Theorem:

Matrices A and B are simultaneously diagonalizable Matrices A and B commute
(i.e. can be diagonalized in the same basis) AB = BA

Proof. If we can construct the shared change-of-basis matrix V which diagonalizes both Aand B: D4 =
V~1AV and Dy = V1BV (definition of “simultaneously diagonalizable”). Then the product of the
diagonalized versions obviously commutes (as they are diagonal) and therefore so do A and B.

AB = (VD,V 1) (VDgV™1) = VD,DgV™! = VDgD,V~! = (VDgV 1) (VD,V™!) = BA

This makes intuitive sense, because if the linear transformations commute, they do so regardless of
the basis.

And we can make the theorem work both ways if we assume that matrices are normal matrices:

If both matrices A and B are normal matrices (includes Hermitian and unitary ones), then:

A and B have thesame < A and B are simultaneously < Matrices A and B commute
eigenvectors diagonalizable AB = BA

Let’s prove this only in the simpler case when both A and B have N different eigenvalues*:

The first relation is simple: if they have the same eigenbasis, they can both be diagonalized with it.

The second relation: The proof in one direction was done above. We now need to prove the other
direction:

Assumptions are that AB = BA and that A and B have N different eigenvectors Avy; = 4;Vy,; and
Bvp; = ki Vpi.

Our task is to prove that they must have the same eigenvectors v,; = vg; even though they might
have different eigenvalues. Take the product AB and multiply by the right with vy; , since the two
matrices commute:

ABVAi = BAVAL' = BAiVAi = /‘ltiAi

Therefore, equating the first and last of these: A(Bv,;) = 1;(Bvy;), which means that Bvy; is an
eigenvector of A associated to eigenvalue 4;, just as v4; was. But eigenvector solutions associated to
the same single A; are unique to within a scale factor, therefore it must be true that Bvy; = u;vy;,
which means that vy; is an eigenvector of B so v4; = vp;.

*the proof can be generalised to the condition that there are some degenerate eigenvalues, but being
normal still have N independent eigenvectors. As long as by taking a linear combination of these
vectors, one set of joint eigenvectors can be found between A and B.

This theorem is fundamental to the foundations of quantum mechanics and the uncertainty
principle.

Intuitively, the two transformations are simply scaling the vector space along the same directions, so
we can simply scale each direction individually and the order is not important (i.e. diagonal matrices).
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G. APPLICATIONS OF EIGENVECTORS IN PHYSICS

The notion of eigenvectors and eigenvalues is of huge importance in many areas of physics. Quantum
mechanics is almost entirely based on it.

We include here a simple example. You can find more examples in Prof. Lev Kantorovich’s 5CCP2255
Notes (page 39).

29) 3D motion of a particle in an electromagnetic field: find the trajectory of the particle as a
function of time r(t) and its velocity v(t), given initial conditions r(0) and v(0).

Consider a particle of charge g and mass m in a constant magnetic field B. The equation of motion,
given by combining Newton’s equation with the Lorentz force, is:

dv

mE=F=q(va)

This, being a vector equation, can be written explicitly component by component, which can then be
written as a matrix equation:

mv; = q(v,B; — v3B,) (%] 0 B;  —By\ /"1
mv.z = q(U3Bl —_ 17133) - m sz = q _B3 O Bl 172
mvz = q(v1B, — v,B) U3 B, -By 0 U3

As a matrix equation, this is:

dv s
a Y
with:
g0 B B
G == —<_B3 O Bl )
Mm\B, -B, 0

To solve this equation, we use the ansatz v = ue®t where u and a are unknown. This converts the

. o . d
matrix equation into a known eigenvalue problem E(ue‘”) = Gue®*t - que® = Gue*

au = Gu

Therefore, we simply need to find eigenvalues a; and eigenvectors u; as possible solutions. The
general solution is a linear combination:

V(t) = Clulealt + Czuzeazt + C3ll3€a3t

The undefined constants can be obtained from the initial conditions.
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For example, let’s solve a simple case: assume B = BZ . The matrix G becomes:

g(0 B O 0 w 0
G=—<—B 0 0>=<—w 0 0)
Mm\o o0 o0 0 0 0

Whose characteristic polynomial is:

-1 w 0
det(G=—AD=|-w -1 0|=-A21%+w?)=-A1A1—iw)(A+iw)=0
0 0 -1

The eigenvalues are: 1 = 0, iw, —iw.

The eigenvectors are (normalizing them to be unit vectors for ease of use): u; = (0,0,1)7,u, =

% (1,i,0)T anduz = %(1, —i,0)T. Therefore, the general solution to the equation of motion is:

v(t) =c 8 +C—2 1 eiwt+c_3 _1' e~ lwt
IR CVARAAY: 2\

Complex velocities? Don’t worry, the last two terms will combine to form sines and cosines once we
find the values of ¢, and c; from the initial conditions. For example, let’s use a general initial velocity

V(O) = (O, v, 'l7||):

0 ¢ 1 cs 1 0
vit=0)=c|0|+—=|i|e+—=|—-i]|e’=[v,
1 V2 0 V2 0 4

We find:¢; = vjandc, = —¢c3 = —Lvl. Substituting these into the equation of motion we get:

vz

0\ iy /1 v [ 1
v . v .
v(t) =y, (o) - (1) et —= <—i> eiwt
1 0 0

Vi . iot o, —iwt
7(_”3 +ie7') v, sinwt
vit)=| VL (et 4 ¢-iot) = (vl coswt)

2 v

U

Interestingly, notice that the kinetic energy of the particle K(t) = Emllvll2 = constant, as it is well

known that the magnetic field does not do any work on the particle. The particle trajectory can be
obtained by integrating the velocity with respect to time:

vy
——coswt+1n

t
= ! — v
r(t) -fo v(t)de “Lsinwt + o)
W
'U"t + 3

This corresponds to a helical trajectory! where 1; are the integration constants that can be obtained
from the initial position r(0).
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3. FUNCTIONS OF HIGHER DIMENSIONS

Most of your past study of mathematics has involved functions f(x), where one variable is the input,
and another single variable is the output: f: R = R.

In our study of matrices, we considered functions that had N inputs and M outputs. However, we
limited our study to linear functions only. This is like studying only linear functions f(x) = ax.

In the next lessons, we finally go deep into the most general case: a general function that has N inputs
and M outputs. These are the functions that really surround us in the real world: the various fields
(e.g. gravitational, electromagnetic), the varying density of objects, the flow of matter, etc. We will
learn calculus (derivation, integration, maximization, etc.) in the general higher dimensional case.

Single-variable scalar function (e.g. distance as function of time)

[ m— ffRPR E—

Single-variable vector function (e.g. position r as function of time)

X
 ——
t — f:R— R3 [y
Z

Multiple-variable scalar function (e.g. scalar field, e.g. temperature in a room)

X\ ——
y|— f:R®-R — T
z

Multiple-variable vector function (e.g. vector field, e.g. air velocity in a room)

v
X —_— L X
y|—— £ RER} —— (1
— r—
VA Vg
. 242 . 1. v — (22 2 —5/2(, 5
Scalar field: T = e *"*¥"(1 + sinxy) Vector field: v = (x“ +y* + D™/ (y R+ x )
y
W T T T O N T
.»h\.\ﬁ“‘ ‘4!'{‘4‘4:
-.v,\\\:l.j‘ “14:,4‘4’(-4
‘\\\\\K “j‘l“_‘{,f‘f_'
v v % \‘ h ,‘ ‘a4 AN -
e T T N I S R —
— X
e v 2 A T S S S
AN
FEFAEERY A AR
A RN
FEEPE TN NN SN
')’4'."‘";' ‘.‘-.‘“‘
S A R T TN S
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3.1 COORDINATE SYSTEMS: RECTANGULAR, POLAR, CYLINDRICAL, SPHERICAL

A. RECTANGULAR COORDINATES

When defining a field in space, the inputs of the function are called the coordinates; typically:

(x,y) or (x,y,2)

These work great when we are working with straight/rectangular entities, but as soon as what we
want to describe is curved, such as a circle, or radial, like the gravitational field of a point mass, the
description becomes unnecessarily complicated and we resort to other systems of coordinates.

B. POLAR COORDINATES (2D)

In two dimensions, we can define points by using the radius p, and the azimuth ¢

{x=pcos¢ p=+x*+y?
y =psing ¢ =tan™! (%)
4 i !
o
(¢ |
X

Conversion between (x,y) and (p, ¢) is identical to conversion of complex numbers z = x + iy =
pei¢. As usual, be careful with tan~1(y/x) to consider the correct quadrants. Computers usually have
a function of two arguments called atan2(y, x).

1) Problem: Sketch the following curves in polar coordinates:

p=1 p=1+ %sin(lOcp) p = sin(¢) p=¢

' 10 '
05 0 05

-05 05

+£10
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C. CYLINDRICAL COORDINATES (3D)

Suitable for cylindrically symmetric objects: cylinders, tubes, etc. Identical to polar coordinates but
adding the z-coordinate. Note the angle ¢ is still defined parallel to the xy plane.

X = p cos ¢ p=+x*+y*> pe€[0,x]
y=psing  and 3¢ =tan"l(y/x) ¢ €[0,2n]
z=z z=2z

D. SPHERICAL COORDINATES (3D)

Suitable for spherically symmetric objects: spheres, onion-like structures, ...
= Jx2 +y? +z2 € [0, 0]
X = rsinf cos ¢ Ty
x2
y =rsinfsin¢ and 6 = tan™ 1( ) € [0, 7]

Z=1cosf L _tanl(f) ¢ € [0,2m]
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2) Describe/sketch the curves defined by the following equations in cylindrical and spherical
coordinates

a) Cylindrical coordinates: p =1; ¢ = %nz with z € [0, o]

This describes a helix winded around a cylinder of radius 1. The pitch of the helix (height per turn) is
equal to a, because ¢ completes a full revolution 0 to 2 when z € [0, a].

b) Spherical coordinates:r =1; 6 = %; ¢ =t witht € [0,27]

This describes a circle similar to a circle of constant latitude on earth. It is a circle, parallel to the XY

. T A 1 A P LT 1
plane, whose centre is at ¢ = cos— Z = —= Z and whose radius is equal to sin— = —.
4 V2 4 W2

Notice that “1D curves” have a free parameter [e.g. z € [0, ] in (a) and t € [0,2r] in (b)]. If we
have two free parameters, then we can describe surfaces.
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3) Describe/sketch the surfaces defined by the following equations in cylindrical and spherical

coordinates:

a) Spherical coordinates: 0 = %; ¢ € [0,2r]; r €[0,1]

This describes the outer curved surface of an inverted cone with its tip at the origin, a tip angle of

/2, and a height of 1 cos% =1/v2.

L R ..

b) Cylindrical coordinates: p = 1; ¢ € [0,7]; z € [0,1]

This describes the outer curved surface of a cylinder of radius 1 and height 1 which is “cut in half”.
i.e. keeping only the partiny > 0.
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E. UNIT VECTORS IN POLAR, CYLINDRICAL, SPHERICAL COORDINATES

UNIT VECTORS FOR POLAR (2D) COORDINATES

y &
o 1, NAe,

(¢

€, =cospX+singpy
€y =—sinpX+cospy

UNIT VECTORS FOR CYLINDRICAL (3D) COORDINATES

~

€, =127

Same as for polar, but with the z
direction unit vector:

€, =cospX+singpy
€p =—singpX+cospy
é, =12

UNIT VECTORS FOR SPHERICAL (3D) COORDINATES

€, =sinfcos¢XR+sinfsing§ + cosb z
€g =cosfcos¢pX+cosfsingy—sinbz
€p =—singpX+cospy
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F. CHANGING COORDINATES OF A FIELD (INPUT)

We use coordinates to define the input values for our “field”. A function f(x, y, z) can be written in
any other coordinates by simply doing the corresponding change of variables in the function. For
example, converting a 2D function from rectangular to polar coordinates:

fy) = fPUp,¢) = f(pcosg,psine)

X —
f: RZ =R > f(xy)
Coordinate
change

X = pcos¢
y =psing

R ——

p— [PUREOR [ [P0 ¢)

Example: Convert f(x,y) = f/;ZT_;Z from rectangular to polar coordinates:

e—p?cos? p-p?sin? ¢ e—P2(cos? p+sin? ¢) e—P?

fPlp, ¢) = f(pcos,psing) = _

JpZcosZ p+p?sin2 ¢ a \p2(cos? p+sinZ ¢) T op

The two functions fp"1 and f look different in terms of the operations they do on their input variables,
but they represent the same scalar field. This reminds us of how the same linear transformation could
be represented by different matrices. Normally we call them by the same name and use the input
arguments as context to know which one we are referring to: f(x,y) or f(p, ¢).

NOTE: Changing coordinates in NOT changing the BASIS of the input vector

I would like to clarify that changing the coordinates of the input position vector cannot be described
as changing the basis of the input vector, in the linear algebra sense. This might seem confusing but
is very simple. It is true that we can write the input position vector in various coordinates:

r=y) =xX+yy in rectangular coordinates,
r=pcos¢pX+psing y in polar coordinates.

However, in both cases we are using the X and ¥ basis. We cannot interpret the input position vector
(p, ¢) as a vector with a basis {€,, &4} in the usual linear algebra sense:

r=(p,¢)=p&,+¢eé, [WRONG]

This is wrong, the dimensions don’t even make sense! Why is this wrong? the basis vectors {ép, é¢}
which represent unit vectors in the direction of p and ¢, are not well defined! While {X,y} are
always constant, {ép, é¢} depend on the position. Therefore, they cannot be used as a basis to
describe the position vector itself. For example, what would r = 3ép mean? Which direction?

However, the vectors {€,, €4} can be defined IF the position r is given, therefore the basis can be
used to express the output vector. Because the output vector is given at every specific position.
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G. CHANGING BASIS OF A VECTOR FIELD (OUTPUT VECTOR)

Changing coordinates represents a change in the input of a field. However, we can also change the
basis for the output vector (when the output is a vector in space, such as is the case in a vector field)
into polar, cylindrical or spherical basis.

The interpretation is that we have a vector field r - F(r) and for each position r, we can define a
basis {ép, é¢} in which to expand the output vector F. Therefore, the output of the function, the vector
F(r) can be expressed in {€,, &4}, orin {X, ¥}

Choice of coordinates (input) 2D vector field Choice of basis (output)
r= *X+yy ) REoRE — F) = M+ B0y
pcosp X+ psing y E,(r)e, + Fy(r)éy

Do not confuse transforming the coordinates (the input position vector r of the function) with
transforming the field basis (transforming the vector output field itself F(r)).

To change the output basis, we can simply substitute in the expressions for basis vectors in terms of
the other basis, or we can use the techniques we know from linear algebra (the change of basis is a
linear operation and can be done with a change-of-basis matrix).

Example: Changing basis of the field from rectangular into polar coordinates

First obtain the change of basis-matrix {€,, €4} to {X, ¥}

Remember we use the vectors {€,,&,} as the columns: A= €, & |= (

Since the columns are orthonormal, this is an orthogonal matrix, and therefore A™* = AT, so no
need to calculate the inverse. Therefore:

(1) =2 () =27 (2) = (5 eom) () = (i s e
E

F,
) in the new basis, as a function of the components ).
F¢, Fy

cos¢p —sin (;b)

sin¢p cos¢

Which gives us the components (

Remember that the vector components F, and F, are themselves functions of the position, which
can be expressed in rectangular F, = F,.(x,y) or polar F, = E,.(p, ¢) coordinates. The change of
basis matrix does not care which.

The same arguments can be applied to 3D fields, to convert into cylindrical or spherical coordinates
and bases.
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Examples:

SEMESTER 2

To clarify the difference, consider how a given 2D vector field F(r) can be written in rectangular or
polar coordinates and, for each of those two cases, the vector F can be expressed in rectangular or
polar basis, having a total of 4 possible representations.

F(r)

Coordinates [input]

Rectangular coordinates (x, y)

Polar coordinates (p, ¢)

Basis
[output]

Rectangular
&y}

Fix,y) =y&—=xy

F(p,¢) = psing X—pcos¢ §

Polar
{€, €5}

T

F(x,y) =

F(p,9) = —p &y

W Wy ‘ ‘ ‘
Y ¥V ¥y

Y
¥
¥

=%

Y

A ¥ » » + - \\\“

4 (( Y ¥V v > A‘&“‘
4 4 A A 7 v Ay “ ‘

A S B o et g o oF

‘ \ \: %

T e v -

\ \“ A N N N A e V"™ ¥ '

»‘ ‘\ A N N N e ”, p ’
“"‘ RS NSRRI )) ’

F(r)

Coordinates [input]

Rectangular coordinates (x,y)

Polar coordinates (p, ¢)

Basis
[output]

Rectangular
2. 9%

F,y)=(x—-y)X+x+y)y

F(p,¢) = p(cos ¢ —sinp) R
+p(cos ¢ + sinp)y

Polar
{ép' é(i)}

F(x,y) ={x?+y?&, +
JxZ+y% e,

F(p,¢) = P(ép + é¢>)

A
D it B N

- %

A

- — %

« 4 4 A4
v v ¥ ¥

- - - - ™

- v v v v

~ - -— -

-~ - __V

P

A A e PP

LU

s - - ' i g

> % h

A A A TR e P

Y

< <www_wv x % % % % h
-« w_ %\
ot~ %
- < < w~ ™

A L A 4 — ~— ™~

A b o o -

y r orr

Al A

4
y
 J

“ ‘ N0 R A A TR A
R R S

y

Yy v

:va
Y
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SEMESTER 2

Coordinates [input]

F(r)

Rectangular coordinates (x,y)

Polar coordinates (p, ¢)

Rectangular
£ 9}

F(x,y) =y&+x§

F(p,¢) = psing X+ pcos¢ §

Basis
[output] Polar

{ép' éqb}

2xy
Jx?Z +y?

2 2
+

F(x,y) =

Xy

NEEST

F(p, ) = psin(2¢) &,
+ pcos(2¢) &,

A
S e e e .

e

N 4

E e S S . &

-

I
’,
r
|
Y
Al

L - s oA

- W% ‘ ‘ ‘
b~ OO

\

>~ - 4

A
«

N
\

A

|
o
4

A

L T S
VY |

» ‘ ‘ A SR S e W 3 ’ '
\‘ ‘ \“ A N N W N 'Y "'" ' '

\‘k\\\‘\

AAA At

4 4 LB NG N 'Y 'y

Coordinates [input]

E(r)

Rectangular coordinates (x, y)

Polar coordinates (p, ¢)

Rectangular

Basis {%,9}

& Xy ~

y

x2
F(x'}’) =\/xz+y2 X+\/x2+y2

F(p,¢) = pcos® ¢ &
+pcosgsing §

[output] Polar

(&), 84}

F(x,y) =x&,

F(p,¢) = pcos &,

[

SR
v\\ "R
g

A
B

' N

¥ ¥ w
¥ ¥ v e o o

WO M m m e

— R

o o

P S m e

. % S
T
A A
AAA A
AAANA

AAA S

ST T Y Y
~
2
p
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PROBLEMS:

4) Problems: Given any of the four versions of the fields in the examples above, calculate the
other three versions (i.e. fill the table starting from only one element).

F(r) Coordinates [input]
Rectangular coordinates (x,y) Polar coordinates (p, ¢)
Rectangular N A

o F(x,y) = - 1

Basis &} Coy) =yX—xy (1)
output Polar

foutputl | Pola @) @)

{ep' e¢>}

1. Convert to polar coordinates (keeping rectangular basis)
Simply substitute x = pcos¢ andy = psin¢

F(x,y) = F(pcos¢,psing) =psingg X—pcos¢ ¥ = p(sinpXR—cosp¥)
2. Convert this form into polar basis by using a change of basis matrix:

A~

A= ep é¢ =(
|

() =8 (5) =2 () = (5 2w (5) = (g s eony)
Fy E, E, —sing cos¢/\F, —F,sin¢ + F, cos ¢

E, = F,cos¢ + E,sin¢ = psin¢ cos¢p —pcos¢sing =0

Fy = —F,sin¢ + F, cos ¢ = —psin¢ sin¢p — p cos ¢ cos ¢ = —p(sin® ¢ + cos® ¢p) = —p

cos¢p —sing
sin ¢ cosd))

So that: F(r, ) = 0&, — p&,

3. Convert the coordinates of (2) into rectangular coordinates
Simply substitute p = {/x? + y?, so that:

F(x,y) = 08, —/x% + y? &,

Note, alternative path: We could have first changed the basis, i.e. go directly to (3), by using the
change of basis matrix, but expressed in rectangular coordinates, that is:

A_(cosqﬁ —sinqb)_ 1 (x —y)
" \sing cos¢ \/my X
(1) =2 (2) =7 ()= = (ks )
Fy F, )~ it y2 \“Ey + Fyx

1 1
F,=———=(Fx+Ey)=———=@Wx—xy)=0
= (B +5y) = s

1 1
= - — T (2 42y — _
F¢_w/x2+y2( Fxx+Fyy)_ x2+y2( yt—xf) = —Jx?+y?

Try the rest of the examples for yourself
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5) Problem: The gravitational field of a mass M placed at the origin is given by g = —i—l\:ér in

spherical coordinates and spherical basis. Complete a table as above, including rectangular
and spherical coordinates and basis.

Solution:
1. Rectangular coordinates but spherical basis:

We just substitute the expression for the r coordinate and arrive at:

GM

- &
& x2+y2 42277

2. Rectangular basis but spherical coordinates:
a) Changing basis using a matrix:

The change-of-basis matrix for converting {ér, €g, é¢,} into {X, ¥, Z} is given by a matrix whose
columns are the vectors {ér, €g, é¢} written themselves in {X, ¥, 2} basis. For this we can look-up
the spherical basis vectors:

€, =sinfcospX+sinfsingy+ cosOz
€g =cosfcos¢pX+cosfsingy—sinbz
€y =—sinpX+cospy

A=|8& @& &, sinfsing cosfsing cos¢

| | | (sin Bcos¢ cosBcos¢p —sin qb)
[ | cos 8 —sin@ 0

Therefore, the vector:
GM GM 1
g= _r_zér =-— 0 | in basis {ér, ég,é¢}
0

gets converted into:

M sinfcos¢ cosOcos¢g —sing\ /1 m sin 6 cos ¢
g= —r—2<sinesinq§ cos@sing cos¢ )(0) = —r—2<sinesin¢) in basis {%,¥,2}

cos 6 —sinf 0 0 cos 6
b) Changing basis by substituting in the vectors directly:
Since we are given &, in a list above, we can simply substitute it:

GM M ol o A
—er=—r—z(sm9cos¢x+sm951n¢>y+c059z)

g:_TZ

this second method was of course much simpler, in this case.

3. Rectangular basis and rectangular coordinates

Once the basis is rectangular (from 2) we now change the coordinates. For this, we “simply”
substitute the expressions for r, 8, ¢:

3.1(12)
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g(r.0,¢) - g(r(x,y,2),0(x,y,2), $(x,y,2))

[ 12 2
=8 (x/xz + y2 + z2,tan™! (xT”),tan‘l (};]))

This leads to a horrible expression. Fortunately, r only appears as 2, which will remove the square
root, and the angles only appear as their sines and cosines. The sines and cosines of inverse tangents
can be simplified by drawing a suitable triangle:

sin (tan‘1 (2» __ 9 VAZ+0?
AJ) 0?4+ A? 0
1O\ _ A \86
cos (tan (Z)) = —,m A

Therefore:

GM
g= —r—z(sin9c05¢f(+sianin¢§/+c0592)

GM (vx2+y2 X .. Jx2+y? y oo
X

T xZ4yriz? VX2 +y2+22[x2+y2  [x2+y2 +22[x2 +y2

z
SR —
Jx? +y? + z2
GM . . .
:_(x2+y2+zz)3/2(xx+yy+zz)

which is in rectangular coordinates and basis.

Note there is a fast way to arrive at this result. We can realise that €, = ﬁ = E
GM _ GMr GM
= e, =—-——-——= ——T
8 rz 7 r2r r3

and then substituter = x X+ y ¥+ zZand r = \/x? + y? + z?2, to arrive directly at the answer!
This convenient shortcut only works with spherically symmetric fields.

So, we have all the required expressions to complete the table:

Gravitational field: Coordinates [input]
g(r) Rectangular coordinates (x, y, z) Spherical coordinates (r, 8, ¢)
Rectangular xX+yy+2z7 —r—z(sinecosdn?
Basis &2} T (2 +y? + 22)302 +sinfsingy
[output] + cos 0 Z)
Spherical GM . GM _
(&,20,84) T R

Note that we are in three dimensions, so in this table we could include a third row and column, for
cylindrical coordinates and basis.

3.1(13)
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6) Sketch the following curve in polar coordinates p = 4m — 2¢ for ¢ € [0,27], and indicate the
values of all intercepts with the x and y axes.

By substituting some values: ¢ = [0,%,71,37”, 2] results in p = [4m, 3w, 21, m, 0]

ra

47

N
}‘-/
— /
-
=

3.1(14)
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3.2 INTEGRATING AND DIFFERENTIATING VECTORS

Your knowledge of calculus in the past has involved functions f(x), with one input and one output
output f: R » R. We are going to learn how to work with functions which have N variables (inputs)
and have M components (outputs), that is: f: RN —» RM.

We can look at two parts of this problem: (a) how to deal with multiple outputs, and (b) how to deal
with multiple inputs. In fact, (a) is easy. So, let’s first get the trivial part out of the way: integration and
differentiation of vectors.

A. INTEGRATION OF VECTORS

Consider functions with only one input but multiple outputs f: R = RM. This is equivalent to a vector
which depends on one single variable.

| v1(t)
[ — f: R — RM — = :
S
vy (t)

For example: the position of an object as a function of time; the wind velocity (3D vector) at a weather
vane as a function of time; ...

So, how do we integrate a vector?

- f or

a

The solution is simple and can be justified mathematically by applying the linearity of the integrals
(when the basis vectors are constant):

fabv(t) dt = Lb(vl(t)el vy (D)ey )dt = (f vi(0) de) ey + ot (f v (0) dt) ey

If you think about it, this vector function of a single variable v(t) is equivalent to defining M different
functions, one for each component of the vector:

t —— fiiRPR f— vy(0)
t —— R R —— (1)
t ——— firR>R  — vy(D)

So, indeed, the most natural solution is to integrate each component separately:
v1(t) Jvi(@)dt
: dt = :

I=f;v(t)dt=f;< :
[on () de

O]

3.2 (1)



MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

1) Problem: A charged straight metal rod (from x = 0 to x = 2) has a constant charge linear
density of 1 C/m and is placed in a region with an external electric field E(x) = (1 — x)X +
xzfl + 2Z V/m, shown below. Calculate the net electric force acting on the rod.

Solution: We want to obtain the force, which is a vector, therefore this will clearly involve an integral
of a vector. The integrand must be a differential of force dF so that the total force.

F=de

Always think about what you are doing. We need to find the differential of the force dF, as a
function of position. We expect several things from it: (1) The differential of the force dF must be a
vector, so that its integral is a vector; (2) The differential of the force will hopefully be written in
terms of dx, so that we can integrate along x; (3) What is the meaning of the differential of the
force? It must be the force acting on a differential length dx of the rod. (4) The force acting on a
differential length dx is equivalent to the force acting on a differential charge dq.

The equation of the electric force is F = qE therefore, for a differential charge dq, the force will be
dF = dq E. The differential charge is the charge contained on a differential length dx of the rod,
which by definition of the charge density is dg = A dx.

Putting it all together: dF(x) = dg E(x) = 2dx E(x) = A[(1 — )X + x2¢ + 2Z]dx.

So we substitute this into our integral and solve it:

integrate

2
- — R 4 220 4 291 dy =
F= f dF = -[o A —x)R + x*y + 2Z]dx (each component

o BA
)=0x+?y+4/1z

3.2(2)
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2) Problem: A charged metal rod spans the line segment (0,0,0) to (2,0,0). The rod has a varying
linear charge density of A1(x) = 1,(1 + x%)3/2 C/m. Calculate the electric field created by the
rod at the point ry = (0,0,1).

Solution: As before, we can start by realising that we will have to integrate dE to calculate the total

electric field E:
-

And now think about what dE must be. It must be the electric field created at 1) by a differential of
charge dq = 4 dx along the rod. The electric field E created at ry by a charge q is equal to E =
&,kq/|r|?, where r is the vector pointing from the location of g to the location r, where we are
calculating the electric field, and &, = r/|r| is the unit vector in that same direction.

Therefore, we can apply that equation for each dgq.

dg = A(x)dx

Just remember that almost everything in this expression is a function of x:

dq(x) dx A(x)

4B =k tor @ =k or

iz &)

Also note that we can simplify:

Now, the position vector r which points from the position of the charge dgq, which is x X, to the
position 1y can be written as: r(x) =r, — x X = (0,0,1) — (x,0,0) = (—x)X + Z. Therefore,
Ir(x)| = (x? + 1%)1/2, and putting it all together:

r(x) (=) + 2
rof - R Ty

Which we can substitute into the integral. Also, use A(x) = 1,(1 + x2)3/2 from the given data:

dE = dx k A1(x)

(—x)X+ 12

2
_ _ 2y3/2 > 77 &
_de_fO dx k Ao(1 +x*) (1 + x2)3/2

2
= ki, f dx [(—x)R + 2] = kAo (—2% + 22)
0

3.2 (3)
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B. DIFFERENTIATION OF VECTORS

Remember: The derivative of a function is telling us how much the output (f) changes when we
change the input (x), i.e. it tells us the ratio df /dx such that:

xef
x+dx e f+df

You can picture a function as a mechanism that connects a moving knob in the input with a moving
knob in the output. The derivative is the ratio of how much the output knob moves when you move
the input. The ratio tends to the derivative when the nudge is so small that the relation is linear:

de x

But what if we have multiple outputs? Then we have a vector which depends on a single variable v(u).
You can still picture it with knobs. Changing the input changes all the outputs:

v, U, Uy
v d
ity e = () L e
> \Uy |_|dI” 1
5]

How do we do a differentiation in this context? The answer is obvious, just calculate the change on
each output separately, that is, do the derivative of each component.

dv,/du
d_V _ | dvy/du
du :

dvy,/du

This intuitive picture can be justified mathematically by applying the linearity of the differentiation:

dv d dv, dv, dvy
E = @(Ulel + vzez + -+ vMeM) = Eel +_e2 + "'+EeM

Also, we can derive it formally from the definition of a derivative:

dv o v(u+Auw) —v(w)
— = lim
du Au-o0 Au

In fact, this definition gives us some intuition. The derivative of a vector is another vector which tells
us the rate of change of the vector in both amplitude and direction.

This simple calculation has very useful physical interpretations, especially when the vector output
represents a position vector in space.

e  When the input variable is time and the output is the position vector r(t), the successive
derivatives tell us about velocity v(t) = dr(t)/dt, acceleration a(t) = d?r(t)/dt?, etc.

3.2 (4)
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3) Example: A particle follows the following path as a function of time:

1 . t
(Z sin(3nt) + 10
r(t) =

! t
2
t cos(t)

Calculate the instantaneous velocity and acceleration.

Solution: This is a R — R3 function, so the time derivative just needs to be applied to each

component.

3 1
dx/dt —ncos(3nt) +—
v(t) =—=|dy/dt | = * 10

At \gz/de -1
cos(t) — tsin(t)

2
v dv,/dt — 9isin(3nt)
4
a(t) =—=|dy,/dt | =
At \ gu, /dt 0
z —2sin(t) — t cos(t)

If we actually plot this path (by joining the ends of the position vectors r placed at the origin), and
plot also the velocity v and acceleration a vectors placed at the appropriate position, then we clearly
see that the velocity is a vector always tangent to the curve, and the acceleration is always pointing
in the direction in which the curve is being bent. This is a section of the curve for times t € [0,1].

a(ty) v(t,)
2

3.2(5)
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TANGENT VECTOR

In general, when r(u) defines a curve in space, the derivative dr/du gives us a tangent
vector to the curve.

DIFFERENTIAL OF A VECTOR

We can define the differential of a vector dr in a similar way to that of a scalar. Consider a change
Ar in a vector caused by a change At in its parameter. When At — dt becomes increasingly small
(approaching zero, becoming a differential) then Ar — dr.

The differential of a vector is itself a vector, i.e. it has components in a basis. For example, we can
write the differential of position as:

dr
dr=—dt =vdt
dt

So that dr is a vector that has a magnitude |v| dt and is oriented in the same direction as v.

DIFFERENTIATING SCALAR AND CROSS PRODUCTS

The rule for differentiating dot and cross products take identical form to the product rule with
scalars:

Ly = (a- ) 4 (2.1)

du du du
d( xb)—( xdb)+(daxb)
du a —\@ du du

3.2 (6)
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3.3 PARTIAL DIFFERENTIATION

We have seen that integration and differentiation is easy to do on a function with multiple outputs.
The interesting cases appear when a function has multiple inputs. Let’s start simple, with the case of
multiple inputs and single output.

A. MULTIPLE INPUTS: PARTIAL DERIVATIVES

A function of multiple inputs can be pictured as follows:

“ f(x,y,2)

Xy
.E,% — fRMbR ——f

|

Each of the input knobs will affect the output. The partial derivative tells us how much f moves when
we move each of the input knobs, while keeping the others constant. For example, we look at the
ratio Af /Ax when Ax goes to zero. Of course, this ratio depends on the value of all the inputs.

Let’s consider for simplicity functions of two variables f(x,y). These can be represented as the
variation in height with position in a mountainous landscape

f(xy) Ofax

-
¥ "

It is clear that f(x, y) will have a gradient in all directions in the xy-plane. However, we can consider
the simpler case of finding the rate of change of f(x, y) in the positive x- and y- directions. These are
the partial derivatives with respect to x and y respectively.

We may define the partial derivative with respect to x by defining a one-variable function of x when
y is held fixed and treated as a constant: f(x, y,). To signify that the derivative is with respect to x,
but at the same time to recognize that a derivative with respect to y also exists, we denote the
derivative using the partial derivative sign as: df /dx. It is formally defined as the limit:

s " flx+Ax,y) — f(x,y)
— = lim
0x Ax—0 Ax

3.3(1)
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The definition is trivially extended to the case of M input variables by keeping all the others constant.
Sometimes when teaching about partial derivatives, it is useful and common practice to indicate those
variables that are held constant by writing them as subscripts to the derivative symbol. Thus, for the
two variable function f(x, y) we can write:

o _ (ﬁ)y

dx ~ \ox

Importantly, the result of this partial derivative is another function which depends on the same inputs.
It is common to denote the partial derivative with subscripts of the function.

of
a_ fx(x;)’)
af

@ =fy(x,Y)

HIGHER ORDER PARTIAL DERIVATIVES:

Now we can apply additional partial derivatives to these new functions. These are partial derivatives
of higher order. Interestingly, we may change the variable held constant in each successive
differentiation, leading to cross partial derivatives. For example, all possible second order partial
derivatives of a 2-variable function f(x, y) are:

2 2
2 2
%(%)=%=fxy %(%):aay_a};:fyx

Only three of these are independent, because it can be shown that provided the second partial
derivatives are continuous at the point in question, then the following relation is always obeyed:

0% f _ 0% f
dxdy 0dydx

You may ask ”Why?". See formal proof: https://math.stackexchange.com/questions/965018/why-does-the-order-not-matter-partial-d

“0k, | believe the proof... but still... WHY?” See different geometrical interpretations:

https://math.stackexchange.com/questions/942538/geometric-interpretation-of-mixed-partial-derivatives

1) Find all first and second partial derivatives of the function f(x,y) = 2x3y? + y3

The first partial derivatives are calculated by assuming the other variable is a constant:
af of
— =6 2.,2 —~ =4 3 3 2
E X"y dy x“y+3y
And the second partial derivatives are obtained by performing partial derivatives on the first ones:
a (of 0% f a (of 0% f
— (=) === = 12xy? —(—)=—=43 6
dx (E)x) d0x? Xy oy \dy/ ay? X+ oy
ad (0 02 a (0 02
_(_f) = f = 12x2y _<_f) = f = 12x2y
dx \dy dxdy dy \dx dyodx

3.3(2)
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B. TOTAL DIFFERENTIAL

What if we move all the inputs simultaneously? What happens then with the output?

x ¥y z f(x,y,2)
M4y, — tdf
vl — fIRMoR  ——f
! —
dx

Clearly, the movement of the output df must depend on the movement of each of the inputs dx, dy,
dz. In fact, we know how much each input changes the output, so if the changes are tiny, the total
change in f will be the sum of the changes caused by each changing input.

This is called the total differential df:

af of af
df —adx +@dy+£d2+

It tells us how much f changes as a function of how much we change the different inputs.

Let’s consider the simple example f(x,y) which you can imagine as the height of a mountainous
terrain. Clearly at every point in this landscape, the “slope” (ratio of vertical to horizontal change)
depends on which direction you are moving!

fxy)

Since we are doing tiny steps, the mountainous terrain is locally considered as a flat plane (the tangent
plane) so every possible direction’s slope can be calculated by knowing the slope in just the two
directions x- and y-, i.e. in terms of the two first order partial derivatives:

f af

d
df = gdx +@dy

3.3(3)
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The total differential is, in fact, the z- component of the parametric equation of the tangent plane in
3D space, with dx and dy being the two free parameters, representing displacements in x and y:

x 1 0 x +dx
rplane(dx,dy)=< y >+dx< 0 )+dy< 1 ): y+dy

fGxy) af Jox af /9y f(xy) +df(dx,dy)

2) Find the total differential df of f(x,y) = x? + 3xy.

af af
df = adx +@dy

The partial derivatives are: Z—i = 2x + 3y and 2—5 = 3x. Therefore:

df = (2x + 3y)dx + (3x)dy

3) Find the total differential df of f(x,y) = ye**7.

af af
df = —dx +=—d
f d0x x dy Y
The partial derivatives are: g—ﬁ = ye**Y and Z—f/ = ye**Y + e**Y_ Therefore:

df = (ye*™)dx + (1 + y)e*t¥dy

3.3(4)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

C. STATIONARY POINTS OF FUNCTIONS OF TWO VARIABLES

local max

£ y

% local min

In single variable functions f(x) the stationary points occur when df = 0 which happens when
df /dx = 0. For two-variable functions f (x, y), the stationary points also occur when df = 0 in every
direction, i.e. when the tangent plane is horizontal < when both first order partial derivatives are
zero:

Stati int df =0 of _of 0
ationary points < = ==

yP dx dy
The stationary points of f(x,y) can be of three different types: a local maximum, a local minimum,
or a saddle point. Saddle points are locally flat, but non-locally after some distance, f increases in
some direction(s) but decreases in some other direction(s).

As with functions f(x), this classification can be achieved by looking at second order derivatives.
However, since now we have lots of different directions to move along, this all becomes a bit trickier.
It is much easier to understand by considering the Taylor expansion of a 2D function f(x, ).

TAYLOR EXPANSION OF A 2D FUNCTION

foy) =f(xo +Ax,y0 +Ay) =
N (e 2 2
_;E[( X+ )’@) f(x,}’)]x

Expanding the bracket for the first three terms n = 0,1,2 explicitly, we have:

0Yo

= f( ) + afA +afA +162f(A )2+62f(A )2+262f(AA) +
= (%o, Yo ox ay ) FrP ay? Y 0x0dy Xy
first order Af (Ax,Ay) second order correction A f(Ax,Ay)
equation of tangent plane Note: A(?) is my notation, notstandard

3.3(5)
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Stationary values for function f(x, y):

e Stationary point if Af = 0 in all directions < g—i = Z—f/ =

e Local maxima if A®®)f < 0 in all directions.
e Local minima if A®f > 0 in all directions.

Unfortunately, checking the sign of A(z)f in all directions is not as simple as checking the sign of
0%f/0x?, 0%f/dy? and d%f/dxdy because the behaviour along the directions x and y might be
different to the behaviour along some other direction!

* Saddle point of surface f (x, y) P
: y 4
* Local maxima of curves f (x, yo) J, s
__/ [
and f (xo,¥)

/ / 7(\,\ \ fxy)
\ W A . f(x{,,}\)\

orx\(o) g

\ .l \\
' " X
7
Example: In the figure we show f(x,y) =1 —7(x + y)? + (x —y)? = 1 — 3x? — 8xy — 3y?
The first partial derivatives are Z—i = —6x — 8y and 2—5 = —8x — 6y.

Both are zero at the origin (x,y) = (0,0), which is therefore a stationary point. The second partial
derivatives are:

9?2 2
ax@i) c’)x]; for = =6 %(%) af =fyy =

2 2
() =5y 5l ;’y;;—fxy

All the second order partial derivatives are negative... HOWEVER the point is not a local maximum.
Consider the second order correction term in the Taylor expansion:

f 0*f
— (Ay)? +26 %

AP f(Ax, Ay) = —[ ol 7 (Ax)? + (AxAy)] = —3(Ax)? — 3(4y)* — 8(AxAy)

It is not negative for every direction! For example, when we move along the diagonal direction As =
(Ax,Ay) = (1,—1), then A@ f(Ax = —1,Ay = —1) = 2 is positive, as clearly shown in the figure.

3.3 (6)
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Therefore, to guarantee that we have a local minimum, we need to guarantee that: A(z)f(Ax, Ay) =
%(fxx(Ax)2 + fyy (By)* + 2fxy(AxAy)) > 0 for every possible combination of Ax and Ay (i.e. for

every direction). With some simple algebra, we can rearrange the second order correction to:

2 _£2
fx (Ax + @Ay> + <M> (Ay)zl

AP f(Ax, Ay) = z
2 fxx fxx

Which is easier to check for its sign as the squared terms are always positive. We only need to look at
the non-squared terms. This gives us a recipe to classify stationary points:

Stationary points for function f(x, y):

e Stationary pointif Af = 0in all directions & Z—i = Z—i =0

*  fexfyy — fxzy < 0 = Saddle point (easy case: if fy, and f,,,, have opposite sign)
e fuxfyy — fi5 > 0 = Maximum or minimum
o Both f; and f,,, are positive = Local minima
o Both fy and f,,, are negative = Local maxima
* fexfyy —fxzy = (0 = Undetermined. There is a direction where the function is flat to
second order. Further investigation (higher order Taylor) is required.

This is all easy to derive from the rearranged second order correction, which | will give in the exam.

HIGHER NUMBER OF DIMENSIONS

(Not included in the exam, but | include it here for completeness)

The situation is more complex when the function has more than two input variables, but the essence
is the same: we may consider the Taylor expansion f = f, + Af + A f + ... with n-th order
corrections and follow the same logic. Finding the sign of A(Z)f in all directions involves solving
eigenvalues and eigenvectors!

For completeness, here is the Taylor expansion in the general case of M input variables, collected as
an input vector x:

o 1
f00 = ) 1% V)" f (Olyex,
n=0

where V is the nabla operator, defined as: V = (ai 9 ..,i), Ax = (Axq,Axy, ..., Axy) and Ax -

X1 '6_xz' " 9xy
Vis a dot product between them.

3.3(7)
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4) Show that the function f(x,y) = x3 exp(—x? — y?) has a maximum at the point (,/3/2,0), a
minimum at (—,/3/2,0), and a stationary point at the entire y-axis whose nature cannot be
determined by the above procedures.

First, calculate the first partial derivatives (remember the product rule), and set them to zero to find
the stationary points:

a
% = 3x% exp(—x2 — y?) + x3(—2x) exp(—x? — y?) = 3x% — 2xH) exp(—x2 —y?) =0

of
A P —x2—y2) =0
3y yx* exp(—x* —y*%)
. . . . af af
The second equation requires necessarily either x = 0 or y = 0. When x =0, oy 0 for all

values of y, so the entire y axis is a stationary point. When y = 0, the first equation is zero at the
locations 3x? — 2x* = 0 » x = +,/3/2, so the two points (4./3/2,0) are stationary.

Now we find the second partial derivatives to classify the stationary points (remember to use the
product rule as needed):

fx = (4x° — 14x3 + 6x) exp(—x? — y?),
fyy = x3(4y? — 2) exp(—x* — y?)
fry = 2x?y(2x* = 3) exp(—x? — y?)

If we substitute the pairs of values of x and y at x = 0 we get: fx = f;,, = fyy = 0, so those points
are undetermined! The function is flat to second order here, and further study would be required.

If we substitute the pairs of values of x and y at (£./3/2,0) we get:

—_ I3 3 —. 13 3
fxx = +6 Eexp(—z), fyy =+3 Eexp(—z), fey =0

Applying the criteria, fyxfyy —fxzy > 0, so that (y/3/2,0) is a maximum (fy, and f,, <0) and
(—+/3/2,0) is a minimum (f, and f,,, > 0). Here is an actual plot of the function.

local max

g Undetermined

using our methods

local min

3.3(8)
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D. CHAIN RULE

What if the variables (x, y, z, ...) are themselves functions of a single variable s? This is represented
in the following diagram:

x Yy Z f(x,y,2)
) f xEsg R [l |] [I N § f
—_— (s) — — ) N I
H T r=— /" fﬂ'

We may want to obtain the total derivative of f with respect to s, i.e. how much the output f moves
when we move the input knob s, this is the usual one-dimensional derivative of a single variable
function df /ds. One way to obtain it is to substitute x(s), y(s), etc. into the function f(x,y, ...) and
calculating the derivative in the traditional way. Another way is to use the chain rule, arrived at by
simply dividing the total differential (df) by the differential of the variable (ds):

af af af

df = adx +@dy+£dz+

df ofdx +6fdy+6fdz
ds 0dxds dyds dzds

As a practical example, consider the energy of a mass m moving at speed v at a height h in a
gravitational field g. The energy is the sum of the potential and kinetic energies: E = mgh + %mvz.

This expression has partial derivatives dE /dh and 0E /dv. However, the height h and the speed v
might both depend on a single parameter, e.g. they are functions of time t. We might then want to
calculate the rate of change of energy with respect to time dE /dt.

5) Given that x(u) = 1 + au and y(u) = bu3, find the rate of change of f(x,y) = xe™” with
respect to u.

Solution: The partial derivatives of f are given by: Z—ﬁ = e~ Y and g—; = —xe Y. The chain rule therefore
gives us the total derivative:

df odfdx dfdy

—=—"—+———"=(e)(a) + (—xe¥)(3bu’
du Jxdu Jdydu (e7)(a) + (=xe™)(3bu")

Which after substituting x = 1 + au and y = bu3 gives:

4 _

-bul 2 -bul
—3bu“(1+
T ae u“(l+ au)e

Note that we could have solved this exercise by brute force, directly obtaining f(u) =
flx@,yw) =1+ au)e‘bu3 and finding the derivative df /du.

Notice how the famous “product rule” is simply a specific case of this general chain rule!

oy with = _ df _ofdu  ordv _ du_ . dv
If f(u,v) = uv withu = u(x) and v = v(x), then il sl vt o e
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TOTAL VS PARTIAL DERIVATIVE

The exercise below introduces us to some interesting notation: In some contexts, it turns out that the
variable s on which the inputs depend may itself be one of the input variables of the function. For
example, consider a function f(x,y,z) in which y = y(x) and z = z(x). Then, from the chain rule
above:

df_6f+6fdy+6fdz
dx  dx  Odydx dzdx

Note that the left-hand side of this equation is the total derivative df /dx, whilst the partial derivative
df /0x appears as part of the right-hand side. In this case, the use of different symbols d and 0 is
helpful. This is the reason that a different symbol is used for partial derivatives. When evaluating
this partial derivative, remember we must consider only the explicit appearances of x in the function
f without using the knowledge that changing x necessarily changes y and z. The contribution from
these latter changes is precisely accounted for by the other terms.

If you find this confusing, you can avoid all the confusion by using different variable names: you could
use s for the global input variable on which x, y, z depend, and use the chain rule with x(s) = s.

6) Find the total derivative of f(x,y) = x? + 3xy with respect to x given that y = sin"! x

Solution: The chain rule gives us:

oo ordy

ax ox Toydx or,we could use — = 4+ —— withx ==

df oJfdx dfdy )
ds oJxds OJyds

. ,d
On one hand, we need to find é

) dx dy 1 1 1
x =siny - —=cosy - —= = =
Y dy Y7 & cosy J1-sinZy V1-—x?

On the other hand, we need to find the partial derivatives of f(x,y) = x? + 3xy, calculated always
assuming that the other variable is constant, without worrying for the fact that y changes with x.

of af
a—2x+3y @—Sx

df _of ofdy _

a—a +Ea—(2x+3y)+ T2

We can now substitute y = sin™! x to get:

d 3x
—f=2x+351n_1x+

dx V1= x2
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E. CHANGE OF VARIABLES

What if the variables are themselves functions of multiple variables?

xq (uq, Uy, us)
X, (g, Uy, U3)

Uy Uy Us x3 (U, Uz, Uz) X1 X X3 fxq, %0, x3)

Ll.ﬂﬂ — — | 1] —i “
u_’RLHRM_’Huu_> f:RM » R — T

“hu'll T ' ”

Y

Change of variables

This is a CHANGE OF VARIABLES: for example — changing cartesian to cylindrical coordinates as input
variables. The result is a new function of the new variables: g(us, uy,..,u;) =

f(xl(ull Uy, "'IuL)’ X2 (ull Uy, ...,u,L), "'IxM(ulluZI ---'uL))'

In general, the number of variables need not be equal M + L.

BUT when u’s and x’s are two sets of independent variables, then M = L.

Since this function represents the same transformation, we generally use the same symbol f (instead
of a new symbol g) but we explicitly write the names of the input variables, e.g. f(uq,u;,u3) vs.
f (%1, x5, x3). We may then want to know how are the partial derivatives with respect to the old and
new variables related. The answer is simply to apply the chain rule for each variable. This time,
everything is a partial derivative:

d af O0x af O0x Jaf oOx
Of _0fox 0f 0% . Of Oxu

ou, Ox;0u; Ox,0u, ' dxp 0uy
o 97 on 0f x| O O
y0u, 0x,0u, 0Jx,0u, 0xy 0u,

of of ox, of dx, y o OF Oy
\du;, 0xy0u; 0x,0u; 0xp Ouy,

In summation notation:

of < of ox;

= fi [ =12,..,L
o or j

0x; 0u;
=1 L 7
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% ZZTJ; = ,,iz% written for a function f(x,y,t) in cartesian
coordinates (x,y) and time t. Rewrite the wave equation using polar coordinates (p, ¢). This
equation is very common in physics and having it in polar form is even more common. The polar
form is difficult to remember, and we usually look it up... but for once, let’s derive it here using

the chain rule. (This problem is too messy to ask for in an exam. But it is educational.)

7) The 2D wave equation is

Solution: The equations for the change of variables (in both directions) are given by:
{x=pCOS¢ L [p=0GF D2
y =psing ¢ =tan"1(y/x)

Notice that the time variable t is unchanged and will not be involved in the change of variables.
Before we start. Some useful simplifications are (using trigonometry):

cos¢p =x/p
- {sing =y/p
x2 + y? = p?
. . . . af af . . . .
We need to find the partial derivatives E and E in terms of cylindrical coordinates. For that purpose,

we use the change of variables chain rule:
(of _0fdp 0f 0¢
!a = apox ogax
of odfadp Of 0
oy =5y * 353y
The four partial derivatives between coordinates (p, ¢) and (x,y) are (remember derivative of
tan~tu(x) = u, /(1 + u?) using the notation u, = du/dx):

o x 09 _ U | _ —Oix*H -y __sing
ox  (x2+y?)1z Cs¢ o TTr w=t 1+ 0@/x)? x*+y? p
ap y do Uy (1/x) X _ cos ¢

@z(x2+—yz)1/2=8m¢ ay_1+u2|u=%_1+(3’/x)2_x2+y2_ p

So we substitute into the chain rule:

af dfadp Of 0p of sin¢ of
ox " opox opax  %ap p op
g_afaerafaqb__ g cos¢g

=———+5777—=-sin +
dy 0dpdy 0¢ady dop p 09
Since this is true for any function f, we can interpret the “partial derivative with respect to x and y”
as operators:

J d sing 0
ox % "5 a9
d in a +cos¢ d
—— =sin¢p— -—
dy dp p 09

Which can be applied twice to obtain the double derivatives:
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oo~ (cnoy =5 oy

Start by applying the first (rightmost) operator to f. This step is trivial:

ﬂ (cos 0 sing 6)(0 of smd)g)

oxZ ap p 0¢ ap p 0¢
But be very careful in the next step: for instance, when we apply % to the term — 2¢ 25, we need
to use the product rule! These are the four required terms fleshed out:
( 0 ) of 07
cosqbap cos¢ap = cos“ ¢ 357
6)—sin¢>6f [ 1 azf] [1 of 1 9%f
cosp— — = —cos¢sing [— — — + = cos ¢ sin
(cos05) =539 05955 5) 35 yapag] =059 5336~y
—sing 0 c')f —sing [ @ of 0% f sin?¢ df singcos¢ 0%f
( ) — (cos¢p)=—+cos¢ = ——
p 0 ¢ dp dpd¢o p Op p  0pid
(sind) 0 )sin¢ of smd)[ smd) of  sing 0°f] singcos¢ f  sin®¢p 9% f
p 0p) p 03¢ p 6¢> p 02 p:  dp  p? 92

Adding the four terms we get the final form for the double partial x derivative:

0% f f 19f 1 0% ] sin?¢pdf singcos¢p 9%f
%—cos ¢—+cos¢>sm¢[ 26¢ p6p6¢]+ r %— r 9p0p
sing cos¢ df sin? ¢ 92f
P T a2
92 : 2 2 2 1 92
~ cos? f 251n¢>cos¢af 251n¢cos¢ a“f +sm ¢>0f+sm ¢ o°f

pr T T ap p 0pop p 0p . pE 092

And a similar long procedure for the y double partial derivative gives:

92 °f _
ay?

62f 251n¢cos¢8f+251n¢cos¢ 0% f +cosz¢6f cos? ¢ 9%f
p? a¢ p dpdp  p dp  p* 0¢?

Adding both together, we can cancel some terms, and simplify others via cos? ¢ + sin? ¢ = 1, so:

sin’ ¢ >

92f 9%f 9 f 19f 1 0%f
0x% " 9y? 0p> pdp p?o¢?

It is interesting that single derivatives appear in this expression which originally involved only double
derivatives. Also note that the dimensions of the three terms are the same, as they must be if we are
adding them together (p and its differentials have dimensions of length, while ¢ and its differentials
are dimensionless radians). So, finally, the 2D wave equation in polar coordinates may be written as:

0% 10f 10 _10%
9p%  pop  p2og?  v?ac?
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F. DIFFERENTIATION WITH MULTIPLE INPUTS AND OUTPUTS: THE
JACOBIAN MATRIX

Finally, we will generalize the concept of derivative to the most general case. A vector function with
N input variables and M output components:

X1 X2 f(xq,%5, .0 Xpy) fi fz fn

==l

In this case, moving each input knob will move all output ones, so we can simply define a partial
derivative for each input-to-output pair. All in all, there will be N X M first order partial derivatives,
which can be arranged as a matrix, called the Jacobian matrix.

of o
ox; = Oxy
J=| ¢ E
o O
ox;  Oxy

We can write the total differential for each of the output components (considering each output as if
it was a different function f;) so we use the known equation for total differential:

df; = (af‘)dl (af‘)d +- +(af‘)dxM

dx dx dxpy

telling us how much each output changes when we vary all the inputs. We can do this for all the output
components of the function at the same time, by writing the vector total differential:

df = (af)d (af)d + +(af)d
~ \ox, at dx, X2 dxy m

which can be conveniently written as a matrix-vector multiplication involving the Jacobian:

/ (2&)0"‘1*(22)0‘ - +(§§;)d"M\ of; afl\

dfy =L A
af, f, ( af, dx dx dx,
d 1 M .
df = fz =l <6x)d +(6x )d ot axM)dxM =| : : |< : ):]dx
. : \afN af‘N dxM
0x, — 0xy/ dx

P\ O (29 4 ()

dx,q dx 0xy Jacobian matrix J

This total differential tells us how much the function changes when we move each of the inputs by a
small amount. It is the high dimensional analogy to the usual differentiation:

fOR = R) f)(RY - RY)
x->f x—f
x+dx—>f+(g)dx x+dx—>f+!_dd?)§
df
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LINEAR APPROXIMATIONS:

Differentiation always deals with infinitesimal increments around a point, such that df = f' dx is
exact because, locally, the function is a straight line. However, the same equation becomes a good
approximation (but not exact) when considering finite steps Ax if they are small.

Consider the linear approximation (first order Taylor expansion) of a one-dimensional function f(x)
around a point x,:

d
flxog+Ax) = f(xg) + d—fo
constant %'f_/

linear function
of Ax

The Jacobian matrix generalizes the concept of the derivative, because it provides the best linear
approximation to a function at a point. Any non-linear function f(x) with an arbitrary number of
inputs and outputs can be locally approximated by a linear function:

f(xy, + Ax) = f(xq) + ] Ax

constant Af
linear function
of Ax

8) Calculate the Jacobian matrix for the function f(x,y) = (x%y, 5x + siny). Hence find the best
linear approximation to the function at the point (x,y) = (1,1).

Solution: We must calculate the four partial derivatives:

ofy 0, of, o ., .
xRN Ty GoE @) =x
of; _ 0 o of, 9 o
a—£(5x+sm}')—5, E—@(5x+smy)—cosy
So the Jacobian matrix is: J(x )—(ny x? )
HEYIZU5 cosy)

The best linear approximation to the function is, at every point, given by:

Ax x2 2x x2 Ax
fCxo + Ax,yo + Ay) ~ £(xo0,y0) + (%0, Y0) (A}’) = (5x0 -}?)s]?n y0> + ( gyo cosoy0> (A)’>

At the point (xg,y9) = (1,1), the best linear approximation to the function is:

N2 1 \(Axy_ [ 1+2Ax+Ay
f(1+Ax,1+Ay) = (5) + (5 cos 1) (A)’> - (5 + 5Ax + cos(1) Ay)

—2+2x+y

L(x,y) = (Sx + cos(1) (y — 1)) after substituting Ax = x — xgand Ay = y — y,

JACOBIAN DETERMINANT:

The determinant of the Jacobian matrix is often used (we will use it in next chapters) and is referred
to as Jacobian determinant det(]), and most of the times (confusingly) as simply “the Jacobian”. It is
A(frfarfN)

often written as
9(x1,%2,4X M)

to help us remember how to build the matrix.
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G. FINDING THE BASIS VECTORS FOR ARBITRARY COORDINATE SYSTEMS

The conversion between coordinate systems is a typical example of a function with multiple inputs
and multiple outputs.

X1 = x1(Uq, Uy, U3z)
Xy = X2 (Uyg, Uz, Us)
X3 = x3(Uy, Up, U3)

One common application of partial differentiation in this case, is to find a vector pointing in the
direction in which each coordinate moves the position vector.

The basis vectors on arbitrary coordinates can be found by performing a
differentiation of the vector with respect to the coordinate being changed:

or
eui - aui

The magnitude of these vectors is in general not equal to one.

We define the scale factors h; = ||e, ||
1 Or

Such that the unit vectors: &, = P
i i

9) Derive the unit-vector basis associated to cylindrical coordinates, and the scale factors:

X = pcos¢
{y=psin¢
z=2z

Solution: The basis vectors are defined in terms of the following vectors:

_ Jar _ (ax dy %) = (cos¢,sin¢,0)

=3 = \op’p’9p
or dx dy 0
e¢=_=(—x,—y,—z)=(—psin¢,pcosq,’>,0)
0p \0¢ 0¢ 0¢
_ar_(ax dy 62)_(001)
®2 =927 \82°92°92) =

The scale factors are the magnitude of these vectors: h, = 1, hy = p, h, = 1.
Dividing the vectors e; by their amplitude (the scale factors) we get the unit basis vectors:

€, =e, =(cos¢,sing,0)
o €y .
€y =?= (—sin¢,cos¢,0)
é,=e,=(001)

Which are the well-known unit vectors in cylindrical coordinates.
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10) Derive the unit-vector basis in spherical coordinates, and the scale factors:
x =rsinf cos ¢
y =rsinfsin¢
Z=7rcosf

Solution: The basis vectors are defined in terms of the following vectors:

Jr dx dy 0z ) ) ]
e, = Fe (E’E'E) = (sinf cos ¢,sin B sin ¢, cos 9)
ar dx 0y 0z ) )
€g =55 = <%,%,%) = (rcos¢cosf,rsin¢cosf,—rsind)
Jr dx 0dy 0z ) ) ]
ey =%= <%’%'%) = (—rsinf@sin¢g,rsinf cos¢,0)

We can find the amplitude of these vectors:

h, =le,| = \/(sinG cos¢)? + (sin@sin¢p)? + (cos6)? =1

hg = leg| = \/(r cos ¢ cos 0)2 + (rsin¢ cos8)2 + (rsin@)2 = r

hg = |e¢| = /(rsin@sin¢)? + (rsin6 cos p)? = rsinf
So, we can obtain the unit vectors by normalizing:
€, =e,= (cos¢,sing,0)
~ €9 . .
€ =—"= (cos¢ cosB,sin¢g cosf,—sinh)

€
rsin @

= (sin¢,cos¢,0)

é¢:

Note that the scale factors are useful when defining an infinitesimal vector displacement in general
curvilinear coordinates, in terms of their unit vectors (use the definition of total differential on r):

or Jar

Jr
dr=—du1+ du2+'"+—duM

du, Juyy
= eldul + ezduz + -+ eMduM
= hldulél + hzduzéz + -+ thuMéM

This will be useful in the chapter on multiple integration:

Coordinate System Scale Factors Infinitesimal vector displacement
h, =1;

Cartesian (x,y,z) hy, =1; dr=dxX+dyy+dzz
h,=1
hp =1;

Cylindrical (p, ¢, 2) hg = p; dr=dpé,+pdpé,+dze,
h,=1
h.=1;

Spherical (7, 6, ¢) hg =1; dr=dr &, +rdf g+ rsinddg &,

hg =1rsinf
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PROBLEMS:

11) Find all first and second partial derivatives of the function f(x,y) = 2xe¥ + yx

First order:
af of
— = y = = y
o 2er +y 3y 2xe”r +x
Second order:
a 02 a
1 RUN VAL
d0x? ay? 6y dy
02 02 d
sl —(—f>—2ey+1 A (f)_zy+1
dxdy 0x \dy ayax 6y d0x

12) Find the total differential df of f(x,y) = sin(x?%y).

of  of
df = adx +@dy

The partial derivatives are: Z—ﬁ = 2xy cos(x?y) and g—; = x2 cos(x?y). Therefore:

df = 2xy cos(x?y) dx + x? cos(x%y) dy

13) Find and classify the stationary points of f(x,y) = 1 — 2x + x2 + y?

First order partial derivatives must be zero at stationary points:

af
fx %——2'{'23(—
fy $=2y—0

From the first equation, the solution is x = 1. From the second equation, the solution is y = 0. Both
are simultaneously zero at the point (x,y) = (1,0).

Now, let’s classify the stationary point. The second order partial derivatives are:

== (gﬁ) B .k
02 d a
fey = ax(;y 0x (6§) ay(ai)

To classify the stationary points, we need to look at the sign of the second order correction.

ADF(Dx, Ay) = 5 [fux(B)? + fyy (AY)? + 2f;, (AxAY)]  (Eq. 1)

Which, with some algebra, can be rearranged into the following form (given in the exam):

2 _£2
A(z)f(Ax, Ay) =% frx <Ax +]]:x_yAy> + <f;wcf3/;/—f;0/> (Ay)zl
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Looking at the sign of the non-squared terms, we can arrive at the conditions used to classify the
stationary point:

*  fuxfyy — fxzy < 0 = Saddle point (easy case: if fy, and f,,,, have opposite sign)
o fuxfyy — fi > 0 = Maximum or minimum:
Both f,, and f,,, are positive = Local minima
Both f, and f,,, are negative = Local maxima
*  fexlfyy —fxzy = (0 = Undetermined. There is a direction where the function is flat to second
order. Further investigation (higher order Taylor) is required.

At (x,y) = (1,0) we have fy, = 2, f, = 2and fy,, = 0. Therefore, fyr f,y — fiy =4 — 0> 0,s0itis
a maximum or minimum. Since fy, and f,,, > 0, it is a local minimum.

14) Find and classify the stationary points of f(x,y) = xy2 +y — x

First order partial derivatives must be zero at stationary points:
fx=%=y2—1=0 fy=%=2xy+1=0

From the first equation we get y = 11, and substituting it into the second, we get:

Fory=1-> 2x+1=0 - x=—%

Fory=—-1-> —-2x+1=0 - x=%

So, the two stationary points are: (x,y) = (—%, 1) and (%, -1).

Now, let’s classify them:

The second order partial derivatives are:

92f 9 (of 92f  a (of
= = —| — =0 = = —| — =2 y
fax dx? 0x(6x) Ty dy? 6y(6y> xe
92f  a (af\ @ (of
= = || = — | = =2 y 1
Sy 0x0y 0x(6y) ay<0x> et

To classify the stationary points, we need to look at the sign of the second order correction.

ADf(Ax,Ay) = 5 [fex (A)? + £, (Ay)? + 2fy (AxAY)]  (EG. 1)

Which, with some algebra, can be rearranged into the following form (given in the exam):

2 _£2
fux (Ax +’;"—yAy> N (ffy;—”) (Ay)zl

This problem introduces a minor setback, because here we have f,, = 0 which means that this
rearranged form has undetermined terms. We can however reason as follows: By looking at the

1
A@f (ax, Ay) = 5

original form of A f (Eq. 1), we see that it is completely symmetric in f,, and in fyy, therefore, we
can deduce that an equivalent rearranged form can be arrived at by switching the roles of x and y, as
follows:
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2 _ f2
fyy <Ay + fx—yAx> + <f—xxfy y ~ Jiy ) (Ax)?
fyy fyy

Which is now well defined. Looking at the sign of the non-squared terms, we can arrive exactly at the
same conditions that we have previously used. In fact, the conditions are valid in general.

1
ADf(ax,0y) = 5

*  fexfyy — fxzy < 0 = Saddle point (easy case: if fy, and f,,,, have opposite sign)
*  fuxfyy — fxzy > 0 = Maximum or minimum:
Both f, and f,,, are positive = Local minima
Both f,, and f,,, are negative = Local maxima
*  fuxlyy —fxzy = 0 = Undetermined. There is a direction where the function is flat to second
order. Further investigation (higher order Taylor) is required.

At (x,y) = (—%, 1) we have f;, =0, f,,, = —e and f, = 2e + 1.
faxfyy — fiy = 0 — (2e + 1) < 0, therefore, it is a saddle point.

At (x,y) = (%, —1) we have fy, =0, f,, = e T and fo, = 2e71 + 1.
faxfyy — fiy = 0 — (2e™* + 1) < 0, therefore, it is also a saddle point.

fxy)

Saddle point

Saddle point

15) Find and classify the stationary points of f(x,y) = xy + e*¥

First order partial derivatives must be zero at stationary points:

I 1 Wy=0 _U 1 Wy=0
o= =y +e?) = fy=5,=x1+e?) =
From the first equation we get y = 0, and substituting it into the second, we get x = 0:

So the only stationary points is: (x,y) = (0,0)
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Now, let’s classify it:
The second order partial derivatives are:
2 2
P SR =L 2
o 0x%z 0x \ox Yo 9y2 a9y \dy

) = e¥Vx?

At the stationary point (x,y) = (0,0) these take the values:

fex =0, fyy =0, fxy =2

To classify the stationary points, we need to look at the sign of the second order correction in all
directions.

ADf(Ax,Ay) = 5 [fex (Ax)? + £, (Ay)? + 2fy (AxAY)]  (EG. 1)

In this case we don’t need to do work with any rearranged term, because we have f,, = f,, =0
which leaves:

AP f(Ax,Ay) = 2AxAy

Clearly, the sign of the second order correction term depends on the signs of AxAy, and so it is positive
or negative along different directions, so this is a saddle point.

We could also have checked the usual condition: fyyfy, — fxzy < 0 = Saddle point

16) Given that x(u) = au? and y(u) = bu~?, find the rate of change of f(x,y) = x?e™ with
respect to u.

. . L. . d — d — L.
Solution: The partial derivatives of f are given by: é = 2xe” Y and é = —x?e™Y. The derivatives of
d d _ . . N~
X and y are: ﬁ = 2au and ﬁ = —2bu~3 The chain rule therefore gives us the total derivative:

df ofdx ofdy - B
du  dxdu +6ydu_(2xe )(2au) + (—x*e™)(=2bu">)

Which after substituting x = au? and y = bu™? gives:
df _
du

= 4a?u3e %" 4 2a2bue b
= 2a?ue %"’ (2u? + b)

(Zauze‘b”_z)(Zau) + (—a2u4e‘bu_z)(—2bu‘3)

-2

Note that we could have solved this exercise by brute force, directly obtaining f(u) =
flx@),yw) = (au?)2e~(bu"*) and finding the derivative df /du.
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17) Find the total derivative of f(x,y) = x2 + In(xy) with respect to x given that y = e* + x?

Solution: The chain rule gives us:

df _of , ofdy (

p ol 3y dx or,wecoulduse — = —— +—-—> withx =5

df oJfdx dfdy )
ds Oxds 0dyds

., d
On one hand, we need to find é

dy x
—=e*+2
il x
On the other hand, we need to find the partial derivatives of f (x,y) = x2 + In(xy), calculated always

assuming that the other variable is constant, without worrying for the fact that y changes with x.

Remember the derivative of In(u(x)) is as follows: % (Inu(x)) = j—ij—z = 1;((;))
9] 1 0 1
dx X dy vy

Therefore, the chain rule tells us:

df of ofdy N1y
dx  ox +6ydx_(2x+x>+(y>(e +2x)

We can now substitute y = e* + x? to get:

df_2 +1+ex+2x
dx x x eX 4+ x2

18) Consider the function f(x,y) = x? + e*¥ and the change of variables:

ey

Fmd and
'U

Solution: We apply the chain rule (generalised version) to find Z—Z:

af 6f dx Lo af ay
du  Oxou dy ou
Before we start finding the partial derivatives, we need to know the “inverted” change of variables

(i.e. x and y in terms of u and v). We can figure it out by solving the simultaneous equations for x and
y as follows:

{x =u+v)/2

y=u-v)/2

Therefore, we can now calculate:
of _9fox 9fdy _ v NS A ) e
au_axou  ayou Q“”em)+WQWQ_4'2 ¢

And substitutingx = (u+v)/2andy = (u — v)/2 we get:
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6f_u+v+u uzzvz
w2 2°

d
Next, we do the same for a—};:

of ofox Ofdy _ Xy (1) Xy ( 1)_ (y—x) Xy
av_8x6v+6y6v_(2x+ye )2 + (xe™) 2 =X 2 ¢

And substitutingx = (u+v)/2andy = (u — v)/2 we get:

of u+v v w-v?
—_= ——e 4
du 2 2

As usual with these problems, this could have also been solved by brute force, substituting x and y as
functions of u and v in the full expression of f(x, y) and then finding the partial derivatives directly.

19) Consider the following change of coordinates (x, y) to (u, v):

(=Xl

Find the unit vectors associated to the new coordinates, €, and €,,.

We need the conversion from (u, v) to (x,y), which can be obtained by solving the simultaneous
equations for x and y:

{x =u+v)/2
y=@-v)/2

The unit vectors are given by how the position vector r = xX + y§y changes when we change the
coordinates u and v:
_or (E)x 0y) _ (1 1)
=50 " \Guwou) T \2°2

_ar_(ax (’)y>_(1 1)
“ =% v T 2072

Dividing by their norm we can obtain the corresponding unit vectors:

L _ e 1 1)
e, = = — ,
Yo lleddl V2
A _ & _ 1
€, = =—(1,-1
T lleyll x/i( )

Note that this change of coordinates corresponds to a rotated (and scaled) rectangular grid.
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20) Consider the vector function of two variables:
F(x,y) = (xy® +y — )%+ (xy + )y
Find the linear function L(x, y) which best approximates F(x, y) at the point (xq,y,) = (0,1).

Solution: F(x, y) is a function with two inputs and two outputs. To find the best linear approximation,
we can use the Jacobian matrix. The best linear approximation is given by:

L(xo + Ax,yo + Ay) = F(x0,¥0) +J(x0,0) Ar

The Jacobian matrix is:

OF, F,

lax ey | _(y?P-1 2xy+1
Jxy) = 0F, OF, (y+yexy x+xexy>

an

Therefore, we know that the best linear approximation at every point is given by:

2 2
Xo¥V§ + Vo — Xo vy —1 2x9y0 + 1 Ax

L(xy + Ax, y, + A =( 0 )+(
(xo + Ax,y0 + Ay) Xoyo + eX0%0 Yo+ YooY xy + xpe%00) \Ay

If we compute this linear function at the point (x4, v,) = (0,1) we get:
_ (1 0 1 Ax) _(1+Ay
L@x1+89)=(;)+(; o) (Ay = (15 200)

We are asked for L(x, y) written as a function of x and y instead of Ax and Ay, so we can simply
substitute Ax = x —xg = x and Ay = y — yy = y — 1, and finally arrive at the linear function:

L(x,y) = (1 -}%IZx) =yX+ (1+2x)y

Which is, indeed, the best linear approximation to F(x, y) near the point (0,1).
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21) Prove that Z—ﬁ and g—); for any function f(r, 8, ¢) can be written using only spherical coordinates

and partial derivatives with respect to spherical coordinates as:

of . P 6f+ cos¢pcos@df sing df
ox _ Snocosa r 06 rsinfag
of of sin@of
9z~ " or r 060

Hint: spherical coordinate transformation:

[1r=x2+y2+ 22

x =rsinf cos ¢ 3
- VXxe+
y = rsinf sin ¢ and ! 6 = tan 1(%)
z=rcosb L 1 (Y
¢ = tan (;)
_ . -1 v
Hint: remember the derivative 5 tan u(x) = NETEYE

Solution:

For Z—i, we apply the generalized chain rule:

8f_6f8r+6f69+8f6¢
dx Ordx 000x 0¢ Ox
The required partial derivatives are:

or 1 2x _ X __rsinfcos¢
Ox 2 [xZ4+y2+4+272 [xZ+y?+ 22 r

= sinf cos ¢

9 (x*+y? 11 2x
ox <m>2+1 x2+y2+2% 3252 (x2 + y2 + 72)

z z*
_ r2sin 6 cos ¢ cos 6 1 sinfcos¢ cos® cos¢cosb
\Jr2(sin2 6 cos? ¢ + sin? @ sinZ ¢b) 2 rsin6 r
9 (y
¢ _ = 3) _ Ty -y
ax  (V\* ., x*+y* x%+4y?
(E) +1 x2
_ —rsin@ sin ¢ __ —rsinfsing  sing
" r2(sin2fcos? ¢ +sin2@sin2¢p)  r2sin2f rsinf
Therefore,
af df (cos¢cosO\df sin¢ \ df
Lo o (ZEZYY (2002
dx (sin cos @) ar + r d60 \rsinf/d¢
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For Z—}Zc, we apply the generalized chain rule:

0f_0f6r+6f86+8f6¢
dz 0rdz 000z 0¢ 0z
The required partial derivatives are:

ar 1 2z z rcos @
— == = = = cos @
0z 2 [x2+y2+22 [x2+y2+22 r

9 <@> 1

99 _ 0z z =—x2+yZZ—2= —JxZ+ 2

0z N z x2+y*2+z2 (k%2 +y?+2z?)
Jr2(sin2 6 cos? ¢ + sin? @ sinZ ¢b) _rsinf  sinf

B r? B rz r

z
L =0
0z
(3) +1
Therefore:
af_ af sin6\ df
5= s 5~ (55

This seemingly ugly expression makes intuitive sense if you think about it. It tells you how much the
function changes along z as a function of how much it changes along r and 6.

For example, if 8 = E, we are in the XY plane, and then o _ Oa—f — (1) a—f. Indeed, o1 is irrelevant to
2 0z ar r) 06 ar
af af

P when we are in the XY plane, while 50 will contribute less to é the bigger the radius is, and with a

negative sign because an increase in 8 will be a decrease in z.

. . . . d G} d
On the contrary, if we are in the z-axis, with 8 = 0, then we have a_); = % — O%. Indeed, when we
of

> must be the same thing as %, because in the z-axis the distance to the origin is

exactly the z-coordinate directly.

are in the z-axis,
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4. MULTIPLE INTEGRATION
4.1 INTRODUCTION TO MULTIPLE INTEGRALS

We now focus on integration when a function has N variables as the input: interesting!

A. REVISION OF DEFINITE INTEGRALS

A definite integral gives us the area of the graph of a function f(x) between x = a and x = b:

) N
I = fa f(x)dx = limpy,_q (; Ax - f(%’))

It is the limit of a sum when the interval [a, b] is divided by vertical lines into N stripes of the same
width and of a height given by the value of the function inside the integral (called the integrand) at
any point x; within the stripe.

Important: after doing the integral, the variable being integrated disappears from the result:

b
1(y,z) = f f(x,y,z)dx

However, if the upper limit of the integral is considered as a variable x, then the result of the integral
depends on x (after all, it is describing the area of f (x") as a function of the upper limit) and therefore
results in a function of x:

F(x) = f Fe)dx

It is always a good idea to use a different variable name inside the integral (x"), to formally distinguish
it from the variable in the limit (x), on which the result depends. If we differentiate this function F (x),
we recover the function inside the integral again. This result is called The Fundamental Theorem of

d d X
il —( [ f(x’)dx’> = £ 00

dx X

Calculus:

It tells us that integration is inverse to differentiation. This allows us to calculate integrals by finding
an antiderivative (i.e. a function whose derivative is the integrand).
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B. INTRODUCTION TO DOUBLE INTEGRALS

Double integrals can be done to functions which depend on at least two variables f(x,y). Double
integrals represent the volume under a graph of the function, limited to a certain area A in the two-
dimensional space of the variables (x, y).

V= fff(x,y) dA
A
INTERPRETATION AS THE LIMIT OF A SUM

Similarly to the case of the single integral, the double integral is defined as the limit of the sum of N
small segments of volume whose bottom area is AA; and whose height is given by the function
f (x;,y;) evaluated at any point (x;, y;) inside the area AA;. The collection of all segment areas AA;
fori = 1to N covers the entire area 4 in the (x, y) plane.

| fA Fry) dA = limpass (i v -f(xi,yl-))

For single integrals, the division of the interval [a, b] into differential segments dx can only be done
in one way. For double integrals, the division of the area A into differential segments dA can be done
in many ways.

As a start, we will study integration in rectangular coordinates: using a rectangular grid of infinitesimal
squares of sides dx and dy, such that dA = dx dy.

The integral is a limit of a double sum of cuboids with base being a tiny square of area AA = AxAy
and height f(x;, y;), where the double sum uses the indices i and j to label the rectangles across the
x and y directions:

Ny Ny

| fA Fxy) drdy =limaaso | Y Y Ax-Ay - Fx0)

j=1i=1

f (xl+1;371) ‘I
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DOUBLE INTEGRALS IN RECTANGULAR REGION: ITERATED INTEGRALS

Double integrals can be calculated by simply considering one definite integral after another, and this
may be done in any order. As a start, let’s consider the simplest case in which region A is a rectangular
region bounded by x € [a, b] and y € [c, d] so we simply perform the two integrals, in any order. This
is called Fubini’s Theorem:

1=ﬂfmwM=L%fﬂmm@mcLXfmwmﬁm

Think about the addition of cuboids before taking the limit: the order in which we sum the rectangular
cuboids (whether we first add them along x, and then along y, or the other way around) is irrelevant
to the final answer of the total volume.

Consider the first case above, where we first integrate over x and then over y. The inner integral

h(y) = f: f(x,y) dx results in a function of y only. Think about what this function represents: it is

the area of a cut-plane of the original function. Then, when we integrate g(y) dy, the volume of a
differential slice, in the interval y € [c, d], it results in the desired volume.

Visual outline of Fubini’s theorem:

a
g0 = f fGxy)dy
fxy) g(xp) = area of ‘)

| cutplane x = x, Q(%

f(x0,¥)

X
a XO !
b
h) = [ Feuyax
a
b
y
h(vo) = h(o)
area of
cutplane y = y,
d
¢ .’=f h(y)dy
_3’

c Yo d

= jL £x,y)dA = f g0 dx = f ") dy
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1) Calculate the following double integral, where the rectangular region A is bounded by x € [0,1]

andy € [0,1]
ff x(y? +x)dA
A

Solution: We do the division of the area into differentials of area using rectangular coordinates, so
that d4 = dx dy, and perform the iterated integration in any order:

I=ffx(y2+x)dxdy=f1<f1(xy2+x2)dx>dy
A o \Jo

The inner integral is:
! 2 2 1 2 1
h(y) =] (xy*+x%)dx==-y*+ -
0 2 3

And it represents the area under f(x, y) when y is fixed (that is why it is a function of y) and bounded
between the two left and right limits x € [a, b].

The outer integral is then the final answer:
I—flh()d —fl(l 2+1)d Ll
=)= )Y T3 Y TET3TS

Note that we obtain the same result if we had chosen the reverse order in the integration:

Lret 11 1 1 1
1=ﬂx(y2+x)dxdy=f f(xy2+x2)dy dx=f (—x+x2) dx=-+-==

h(x) =%x+x2

SEPARATION OF ITERATED INTEGRALS

Often, the integrand can be written as a product of two functions of a single variable each. Then (as
we know from standard integration) we can take out of the integral everything which does not depend
on the integrated variable, as if it was a constant. Doing this, we can “separate” the double integral
into the product of two integrals.

[ o axay=[* ( F90) ax)ay = | "9 ([ NS ox) oy

= ( J N dx) ( | dg(y)dy)

We usually write this as a single step:

[rweoyaxdy = [ reoar [ g0y
Ll S0,
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C. PHYSICAL INTERPRETATION

The mathematical description of double integrals is defined as a volume under a graph (in analogy to
the single definite integral being defined as an area under a graph), however the physical meaning is
often different to a volume, in the same way that single integrals are often not an area.

Remember: Examples of physical interpretation of single integrals:

The single integral can be interpreted as the sum of some quantity (typically some kind of linear
density) over a line. In the context of physics, it is always very useful to think about the
magnitude/units of the integrand and the result. Don’t forget that in addition to the units of the
integrand, you also must consider the units of the differentials.

Total mass of a rod:

b
M = Alx) dx
[ ——
[kg] @ [kg/m] [m]

Total length of a line segment (trivial):

b
L = f 1dx=(b-a)
- N
[m] a  [m]
Total distance moved during a time interval, knowing the speed:
b
d = f v(t) dt
[m/s] [5]
Total displacement (vector) moved during a time interval, knowing the velocity (vector):
b
s = f v(t) dt
[m] [m/s] [5]
Total force (vector) acting on a rod (as a function of a “force density” f(x)[N/m]):
b
F = j f(x) dx
o e —
[N] @ [N/m] [m]
Total electric field created by a linear density of charge:

8 dq [C]

b
E =] &
[N7/c @ [Nm?c2] rl® | [C/m] [m]
=V/m] [ —2]
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Examples of physical interpretation of double integrals:

Similarly, the double integral can be interpreted as the addition of some quantity (typically some kind
of area density) over an area (or over any two-dimensional parameter space). This is best understood
through examples. Again, the units can help us greatly.

Total mass of a planar object covering an area A (with varying surface density a(x, y)):
ff a(x,y) dA
kgl ATkg/m?] 2]
Total surface area of an area A (trivial for rectangular areas but useful otherwise!)
2= Il e
[m?] 4 [m?]
Total force acting on a wall covering an area A experiencing a non-uniform pressure P(x,y)
ff P(x, y) dA n
A [N/ mZ]
Total volume above sea level of an island with topography height h(x, y) with h = 0 being sea level:
v o= f h(x y) a4
[m3] [mZ]
Total electric field created by a planar object covering an area A with surface density of charge:

dq [C]

ff ke 2 o(x, y) dx dy
N/c ANm? LL

[N m2 C~2] [C/m?2] [m] [m]
=V/m] dA [m2]

Total price of a plot of land A whose price per square meter is variable p(x, y)
p = f f plx,y) d4
[€] A [€/m2 mz]

Average temperature of a surface with non-uniform temperature distribution T (x, y):

[, TG, y)dA
Ty = = T(x,y) d4
T If,1dA H —

Average of any quantity f(x, y) over a surface A (also weighted average with weight w(x, y)):

fav = M weighted _ ffA flx,y) w(x,y)dA
av ffA 1d4 av ffA W(x, y) 1A

Centre of mass (average position weighted by the density) of a planar material:

) :ffAra(x,y)dA
Y o y)dA
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D. TRIPLE (VOLUME) INTEGRALS

Double integrals were justified by problems based on areas and plane 2D objects. Similarly, triple
integrals appear in problems related to volumes of 3D objects. These are defined as a limit of an
integral sum:

I = Zf(xi»J’i:Zi)AVi

TRIPLE INTEGRALS IN RECTANGULAR REGION BY ITERATED INTEGRATION

ffvf(x,y,z) dav = f:(fcd(fabf(x,y,z) dx)dy)dz

Examples of physical interpretation of triple integrals:

Similarly to the double integral, the triple integral can be interpreted as the addition of some quantity
(typically some kind of volumetric density) over a volume (or over any three-dimensional parameter
space). This is best understood trough examples. Again, the units can help us greatly.

Total mass of an object occupying a volume V (with varying density p(x, y, 2)):

fff o(x, y,z) av

[kg] [kg/ m3]

t Il

[m?] [m?]

Total volume of a region ()

Total electric field created by a 3D object covering a volume V' with varying charge density p:

dq [C]
I & lz pGy.2) dx dy 4z
[N/c V INm?c-2] [c/m3] [m] [m] [m]
=v/m] [m~ ] TavimI fm3]

Average of any quantity f(x, y, z) over a volume V (also weighted average with weight w(x, y, z)):

f — fffo(x’ Y Z)dV weighted — fffvf(x' Y, Z) W(xr Y, Z)dV
Yo, 1adv v [T, w(x,y,2) dv

Example: center of mass (average position weighted by the density) of a 3D object:

o _MyrpGay. 2 dv
N, p(xy,2) dV
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2) a) Calculate the total mass of a cube of side length 2 centred in the origin whose mass density
is given by p,, = (1 + xy?z?) kg/m?

Mtot— jff p(x,y,z) dV

Tkel Thg/m3] [(m]

ffv(l + xy?z2)dV = f_ll (f_ll (f_ll(l + xy?%z?) dx) dy> dz

We could do the iterated integrals directly, or we can take shortcuts. First, apply linearity (which also
works for multiple integrals):

ﬂ. (1 +xy?z?)dV = ﬂ-fldV+ﬂ.fxyzzz dv
1% 1% 1%
And then apply separation of each integral (as it is made up of a product of functions of single
variables):
1 1 1 1 1 1
=f dxj dyf dz+f xdxj yzdyj z?dz
-1 -1 -1 -1 -1 -1

22\ y? y=1 ,,3\2=1
= (x)x——l(y)y_—l(z Pt ( 2 > <?> <?>
x=-1 y=-1 z=-1

=(1+1)(1+1)(1+1)+G—1)(1+%><%+%)

The total mass is given by:

2)\3
0
=8+0=8kg

Notice how the x term cancelled out the contribution from the variation in mass, so that only the
constant density became important. That is because the variation with x had an ODD symmetry, and

so all the mass lacking in one side (x < 0) due to the decrease in density, was exactly compensated
by the excess mass on the other side (x > 0).

b) Calculate the centre of mass of the cube

The centre of mass is given by:

r =fffyrp(x'ylz) dV=fferp(x,y,Z) dv
& fffv p(x,y,z)dV Mot

We already have the denominator, which is the total mass, so we need to calculate the numerator.
The integrand is a vector, so the result will be a vector too. We need to integrate each component

separately:
Moty = fff rp(x,y z)dv
v

Mot G::) = j f fv (f/) p(x,y,z) dV
av z

So, component by component:
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Mtotxav=fﬂ-x(1+xy z2)dV = fffxdv+fﬂ-x2yzzz dv
8
=jxdxj dyj dz+] x dxfy dyjz dz=0+--kg'm
-1 - 1 27

0 2

2 2
3 3

Mtotyav=fffy(1+xyzzz) dV=fffde+fﬂxy3zz dv
4 1 1 Y o 1
=j dxf ydyj dz+] xdxj y3dyj z2dz=0kg-m
-1 Ja -1 -1 -1 -1
0 0 0 z
3
MiotZay = jffz(1+xyzzz) dV=fﬂZdV+fﬂxyzz3 dv
v v v
1 1 1 1 1 1
=f dxf dyf ZdZ-l-f xdxf yzdyf z3dz=0kg-m
A -1 -1 -1
0 0 z

0

So, overall, dividing the three results by M;,; = 8 kg we get the centre of mass (weighted average

position):
Xav 1/27
Ipy = | Yav | = 0 m
Zav 0

Notice how, this time, the uniform density term (1) always integrated to zero for the three integrals,
because obviously, the centre of mass of a uniform density cube centred at the origin is the origin
itself. However, the variation in density term (xy2z2) does provide a non-zero centre of mass caused
by the odd symmetry of the density along x, which moves the centre of mass in the x direction, as the
x = 1 side of the cube is denser than the x = —1 side. The even symmetry of the density along y and
z means that the center of mass is not moved in the y nor z directions.
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PROBLEMS

3) Calculate the following integrals over the rectangularregion R:0 < x < 2and1 <y <2

11=fR(x+y)dA

Izszdi
R

I3 = jf 4xye"“2‘y2 dA
R

Solution:

2

Il—ff(x+y)dA ff(x+y)dydx—f [xy+ y? 1dx=f0<2x+2—x—%)dx

3 3
= x+>dx—[x+ x] =2+3=5
jo( 2 2 2 -0

xX=2

I, = ffR(x) dA = j: flz(x) dy dx = (separation) = flzdy J:x dx = (1) ze)x=o =2

2 (2
I; = ﬂ (4xye‘x2‘y2) dA = j f (er"‘2 2ye‘3’2) dy dx = (separation)
R o J1

xX=2

2 ) 2 ) aye2e pxe
=j1 (Zye 3’2) dyj0 (er xz)dxz [—e yz]y=1[—e "Z]x=0

=(—et+e D(—et+eD=eB—eP—et+e?

4) Calculate the following triple integral over the region V given by the unit cube (side lengths one)

whose centre is at the origin
I = f.U sin(x) dV
14

Solution:

I = fff sin(x) dV = f__f__f__sm(x) dxdydz = J—__(sm(x)) dx f__dyf__dz

1 1
= [— cosx] 2 . [ =O)@M@ =0

AR

2 2 2
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5) Calculate the centre of mass for a square plate 0 < x < 1 and 0 < y < 1 whose mass density

iso = ye*.
Remember:
o _fyrotey)da
v [f,0(xy) dA
Solution:

Let’s calculate the denominator first (the total mass)

e |

1 1 1
ff o(x,y)dA = ff ye*dx dy = f e* dx f ydy = [e¥]¥Z} [—yz] =
A A 0 0 2 y=0 2

Now calculate the three components of the nominator (integrate component by component, knowing
thatr = (x,y,0):

ﬂ ro(x,y) dA = / HA" a(x,y) d4
A \ﬂAy a(x,y) dA

1 1
ffxa(x,y)dA=ffxyexdxdy=f xe* dx f y dy
A A 0 0

1 o .
J, xe* dx can be done using integration by parts [ uv’ = uv — [ vu’

The x-component:

Take{l,lzx_)u =1

vV=e*>v=¢e*
1 1
fxexdx=[xex](1,—f e*dx=(e—0)—[e¥]i=e—e+1=1
0 0

1 1 1 1 1
=jxexdxjydy=(1)[—y2] ==
0 0 27 1o 2

The y-component:

1 1 1 o

1 e—1

ﬂya(x,y) dA=ﬂy2e" dxdy=j e* dx j y*dy = [e*]g [—y3] =
A A 0 0 3 0 3

So, putting it all together:

(%'651):( L2

e—1'3
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4.2 DOUBLE AND TRIPLE INTEGRALS

A. DOUBLE INTEGRALS IN NON-RECTANGULAR REGIONS

In a rectangular area, the double integral was performed by integrating along one direction first, with
constant limits of integration, and then integrating this function along the other remaining direction:

Ax

—

A
yI ' Region A

=d
o y=d LN .
x=a =h 1 '
) —"(x | i
x:a: :x:b

| I
| |
—————— | 1
| |

,,,,, oo 7

fo(x,y)dxdy=fcd<fabf(x,y)dx>dy or Lb<Ldf(x,y)dy>dx

When the region is not rectangular, we have to change the limits of integration to be a function:

1L~ Region 4 IR

N

- \ s i
X \ \
Py - 14
/

AyI

i+

b

X
y=c(x)

ﬂAf(x,y) dx dy = fcd (ﬁj:)f(x,w dx> dy or fab (f::)f(x,y) dy) dx
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Always remember that the integration removes the variable of integration, but also adds back any
variable which appears in the limits of integration. Therefore, if we first integrate along x, we want
the result to be a function of y only, with no x, ready for the outer integration, so the limits cannot
involve x. On the other hand, if we are first integrating along y, then the limits must be functions of x
and notinvolve y. In principle, the order of integration is an arbitrary choice. In practice the difficulty
of the integral (or even the feasibility) can depend on the order we choose.

1) Calculate the area of the triangle shown by using double integrals

-1 0| 1 x

Solution: To calculate area using a double integral, we need to use 1 as the integrand. We will show
both possible orders of iterated integration.

1) Doing first the integration along y. This will mean that we must divide the area into two regions.

y

AN
A=ﬂ;dxdy=ledxdy+fT2dxdy=f_i(};1+xdy>dx+J:(f()l_xdy)dx

1 0 1
= '[_l[y];,’;;+xdx+j0 [y]g,’;é_xdx = j_l(1+x)dx+f0 (1 —x)dx

1 x=0 1 x=1 1 1
=[x+—x2] +[x——x2] =1--4+1--=1
2 L= 2 ly=o 2 2
2) Doing first the integration along x. Then we can do it in one single integral as we can use a function

for both the lower and upper limit of the inner integral.

1/ r1-y 1 1
A= [[axay = (f dx) dy= [ WSy = [ @-2ndy =2y -y B =1
T 0o \Jy-1 0 0

As you can see, this second choice made things easier. Interestingly, in some cases, one path leads to
an impossible integral while the other path is simple.
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2) Problem: Find ffR(4x + 2) dA where R is the region of the plane contained between the graphs
y=x?andy = 2x.

Solution: First, sketch the region and label the curves. The two graphs meet at x = 0 and x = 2 (the
two simultaneous solutions).

N3

(a) (b)

(a) Integrating first along x:

4/ oy 4 B
ff (4x +2)dA = f < (4x + 2)dx> dy = f (2x? + 2x);‘;;,/72dy
R o \Uy2 0

4 1 ‘1
=j (2y+2\/_—5y2—y)dy=f (—§y2+y+2y1/2)dy

0 0
_( 1a,1, 4 3/2)y=4_ 64 16 4. 32 o 32
" T2Y T3 ) T T T2 T30 T T3 3

(b) Integrating first along y:

2 2x 2
ff (4x +2)dA = f < (4x + 2)dy> dx = f (4xy + ZY);’:?zcdx
R 0 x2 0

2 2
= f (8x% + 4x — 4x3 — 2x?) dx = f (6x% — 4x3 + 4x) dx
0 0

=2x3—x*+2x?)¥23=16—-16+8=8

Both give the same result.
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B. TRIPLE INTEGRALS IN NON-RECTANGULAR REGIONS

We can define the limits of each successive integration as functions which depend only on the
variables whose integration we have not yet done.

_e1(xy)

L A

e I (M

g(x.y)
h(z)

As usual, the order of integration is not fixed (but can be important for ease of calculation).

The procedure is exactly equal to projecting the whole volume into a plane (e.g. the XY plane) and
then performing a double integral of function g(x, y) over the projected area.
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3) Calculate the integral of f(x,y,z) = x over the region given by

x>0,y>0,andx?+y?<z<1.

Solution:

z =x? +y?

We have many possibilities on the order of integration, some will be harder than others:

- Start integration along z (i.e. projecting onto the XZ plane)

1[ V1-x2 1
I = f f (f x dz) dy
0 0 x2+y2

- Start integration along x (i.e. projecting along the YZ plane) and then integrating along z first:
[ (1 (7
I = f f f x dx |dz|dy
o |Yy2\Jo

- Start integration along x (i.e. projecting along the YZ plane) and then integrating along y first:

[Uf(fomxdx>dy

dx

dz

Let’s choose the third route:
x=4/z—y?

=L oo [[7E) wfe=3[ ] emmofe

1 (1 1 7=V 1 (1 1 1 (1 12 51

_Z _ 1.3 _2 32 _ % 32\ q, -~ [ 324, _2[% 5]
zfo [Zy 37 ]y=0 dz zfo (Z 37 )dz 3f0z dz 3[52 o
2

— 15
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C. CHANGE OF VARIABLES IN MULTIPLE INTEGRALS

In many cases it is possible to simplify calculation of a double integral (or calculate it at all!) by
introducing new variables u and v via connection equations:

{x = x(u,v)
y =yu,v)

This means that, in the definition of the integral, instead of “chopping” the integration area into
rectangles bounded by lines of constant x and constant y, we “chop it” by using curves of constant u
and constant v.

For example, we can change the integration to coordinates that are rotated, or to polar coordinates:

{u=x u=(x+y)/V2
veY v=(x-y)/V2

<
I
<

{x=u x=(u+v)/\2 {x=ucosv
- y=Ww—-v)/\2 y=usinv

When doing a change of variables we need to:

(1) Change the integrand to the new variables: f(x,y) - f(x(w,v),y(w,v)) = f'(w, v).

(2) Change the limits to make sure they define the same integration region in the new
coordinates. The limits may look very different in the new (u, v) coordinates, usually
simpler if the coordinates are chosen wisely, and may even allow the calculation of the

integral.
(3) Change the element of area dA = dx dy into some function dA = j(u, v) du dv that
accounts for the area of the new “chopping method”. We will see that j(u, v) = %

Let’s explain this through an example:
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4) Calculate the area of a circle by doing a double integral (with an integrand of 1).

The limits of integration in rectangular coordinates would require us to integrate:

R [ VRZ-xZ
AcirczjfdA=ffdxdy=J j dx |dy
c c -R \Y-VRZ—x2

Which is a relatively ugly integral with square roots! However, we can simplify this calculation by using
polar coordinates; then the limits of integration become simple p € [0, R] and ¢ € [0,27].

x=—JRE—y? %=

-i-q.\

-

-

\ 4

z
7

How NOT to do it: Do steps (1) and (2) but forget (3) changing the differential of area

Ao = [[ aa ™ [ ap dp = " anq') dp = 27R (WRONG)
[faa™ = [[avar=[ ([ "a0)
C c 0 0

Above, we simply changed the limits of integration to the ones for polar coordinates.

However, by doing this, we obtained the area of a rectangle of sides 27 and R. That rectangle is exactly
how the region of integration of a circle looks like when viewed in polar coordinates, however, how is
mathematics going to know that we meant to be using polar coordinates and not integrating a

rectangle? How can maths distinguish f: (fom d¢) dp from f: (fom dx) dy? The answer is it can’t.
Maths doesn’t care about the symbols we use. There must be something that tells mathematics that
we are working in deformed coordinates, and the answer is that we need to use d4 = p d¢ dp. This

is because the differentials of area that are closer to the origin, are clearly more “squashed” and
“count” less towards the area than those far away!
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So how do we know what to write for d4 when changing variables? There are two methods:

FIND dA BY GEOMETRICAL INTUITION:

(Only works for simple cases... which is most of the times). Picture the differential area by considering
it enclosed between lines of constant u and v, and then find out an expression for the area created,
in terms of du and dv. For example, for polar coordinates, consider a small increase in radius dp and
a small increase in angle d¢:

Since the increase in p is infinitesimal, we can assume that the length of the arcs p d¢p and (p + dp)d¢
are equal (by ignoring squared differentials). Also, the increase in angle ¢ is infinitesimal, so the curved
arc becomes a straight line. In the limit, the area tends to a parallelogram (in this case a rectangle)
whose area is exactly the product of the sides dA = p dp d¢.

Let’s redo our calculation of the area of a circle now:

CORRECT
Aaire = [[ 44 [ pdp ap
C C

The area of the circle in polar coordinates becomes simple limits of integration p € [0,R] and ¢ €
[0,27], so we can substitute:

- fo N ( fo P dp) dg = fo Yo fo “pdp =[98 [”Z—Z]H _ 7R?

giving us the correct answer for the area of a circle.
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FIND dA USING THE JACOBIAN - GENERAL RECIPE FOR CHANGE OF VARIABLES

Consider what you do when you integrate a function of x and y over some region. Basically, you chop
up the region into boxes of area dA = dx dy, evaluate the function at a point in each box, multiply it
by the area of the box, and sum over all boxes. What you do when changing variables is to chop the
region into boxes that are not rectangular, and instead chop it along lines that are defined by some
function, u(x, y), being constant. Now in order to evaluate the sum of boxes, which may be slanted
now, you need to find the "area of box" for the new boxes - it's not d4 = du dv anymore.

1%
3‘{ Original space Transformed space
0x d
r 3
/’\“ o dudv
N dv ¢ - dA
N v -
dx \ 0y du
_________ . d v T
Yo : u (au X Ju y)
i B A B
Al X u
Xo Ug
= x(ug, Vo)

As the boxes are infinitesimal, the edges cannot be curved, so they must be parallelograms (adjacent
lines of constant u or constant v are parallel). The parallelograms are defined by two vectors - the

vector resulting from a small change inu, and the one resulting from a small change inv. In

0x o 0y A 0x o , 0y A L
component form, these vectors are du (ﬁx + ﬁy) and dv (a—jx + a—iy), where the derivatives are

evaluated at x, and y,. To see this, imagine moving a small distance du along a line of constant v.
What's the change in x when you change u but hold v constant? The partial of x with respect to u,
times du. Same with the change in y. (Notice that this involves writing x and y as functions of u, v,
rather than the other way around. The main condition of a change in variables is that both ways are
possible). The area of a parallelogram bounded by two vectors is given by the determinant of the
matrix formed when the vectors are used as columns:

0x 0x Ox JOx
_ ou ov| _|ou adv _
dA(u,v) = dy ay| = lay ay dudv =
ou ov Ju Ov

a(x,y)
o(u,v)

‘ du dv

Which gives us the general recipe for change of variables in multiple integration. We always must take
the absolute value of it, as dA should always be positive. The matrix whose determinant we are taking
is called the Jacobian of the transformation (see lesson on multivariate derivative) and it can be
extended to more dimensions:

dx/ou O0x/dv .. Ox/ow
_0x,y,..,2) _[ady/ou dy/ov .. dy/ow
T, .., W) : : - :

J
dz/ou 0z/dv .. O0z/0w

(Parts of text taken from user Dan at StackExchange)
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The general rule for a change of variables in double integration is:

J

a(x,y)
d(u,v)

feyydxdy = || fer vy | du dv

Alxy) Acuw)

5) Calculate the volume of a hemisphere using a double integral in polar coordinates.

We are going to integrate the function z = \/R? — x? — y? over an area in the XY plane given by a
disk of radius R, i.e. p € [0, R] and ¢ € [0,27].

y =psing

=[] o aa= [| yRE=T=yEaa = {20 = ] VRS G do ap

! o 2 R 1

= f (f pJR? — p? d¢> dp = (separation) = f d¢f p (R? — p?)2 dp
0 0 . .

p=R

- (2m) [_% (R? - pz)%]p=0 - 2m) (%R3) _ 2o

3

which is half the volume of a sphere.

6) Calculate the total mass of a disk of radius R whose density increases with the radius as a(p) =
1+ p2.

If we tried doing it in rectangular coordinates:

R /RZ_yZ
M= ff a(x,y)dA = f f (1 +x% + y?) dx |dy = (long procedure...)
D -R\’/-/RZ-y2

In polar coordinates it becomes very easy:

M=ffDa<x,y)dA=ffD<1+p2)(pdpd¢>=f02n(f;p<1+p2) dp)d¢
dA

2 R RZ R4- 1
=f dqbf (p+p¥dp =2n(—+— =T[R2(1+—R2>
. 2 2 4 2
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CHANGE OF VARIABLES IN TRIPLE INTEGRALS

Change of variables in triple integrals are the same as in double integrals. We change the variables,
the limits, and the volume element. The Jacobian is now a 3-by-3 matrix:

/]

d(x,y,
f(x’ Y Z) dx dy dz = -fij f(x(u' v, W): }’(u: v, W),Z(‘U,, v, W)) ‘6((5, i/'_‘i))

(uvw) f’ (u,v,w)

du dv dw

(xyz)
dv

7) Calculate the volume element dV in spherical coordinates:

y =rsinfsin¢

§x=rsin9cos¢
z=rcosf

We can do this formally via calculation of the Jacobian determinant:

dox/0r 0x/d¢p 0x/d0 sinfcos¢p —rsinfsing rcosbcose

da(x,vy,z
6((7"—;5,0)) = |0y/dr 0y/0¢ O0y/08|=|sinfOsin¢ rsinfcos¢p 7 coshsing
v dz/or 0z/d¢p 0z/060 cos 6 0 —rsinf
= cos 6 (—r? sin? ¢ sin  cos & — r2 cos? ¢ sin 6 cos H)
— sin @ (2 sin? 0 cos? ¢ + r2 sin? @ sin? ¢)
= —12sinfcos?O —r?sin®0 = —r?sin G (cos? @ + sin®?H) = —r?sin b
Therefore:
dv = 3((:;;)) dr d6 d¢ = r?sin @ dr df d¢ (always take the positive value as it is a volume)

We can also obtain it from geometrical intuition, although it is tricky as one needs to accurately picture
where the angles are subtended from (6 is sustained from the origin, but ¢ is sustained from the z-

axis):

/rﬂn9d¢

4 .,
.
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The volume element for commonly used coordinate systems (given in the exam):

Coordinate system Volume element dV/
Rectangular (x,y, z) dx dy dz
Cylindrical (p, ¢, z) pdpd¢ dz
Spherical (1, 6, ¢) r?sin@ dr d¢ do

8) Calculate the volume of a sphere using a volume integral in spherical coordinates

In spherical coordinates, a sphere is given by r € [0, R], ¢ € [0,2rr] and 6 € [0, 7].

Therefore, the volume can be calculated in spherical coordinates as:

o= [[[ rav = [[] o amaran= [ [[7([ v smoas) ao] o
= (fomdqs) (fORrZ dr) <f0nsin 0 d9> = (2n) (R;> [~ cos 0192 = gnR3

Is this the first time in your education that you see this equation proven to you, rather than given?

If only Archimedes had known about this method! He spent years trying to figure out the volume of a
sphere. He finally did it, in an amazingly clever way by realizing that the volume between a sphere and
a cylinder that contains it was, plane by plane, equal to that of a cone. He requested that his
tombstone display a sphere inscribed in a cylinder.

Here we solved it, start-to-finish, on just two lines and requiring only trivial integrals. Beautiful.

Compare the efficiency of this calculation in polar coordinates to what would have been required if
we were using rectangular coordinates:
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VOLUME OF A SPHERE BY INTEGRATION IN RECTANGULAR COORDINATES.

To illustrate the usefulness of alternative coordinate systems, let’s calculate the volume of a sphere
in rectangular coordinates (which as we saw can be done in two lines using spherical coordinates).

9) Calculate the volume of a hemisphere of radius R centred at zero with z > 0 using double
integration in rectangular coordinates

Solution:

V= sz(x,y)dx dy

With z(x,y) = /R? — x2 — y2 being the height of the hemisphere, and the region of integration D
being the disk centred at 0 with radius R. We first need to find the equations for the limits of
integration. Knowing that the equation for the circle is x2 + y? = R? we can find the limits of

integration as a function y(x) = +VR? — x? or we could have written it as a function x(y) =
+./R? — y?. Using one or the other would depend on the direction of integration we choose:

x=—JRZ—y? x=,R*—y? y =+VR? —x?

_R\J-yr52

R /RZ_yZ
f (f R? — x?2 —y2 dx)dy

Now, we can be smart and simplify our lives by using arguments of symmetry. The volume of the
hemisphere will be four times the volume of only one quarter. Therefore;
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R VRZ—x2
V=4f f JVR? —x? —y?dy |dx
0 \Jo
This is a very common integral which appears a lot when dealing with spherical surfaces.

f K2 — x2dx = = (x\/Kz—x2+K2arcsm(K))+c

Proof: Change of variables x = Ksinu — dx = K cosu, which means VK2 — x2 =

VK2 — K?sin?u = K cosu:

2 _ 20y — K2 2 _ 2 1.1 _p2(¥ 1.
K? —x?dx =K* | cos*u du=K 2+2cos(2u) du=K 2+451n(2u) +c

Then apply sin(2u) = 2sinucosu = 2sinu V1 — sin?u

u 1
= K? (E+—sinu\/1—sin2u)+c

2

and substitute back the change of variables u = arcsin(x/K) and sinu = x/K

= %(x\/KZ —x2 4+ K? arcsin(%)) +c

I will provide this integral in the exam if it is needed.

Therefore, the double integral can be solved as follows (use K? = R? — x? as constant for the inner

integral):

yZ‘/RZ—Xz

y
V= 4f [ w/R2 —x2 —y2 + (R? — x?) arcsin )] dx
y y? RZ — 12

y=0

R1
=4f —(+VR2—x2R2—x2 —RZ + x2 + (R? — x¥) arcsin1 — 0 — (R? — x2) arcsin 0 | dx
0 2 5 T ﬂ#

R1 T R 2
=4f —(RZ—x¥)=dx=m (Rz—xz)dx=1'[[ x__x] ( R3)=—T[R3
0 2 2 0 3

s . 4
Hence the volume of a sphere is twice this, Vg, = gﬂR3.
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10) Calculate the volume of a sphere of radius R using a triple integral (in rectangular coordinates)

Solution:

Project the sphere onto the XZ axis by doing the integral along z: this produces a function g(x,y)
whose double integral can be done over the two dimensional disk.

z=—JR2 —x2 —y2

fffsf(x.y,z) dV:f:

r VRZ2—x2 \/RZ—XZ—yZ -I
f f dz |dy|dx
l —VRZ—x2 _\/RZ_xZ_yZ

gxy)
h(z)
R VRZ—x?2
=f f (2 Rz—xz—yz)dy dx
-R|/-VRZ=x2
gxy)
h(z)

Which becomes identical to twice the double integral we did for the hemisphere. So, we can arrive

. 4
once again at the answer 5”R3'
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PROBLEMS

PROBLEMS: DOUBLE INTEGRATION IN NON-RECTANGULAR REGIONS

11) Calculate the integral ffR xy dA over the region R enclosed by the lines x =0, y = 0 and
y=1-—x:

Solution: Integrating first along y:

1 r1—x 1 1 y=1-x 1 1
ﬂ.xy dA=ff xydydx:f (—xy2> dx=f (—x(l—x)2>dx=
R 0 Y0 0 2 y=0 0 2
11 1 1 1 1.1 11 1 1
— 3 N2 - — |44 __,3 a2 —__ = =
fo(zx X +2x>dx [8x 3% +4x]0 8§ 372”22

12) Find the area of the region contained between the graphs x = y3,x + y = 2and y = 0.

Solution: First get intuition for the different graphs: y = 0 is the x-axis; x = y3 is the inverse of y =
x3 which requires mirror-inverting it through the diagonal x = y; x + y = 2 is a straight-line crossing
(0,2) and (2,0). The curve and the line intersect at (1,1) (solution to their simultaneous equation
y3 + y = 2). Therefore, we draw the region:

y

y=2—-x

We can do this integral in two different orders. If we decide to integrate along y first, the integral will
need to be split into two, as the upper limit changes function half-way.

1 Ux 2 2—x
A1=j <j 1dy)dx+f (f 1dy>dx
0o \Jo 1 \Jo
1/ 2~y
A2=f (f 1dx>dy
0 y3

Both must give the same result:

L 2 3 ay*! 2\ 3 1y 5
A1=fx1/3dx+f(2—x)dx=(—x§) +(2x —— =—+(4—2—2+—)=—
0 1 4 2) ., 4 2) 4

x=0

1 1 2 4\ V=1
= X=2-Y 40— v vdy = 2y L Y _>5
Az fo (), o,z dy fo (2-y—-yHdy <2y > 4> T
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13) Calculate

sin x
f f da
R X

Where R is the triangle in the XY plane bounded by the x-axis, the line y = x, and the line
x =1

Solution: Start by sketching the region of integration and identifying the limits.

(a) (b)

R 2 y=x
X =) == — o le—x=1 *=0= I‘ r—x=1
= 4111
y=20 ylo

(a) Integration along x first:

sinx 1/ tsinx
ﬂ dA =f ] dx | dy
R X o \Jy X

It cannot be done. There is no antiderivative for the function sin x /x.

(b) Integration along v first:

sin x 1/ *sinx
20w [([50 )
R X o \Jo X

The inner integration is trivial because the function does not depend on y. Then, substituting the limits
of integration helps to simplify the outer integral:
1

L/ *sinx Lrsinx 177 1 /sinx _ L
f — dy dx:f [ y] dxzf (—x—O) dxzf sinx dx = [— cos x]g
o \Jo X ol X y=0 o v X 0

=1—cos(1) =~ 0.46
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14) Find ffR(x3 + 4y) dA where R is the region of the plane contained between the graphs y = x?
and y = 2x.

Solution: First, sketch the region and label the curves. The two graphs meet at x = 0 and x = 2 (the
two simultaneous solutions).

N3

(a) (b)

(a) Integrating first along x:

4 W 4 1 x=\/§
ff (x3+4y)dA = ] < (x3 + 4y)dx> dy = j (—x4 + 4yx) dy
R 0o \Jy/2 o \4 x=y/2

4 2 4 4 2 4

y y 7y: y
= (T +ay32-L_2y2)d =f T a4
f0<4+y 64 y>y 0<4 TR

7y: S 8y y:4: 112 16 256 32
564
y=0

13 5 "3 35735 73

(b) Integrating first along y:

2 2x 2
[[ o2 waman= [ ([ o+ amay)ax= [y + 2y 2ax
R 0 0

x2

1 6>"=2_64 64 32
=0 3 6 3

2
8
= f (%% + 8x% — x5 — 2xH)dx = (§x3 —x
0

Both give the same result.
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PROBLEMS: CHANGE OF VARIABLES

15) Let R be the region in the first quadrant of the xy-plane bounded by the lines y = —2x + 4,
y=—2x+7,y=x—2andy = x + 1. Evaluate the following double integral on R:

ff (2x? — xy — y?*) dx dy
R

But do so by using the following change of variables to solve the integration:

{1;1 =: Zxx_-l-};/

Solution: It is convenient to have the change of variables written in its two forms (u, v) — (x,y) and
(x,y) = (u,v). Solving for x on the first equation and substituting on the second, and solving for y
on the first and substituting on the second, we can arrive at the inverse change of variables:

_U+U
*=73

_v—Zu
y=73

Now, to do a change of variables on a double integral, remember we need to do three things:
(i) Do the change of variables on the integrand f(x,y) — f(x(u,v), y(u,v)).

(ii) Rewrite the limits in terms of the new variables (hopefully, this simplifies the limits)

(iii) Change the differential area into the new variables: dx dy = |M| du dv

a(u,v)
In order to be completely clear with the steps, | built a table:
Coordinates x and y Coordinates u and v
. 2x% — xy — y?
i) Integrand uv
(I Integ = @+ )& -y)
y=x-2 u=2
y=x+1 u=-1
(i) Limits
y=-2x+4 v=4
y=-—-2x+7 v=7
(iiii) Differential gx/gu gx/%v | dudv = 1/3 _12/33| du dv
of area (Jacobian dx dy y/Ou  dy/dv 1 / /
determinant) = §du dv

Therefore, performing the three changes, we arrive at:

7 r2
1
I:ff(zxz_xy_yZ)dxdyzf f (uv)_dudv
R 4 J1 3

which is now an easy integral to be evaluated in a rectangular region. We can integrate first along u
or first along v.
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Integrating first along u:

I_jf dd ~ ﬂ(j_j%%avyi_jﬁ d—[ ] 16
uav = 117—4661742171]4 4

_4
Same result would be obtained integrating first along v.

We can visualize the region of integration and the new coordinate system. Notice why the change of
variables allowed simplified limits. The system of coordinates {u, v} is perfectly aligned with the region
of integration, and hence the limits become very simple.
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Also note how the Jacobian determinant of 1/3 can be interpreted as the area of the parallelepiped
formed by a unit increase in both u and v.

In this example, the change of coordinates was linear, so the new coordinates formed a regular grid.
In general curvilinear coordinates, the new grid may be curved, and the Jacobian determinant may
depend on the position, but the mathematical steps are identical.
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16) Let R be the region in the first quadrant of the xy-plane bounded by the hyperbolas xy = 1,
xy = 9 and the lines y = x, y = 4x. Evaluate the following double integral on the region R:

[ )eo

Use the following change of variables to solve the integration:

{x =u/fv

Yy =uv

withu > 0and v > 0.

Solution: It is convenient to have the change of variables written in its two forms (u, v) - (x,y) and
(x,y) = (u,v). Solving for u on the first equation and substituting on the second, and solving for v
on the first and substituting on the second, we can arrive at the inverse change of variables:

=

v=\y/x

Now, to do a change of variables on a double integral, remember we need to do three things:
(i) Do the change of variables on the integrand f(x,y) — f(x(u,v), y(u, v)).

(ii) Rewrite the limits in terms of the new variables (hopefully, this simplifies the limits)

(iii) Change the differential area into the new variables: dx dy = |Zg£| du dv

Normally these can be done quickly. In order to be completely clear with the steps, | built a table:

Coordinates x and y Coordinates u and v
. y
i) Integrand - u+v
(i) g \/; +/xy
xy=1 u=1
Xy = 9 u= \/6 =3
(ii) Limits
y=x v=1
y = 4'x v = '\/Z =
(iii) Differential dx/ou 0x/dv | du dp = |1/v —u/v2| du dv
of area dy/ou 0dy/dv v u
. dx dy
(Jacobian _ _ud d
determinant) T udv

Therefore, performing the three changes, we arrive at:

I=fL<\/§+Jx_y>dxdy:j;zj;g(u+v)27ududv=£2£3<2u—;+2u>dudv

which is now an easy integral to be evaluated in a rectangular region. We can integrate first along u
or first along v.
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Integrating first along u:

I—j f (2—+2u>dudv—j [——+u] dv=:{12(1v—8+9—%—1)dv

v

52 52 52
:f (—v‘l +8) dv = [—lnlvl +8v] =—In2——In1+16-8
1 3 v=1 3 3
52
:—ln2+8

3

Alternatively, integrating first along v:

302/ 442 3
1= j j <27 + 2u> dvdu = f [2u? In|v| + 2uv]’Z% du
1 J1 1

3 3
=f(2u21n2+4u—2u21n1—2u)du=f(2u21n2+2u)du
1 1

u=3

2 2 52
=[—u31n2+u2] =(181n2+9——1n2—1>=—ln2+8
3 et 3 3
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PROBLEMS: MULTIPLE INTEGRATION IN POLAR/CYLINDRICAL/SPHERICAL COORDINATES

17) Calculate the volume of a cone of radius R and height h using triple integration.

Solution:

A cone is clearly well suited to integration in cylindrical coordinates. The first step is to figure out
parametric equations for the surfaces of the cone:

p=R—z(R/h) o z=((H/R)(R~-p)
0<z<h 0<p<R
0<¢p<2m 0<¢p<2nm

These surfaces will be the limits of integration. We can choose different orders of integration. A simple
one is to do first the integration on z, which must go from 0 to the equation for the curved surface.
Do not forget the Jacobian for cylindrical coordinates when substituting the volume element dV =

pdz dp do:

fff - janz fR(R p)p dz dpdep = fZﬂfZ Z_ (R 2 40 4o
fnj p——p dp d¢ = fnd¢f p——p dp

h hR?> hR hR? hmR?
= @m [5p? —3Rp] = (n )(——§>—<n)—= .
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18) Calculate the electrostatic potential at (x,y, z) = (0,0, h) for a uniformly charged disk of radius
R with charge density g. The disk lies in the XY plane and is centred at the origin. (Remember
that the electrostatic potential ® for a charge Q at a distance d is given by ® = kQ/d).

Solution:

First let’s figure out what it is we are integrating. We want to obtain the potential, therefore we will
integrate a differential element of potential:

Cb=ﬂ;dcb

Now, the differential element of potential corresponds to the potential created by a differential area
dA of the disk. Such area will contain a differential charge dg = o dA. Therefore:

c1>(r0)=ffsdcb=ﬁsk”ri—qr0”=ﬂsk”r+ro”dfl

where |[r — 1| is the distance between each location r on the surface and the observation point r,
where we are calculating the potential. From the point of view of the integral, r = (x,y,0) is the
position being integrated along the surface, while ry is a constant. First, the symmetry of the problem
strongly suggests that we should perform this integral in cylindrical coordinates, so that the disk is
given by p € [0,R] and ¢ € [0,2m]. In cylindrical coordinates, the differential areais dA = p d¢ dp.

A remaining issue is how to write [|r — 1y||, the distance between the element dA and the observation
point. This is clearly a function of the position within the disk, in fact we can write: r — ry = (x,y,0) —
(0,0,h) = (x,y,—h). Therefore, ||r — ry|| = \/xz +y2+h?= \/pz + h? which must be written in
terms of cylindrical coordinates, as p and ¢ are our variables of integration.

So, putting all together:

1 _da 2m R ) 11P=R
CI>=H k—apdd)dp:ka(j dqb)(f —dp>=27rka (p2+h2)f]
s PP+ h?t T 0 0 y/p?+h? p=0

2
do

= 2mko (\/RZ +h2 — h)
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19) Calculate the volume enclosed by a sphere of radius R < 3 on the top, and the cone
z? > x? + y? on the bottom.

Solution: Plot the region:

This integral is clearly adequate for spherical coordinates. Remember dV = r2sin6 dr d6 d¢

V= fff 1dv = ﬂ-f (r?sinf) dg dr d¢ = fs[f2ﬂ<fn/4r2 sin9d9>d¢)] dr
S S 0 0 0
= <f2ﬂd¢>) <f3r2 dr) <fﬂ/4sin9 d9> = (2m)(9) [~ cos 0]0=r/* =18 (1 —%)
0 0 0
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20) Calculate the volume of the solid enclosed by the cone z = ./x2 + y?2, the planes z = 1 and
z = 2, and outside the cylinder x> + y% = 1.

Solution: Let’s plot the region:

The integration in rectangular coordinates would be very messy. In cylindrical coordinates it’s easy.
Don’t forget including the Jacobian determinant p in the integrand.

V=ﬂfR1dv=ﬂLpdzdpm=fn<f<f:pdz>dp>d¢=<L2ﬂd¢>f(pz)§z?)dp

p=2 8 1) 4

2 1
=27Tf (Zp—pz)dp:27t(p2——p3) =27‘[<4———1+—
1 3 p=1
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4.3 SURFACE INTEGRALS

The double integrals we have considered so far were always limited to PLANAR regions. What if we
want to integrate over a curved surface? For example: | want to calculate the average temperature of
the surface of the sun. Or even simpler, | want to calculate the surface area of some surface.

A. PARAMETRIZED SURFACES

A surface in 3D space can be specified via a function
r: (u,v) » (x,y,2)
which maps two parameters u and v to points in 3-D space r(u, v).
The parameters u and v represent the two degrees of freedom of a surface.

To be formal, we must require that each unique value of (u, v) results in a single position (x,y, z). On
the contrary, we can allow a same (x, y, z) to be represented by several values of (u, v) (i.e. surfaces
may cut across themselves).

Examples of surface parametrizations:

z
z=1
1
772
z=0
. ¢ =m/4
¢ =mn/4 =T
¢ =m/8 x $=m/8
x R sin 6 cos ¢ x Rcos ¢
r= <y> = (R sin 6 sin(j)) spherical surface r= (y) = | Rsin ¢ | cylindrical surface
z Rcos 6 z z

43 (1)
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CURVES IN THE SURFACE, TANGENT VECTORS, NORMAL VECTOR

If we fix u = uy, the resulting function r(uy, v): v = (x,y, z) defines a curve in the surface. Similarly,
r(u, vy) defines another curve in the surface.

The tangent vectors to these curves at the location r(u, v) are therefore given by:

T, (u,v) = dr/ou
T,(u,v) = dr/ov

N=1, X1,

r(ug, v) r(u, vg)

r(u,v)

T, =dr/du T, = dr/dv

These are two vectors always tangent to the surface, at every location in the surface (u, v). Also note
that these two vectors form the two columns of the Jacobian matrix for r: (u, v) » (x,y, 2).

We say the surface is smooth if the functions r(u, v), T, (u, v), and T, (u, v) are continuous, and the
latter two are non-parallel everywhere inside the domain defined for u and v. The normal vector to
the surface must be given by the cross product of the two tangent vectors:

N=1,XT,

We can express this by components in terms of Jacobian determinants:

X ¥y 1z
ox dy oz a_y 0z dz 0Ox dx 0dy

_ —| _ s |0u oul . ~lou oul , 5lou ou
N=lou ou ou ~Xlay oz Va2 ax|t%|ox dy
dx dy 0z - = = =

- = Jv 0v Jv 0Ov Jv 0Ov
Jv 0v O0v

202 @D 3y)
dwv) Yo ) Tt v)
Jx(wv) Jy(wv) Jz(uwv)

N =

So, the normal is expressed via the Jacobians, which form its components. Note that the arguments
in the nominators of the Jacobians together with the unit vectors form the cyclic sequence x - y —
zZ = x > y — ---. This helps to memorise this formula.
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1) Calculate the normal vector N to the outside surface of a cylinder.

The surface can be parametrized via r(¢, z) where r is given by its components x = Rcos¢; y =
Rsin¢; z = z with parameters ¢ € [0,27] and z € [0, h].

z
z=1
1
273
z=0

=n/4
) b=n/8 ¢ =mn/

x R cos ¢
r= <y> = <Rsin¢)
Z Z

Let’s consider the curves defined by keeping each of the two parameters constant:

R cos ¢
r(¢o,z) =1y, (2) = | Rsin¢, | defines a vertical line parallel to z in the surface.
z

The tangential vector to this curve is - 1,(¢) = %Z"'Z) =(0,01) =%

Rcos¢
r(¢,zo) =1, (¢) = (R sin ¢> defines a circle around the cylinder at height z.
Zo
. . . _or(¢,zp) _ . — pa
The tangential vector to this curve is = 14(2) = e = (—Rsin¢,Rcos¢,0) = R&

Therefore, the normal vector N = 14 X T, = Ré¢, XZ= Rép as one would expect.

Alternatively, we could have simply applied the direct recipe for N:

dy 0z 0z Ox dx 0y 5 5
b b 35 34 EYSREYY . x OJy
_.|06 39|, |06 39|, .[0¢ Bp|_ |Rcosd O, o0 —Rsing|, ,|— =2
N=X1ay az| Y0z ox|T%|ox ay N S R Y a(;p a(;p

9z 0z 0z 0z 9z 0z
=Rcos¢pX+ Rsingpy = Re,
Note that we could say that any multiple of this vector is normal to the surface, so for example we
could normalize it and say that the unit normal vector is i = ép.

However, the specific vector N with its specific scaling factor R will be important later. So we will
reserve the capital letter notation N for this special vector without normalization.
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2) Calculate the normal vector N to the outside surface of a sphere.

The spherical surface can be parametrized via r(¢, 0) where r is given by:

R sin 6 cos ¢
r(¢,0) = (R sin 0 sin qb) with parameters ¢ € [0,27] and 0 € [0, 7t].
R cos @

6=0
z 6 =m/8

6 =3n/8
¢ = =mn/2
¢ =m/2

p=ns * 7"

Let’s consider the curves defined by keeping each of the two parameters constant.

If we keep ¢ = ¢y constant and vary 6 we arrive at r(¢,, 8), which define the great circles which
cross both poles z = +R.

or(.5) R cos 6 cos ¢
The tangential vector to these curves is = Ty (/) = % = (R cos 6 sin ¢> = Réy
—Rsin6

If we keep 6 = 6, constant and vary ¢ we arrive at r(¢, 8,), which define circles parallel to the
equator and becoming smaller as you approach the poles z = +R.

The tangential vector to these curves is:

or(.6) —Rsin @ sin ¢ —sin¢

- To() =a—¢'= (Rsin@cos¢> ) = Rsin9< cos ¢ ) = Rsinf &,
0 0

Therefore, the normal vector N = T4 X Tg = R€y X Rsinf &y = R? sin 6 &,, in the direction of the

radial unit vector, as one would have expected.

Alternatively, we could have followed the recipe:

dy 0z Jz Ox dx 0dy
_o|0¢ 09| |09 09| |0 09| _ _ p2enpa
N=xX dy oz +y oy dx +Z ox dy (..) =R*sinf &,
08 00 00 00 00 00
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B. SURFACE INTEGRAL (DOUBLE INTEGRAL OVER A SURFACE)

When we have done a double integral in the past, we always integrated over a planar region, so how
are we supposed to do an integration over a surface or region that is curved?

The answer is that we don’t need to! We can map the curved surface into a planar region, by simply
using the plane of the parameters (u, v), and we can carry on with the double integral as usual, as
long as the surface area element dS is properly chosen to match the actual surface element on which
the little square du dv in parameter space (u, v) maps to in the actual surface in (x, y, z) space.

(x,v,2) 3D space (u,v) 2D space

X

This should remind you greatly of the change of variables.
The surface element can in general depend on the position dS = g(u, v) du dv.
So, we can perform the surface integral as a double integral in the space of the parameters u and v.
vz uz(v)
[[ramas=[ [ v gu v dv
S v Jui(v) ds

As a special case, the area of the surface S can be calculated by integrating with unit integrand:

A=ff51d5

But how do we find the surface element dS? Like in change of variables, we have both an intuitive
way and a formal recipe to find the surface element dS.
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OPTION 1: FIND dS BY GEOMETRICAL INTUITION

Useful most of the time for simple surfaces: cylinders, spheres, cones.

Draw, or imagine, being at any point in your surface defined by the two parameters (u,v). Then
calculate the area dS which is swept when u = u+du and v = v+ dv. In the limit of small
differentials, the area swept becomes a parallelogram.

3) Calculate the area of the outer curved surface of a cylinder of radius R and height H by doing
a surface integral

Solution: Our two parameters can be the angle and the height. Now imagine, or draw, the little
“curved rectangle” created by an increase in angle d¢ and an increase in height dz. Remember that
we define the angle ¢ as subtended from the z-axis, not the origin

12
- ___H[dz

B\
\

NN

~

y
i

The little rectangle will, in the limit of small differentials, become a planar surface. Clearly the area is
the product of its sides, so dS = R d¢ dz.

Therefore, we can perform the integration as a simple double integration in the two dimensional space
of variables (¢, z):

a=ffas= [ magm=[" ([ was)ar=n [ ar["ap = 2nn

(92)

Alternative method: notice that if we carry out the integral in ¢ first, we can interpret the result as a
single integration of a new circular surface element dS’ (shown below). But this would not have been
possible if some of the limits depended on ¢, or if we had used an integrand that depended on ¢.

H/ q2m H H
f <f Rd(],’))dzzf Zanzzf ds’
o \Jo 0 0

4.3 (6)
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4) Calculate the surface area of a sphere of radius R.

Solution: Our two parameters can be the azimuthal angle ¢ and the elevation angle 8§ commonly used
in spherical coordinates. Now imagine, or draw, the little “curved rectangle” created by an increase in
angle d¢ and a simultaneous increase in angle d6. Remember that the angle d is subtended at the
origin, while the angle d¢ is subtended at the z-axis (by definition of the spherical coordinates)

The little rectangle will, in the limit of small differentials, become a planar surface. The area of the
rectangle will be the product of its sides, so dS = (Rsin8 d¢)(R d) = R?sin6 d¢ db.

Therefore, we can perform the integration as a simple double integration in the plane of (¢, z):

<o

Alternative interpretation: If we carry out the integral in ¢ first, the resulting area can be interpreted
as a single integral of a circular surface element:

21 s
R?sin6 d¢ d = R? (f d(],’)) (f sin @ d@) = 2mR?(— cos 0)4=T = 4nR?
(¢2) 0 0

T (2T T T
f f R%sin6do d¢ = f (2nR sinB)(R db) = f ds’
0 J0 0 0

dS' = 2nRsin@ R df _gum

That’s it! The surface of a sphere was the problem which Archimedes was most proud to have solved!
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OPTION 2: FIND dS WITH THE NORM OF NORMAL VECTOR N (GENERAL RECIPE)

In some cases, the curve can be too complicated to find dS by intuition. In this case we can follow a
recipe, which always works.

The area of the surface formed by an increase u = u + du and v = v + dv is actually the area of the
parallelogram formed by the two vectors t,,du and t,dv, where t,, and t,, are the tangent vectors
defined earlier using partial derivatives. As we well know, the area of this parallelogram is given by
the absolute value of the cross product. Therefore dS = ||(t,du ) X (t,dv)||, which can be written
by taking the factors du and dv outside:

dS = ||ty X 1,|| du dv = |IN|| du dv

Where N is the same normal vector defined earlier using the Jacobians. | have seen many books write
this in an unnecessarily scary way, by explicitly writing everything directly, as follows: “A double
integral of an integrand f (u, v) over a surface parametrized by (u, v) is given by:

3 B Ay, 2)1> 19(z,x)> 19(x, )|
1—fo(u,v)dS—fS(W)f(u,v)\/a(u’v) +|6(u,v) + 6(u,v)| du dv

Notice that this form has already substituted |IN|| = |N7 + Nj + N2

Insight: Look at the equation above. The change of variables in double integrals in planar regions using
the Jacobian in the previous lesson is nothing else than a special case of the current general equation,
when N has only a Z component because the surface of integration is in the XY plane.
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5) Find dS for the curved surface of a cylinder using the general recipe

Solution: From an earlier problem, after some tedious steps we found:

dy 0z 0z Ox dx 0y 3 5
b b 35 35 EYREYY . x OJy
_.|06 39|, |06 39|, .[0¢ Bp|_  |Rcosd O, o0 —Rsing|, ,|— =2
N=X1ay az| Y0z ox|T%|ox ay N S Y a(;p a(;p

oz 0z 9z 0z 9z 0z
=RcospX+Rsingy = RE,

Therefore, the recipe gives dS = ||N|| d¢p dz = R d¢ dz, in agreement with our intuitive derivation.

6) Find dS for the surface of a sphere using the general recipe

Solution: From an earlier problem, after some tedious steps we found:

dy 0z Jz Ox dx dy
|09 0@, ~|0p 0|, |0 0J¢ 2 A
N = =(.)=R 0
oy oz| Yoz ox| TE|ox ay|T () =R sin0&
00 06 060 06 00 06
Therefore, the recipe tells us dS = ||N|| d¢ dz = R? sin 6 d¢ dz, in agreement with our intuitive
derivation.

PARAMETRIZATION OF A SURFACE GIVEN AS A MATHEMATICAL FUNCTION z = f(x,y)

Often in maths, a surface is given as a function z = f(x,y). How can we write that as a parametrized
function r(u, v) in order to do the integration?

A possible answer is very simple: use x and y as the two parameters.

u
r(u,v)=< v >
f(wv)

4.3(9)
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7) Calculate the surface area of the cone given by z = ,/x2 + y2 cut between the planes z = 0
andz = R.

Solution: First, picture what this cone looks like. It is a cone at 45 degrees with the z axis, i.e. with a
slope of 1. Now, we need to parametrize this cone.

Option 1: Use x and y as parameters r(x,y) = (x, ¥,/ X%+ yz). In that case, the normal vector N is:

dy 0z dz Ox dx dy
ﬁa(y,Z)JrAa(z,x)+28(x,y)=ﬁ 0x 0x Lo ax Ox P 0x 0x
0,y) Yoty aGy) |9y 0z|TV|oz ox|T*|ox oay
Jx(x.y) Jy @) J2(y) dy 0oy dy 0dy dy 0dy
0 x(x%+y?)~1/2 x(x? +y2)~1/2 0| __xX+yy 42
Loy +y?) 277y +y?) 2 U a4y

N =

~

=X

(1)‘+i|(1)

Therefore, the surface element is given by:

2

2
dS=IIN|Idxdy=\/x2x Y =+ 1dxdy =vV2dxdy

+
+y2 x%2+4y
And so the integral is:

A:fdesz V2dxdy =2 dx dy = V2nR?
S disk disk

Option 2: Figure out some other way to parametrize the surface. For example, we could use the height
z as one parameter, and the polar angle ¢ as another, and then think how to parametrize the cone.
This requires some visual intuition. For example:

ZCos ¢
r(z,¢) = (z sin ¢>
z

We can now figure out the surface element by doing dS = |[N|| dz d¢, or alternatively, with a good
imagination, you can figure it out intuitively: dS = (z d¢)(v/2 dz). Can you explain why?

Therefore, the integral is:

)

(zV2)dzd¢ = \/E(fRZ dz> (fzndd)) = V2mR?

(z9)
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C. SURFACE INTEGRATION OF SCALAR AND VECTOR FIELDS

In the previous examples we were calculating areas of the surface, i.e. the integrand was 1 dS. In
general, we can also integrate some scalar field on the surface, i.e.

zzﬁsf(r)ds

Still, we need to obtain the appropriate dS for a parametrized surface and proceed as with a normal
double integration.

We could define the following steps for surface integration (with practice, you should be able
to stop thinking about steps and do them automatically):

f fs £(r)ds

(1) Define parametrization of the surface S

x(u,v)
r(u,v) = y(u,v)
z(u,v)

(2) Obtain the surface differential
(i) Remember it, or look it up (for typical spherical and cylindrical surfaces)
(ii) Obtain it from geometrical intuition
(iii) Obtain it from the normal vector to the surface N

dr Or
dS(u,v) = |IN(u, v)||dudv = ||— X — | dudv
Jdu 0Jv

dy 0z dz Ox dx 0dy
slou oul | sl0u ou|, 5|0u Jdu
X(ay oz|tY|oz ox|tTZ|ox o
dv OJv dv 0dv dv dv

dudv

(3) Evaluate the integrand at the surface (as a function of the parameters)

fo) — fuv)

r(u,v)

(4) Perform the double integral in the (u, v) plane [use appropriate limits of planar double
integral such that the parameters cover the whole surface S|

up (v)

jfsf(l') dS=szfu2(v)f(u,v)MjM
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8) Calculate the surface integral ffsx dS where the surface S is the part of the sphere
x%+y?+2z%2 =R%inwhichx > 0,y > 0and z > 0 (i.e. the first octant).

Solution:
(1) Define parametrization of the surface
This surface is easy to parametrize if we use spherical coordinates:

r(0,¢) = (Rsinfcos¢,Rsinbsin¢,R cos ¢p) with: ¢ € [0,7/2] and 6 € [0, /2] to cover only
the first octant.

(2) Obtain the surface differential
As we derived in a previous exercise, the spherical surface element is given by dS = R?sin 8 d¢ dé.

(3) Evaluate the integrand at the surface (as a function of the parameters)

fo,y,2) =x

X

The function f(r) = x changes value throughout the surface, so to perform the integral we cannot
treat it as a constant, we need to evaluate the integrand ON the surface, i.e. substitute the value of
x from the surface parametrizationr = (Rsin 6 cos ¢, R sin 8 sin ¢, R cos ¢), to write it in terms of
the parameters:

fr) =x m f(6,¢) = Rsin6 cos ¢

(4) We are ready to perform the required integral in the (0, ¢) plane:

I=ﬂ;xd5= ffs (Rsin 6 cos ¢) (R?sinB) d¢ d8 = R3 (ffsinze d9><ffcos¢ dqb)

(¢6) x ds
T bia g=2 n
— B3 fz(l ~cos26) d6 fz d —R3[9 1'29] *[sin ]2
= 2 2cos Ocosqb ¢ | = > 4sm - sm<;b¢=0
3
s (T B _TL’R
=R (4 0-0+0)(1 0)=—-

4.3(12)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

We can also integrate a vector over a surface, the result being another vector:

I=ffsf(u,v) ds

We just do the integral separately for each component of the vector. This is simple to understand as
follows (linearity of the integral and taking the basis vectors outside):

I= ﬂ;f(u, v)dS = ﬂ;(fx(u, V)X + f, (W, v)y + f,(w, v)Z) dS
:ﬁfox(u,v) dS+§lfox(u,v) d5+2ffsfx(u,v) ds

Just one warning: be careful when integrating vectors in cylindrical or spherical BASIS, because,
as you know, the unit vectors in those bases depend on position, and therefore cannot be taken
outside the integrals as constants. So, you cannot integrate the components in cylindrical or
spherical coordinates separately. When integrating such vectors, it is convenient to convert them
to rectangular basis first, so that X, ¥, Z being constant can then be taken outside of the integral
(i.e. integrate each component separately).

9) Calculatel = ffs €, dS, the integral of f = &, over the surface of a sphere S.

Solution:

In spherical coordinates we have: dS = R? sin6 d¢ dg, with the parameters ¢ € [0,2r] and 6 €
[0, ]. The unit vector &, varies throughout the surface, so we must write it in terms of constant
rectangular unit vectors (look up the equation): &, = (sin 8 cos ¢)X + (sin 8 sin ¢)¥y + (cos 8)Z. So:

szfér dS=ff(sin@cos¢ﬁ+sin@sin¢§7+cosGi)stin9d¢d9
s S

= ﬁijz sin? @ cos ¢ d¢p dO +§1ij2 sin? @ sin ¢ d¢ d6 +iij2 sin@ cos6d¢ dd = 0
s S s
Each of these integrals, evaluated over the sphere, gives 0. The net result is zero as expected, because
the vector sum of &, over a whole sphere will clearly cancel out: every element of the surface has an
opposite one with exactly the opposite vector.
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D. FLUX OF A VECTOR FIELD OVER A SURFACE

We define the flux of a vector field F(x, y, z) over a surface S as:

Cbsz@dS:stF-dS

scalar

dS € ndS

Please note that i = N/||N|| is a unit vector normal to the surface, and the dot product (F - i) is
giving us a scalar function F,, (u, v) which we then integrate over the surface as explained earlier. The
scalar function F, (u, v) gives us the component of the vector F in the direction fi perpendicular to the
surface.

Suggestion when doing these problems: take it step by step. First focus on obtaining the scalar
integrand (F - )dS. Make sure it is a scalar function, and make sure that everything is expressed in
terms of the parameters of the surface (plus constants) (F - )dS = f(u, v) du dv.

In many problems, it is easier to use the following expression for dS in terms of N without having to
normalize it, because the ||N|| dividing fi cancels out with the ||N|| multiplying in dS:

N
dS € nds = mllNlIdu dv =Ndudv

0 ds

n

INTUITIVE UNDERSTANDING:

This type of integral is extremely common in physics when the vector field F represents the flux density
of something, so the flux integral represents the total flow. Some examples are given below.

Conserved Equation
. Flow of conserved quantity per unit area (p = density of quantity;
quantity . )
v = velocity of quantity)
Mass Mass flux density J,,, (kg s~tm™?) Jn=pV
Charge Current density J. (Cs™'m™2 = Am™2) Jo=pvV
Energy Energy flux density (Js™'m™2 = Wm™?) Different equations for
or Power density different types of energy flux

With these flux density vectors, the total flux of the quantity through a given surface per unit time is:

1:[5@d5=ﬂslc-ds

scalar
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10) Water is flowing through a cylindrical pipe of radius R. Let’s assume that water flows fastest at
the centre of the pipe with a speed v, (ms™1) and slows down to zero at the walls of the tube
in a linear way.

The “mass flux density” of water in this tube can then be approximated by
F =ZKvy(1 — p/R) where K (kg m~3) is the density of water, and p is the radial cylindrical
coordinate. Calculate the total flux of water through the pipe per second.

1. Find a parametrization of the surface

The surface can be parametrised as a flat cylindrical plate in cylindrical coordinates ¢ € [0,2m] and
p € [0,R].

p cos ¢
r(p,¢) = (p sin ¢>
0

2. Find the vector differential surface element dS

A~

The surface element for polar coordinates is dS = p d¢p dp and the normal to the surface is i = Z.
Hence, we know thatdS =ndS =pd¢ dp Z

If this was not obvious, you can follow the recipe:

ay 0z dz Ox dx 0dy
c')p dp c')p dp|  .|0p Odp
o N= 6y 0z +y dz Ox tz dx 0dy

ap ol lag oapl lap ¢

oy 0 0 ox
_ +|9p . dp| .| cos¢ sing |
=X dy 0 Ty 0 ax| T2 —psing pcos¢ —zp
ap ap

Therefore, the surface elementis dS = N d¢ dp

Also, dS = |IN|| d¢ dp = p d¢ dp; a”d“‘m

=Zpdepdp
Z

3. Find the scalar integrand for the flux by doing the dot product F - dS

F-dS=(sz0(1——)> (pdd)dpz)—KUOp(l——) de dp

4. Calculate the flux integral

The integral is now a scalar double integral.

ffsscala‘rj(sw ff KVOP 1——) dp dp = Kvofzndq)f ( 1—%)>dp
=R

2 3\ P=
p p 1 1 1
= 2nKv, <— - —) = 2mKvyR? (— — —) = —nKv,R?
2 3R) _, 2 3/ 3

That would be the flux of water in (kg s™1).
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11) Find the flux of the field F = yzX + xzy + xyZ through the outer surface of the cylinder with
radius R and z-values 0 < z < h (consider only the curved surface, not the caps).

Solution:
q::j (F - ) dS:ﬂF-ds
S scalar S

1. Decide the parametrization of the surface:

We are going to use cylindrical coordinates to integrate the cylindrical surface, by varying ¢ € [0,27]
and z € [0, h].

Rcos¢
r(¢,z) = (R sin (,b)

V4

2. Find the vector surface differential dS:

By geometric intuition, or by looking it up, we know that the scalar surface element for the curved
surface of a cylinder is dS = R d¢ dz. Also, by geometrical intuition we can identify the unit vector
normal to the surface i = &,.

So, by intuition, or looking it up, we can arrive at the vector surface differential:

dS = R€,d¢p dz = (Rcosp X+ Rsing §) d¢ dz

We can derive all the above from calculation of N, as follows:
jdy 0zj 0z Oxj j0x 0yj
2|99 0ol -|0p 99|, .|0d 99
N =
Xay 0z Ty dz Ox Tz dx 0dy
0z 0z dz 0z 0z 0z

. ox 0
S T o

¢ 0¢p|=RcospR+Rsingy
0 0

= Rep

Sothat: dS = Nd¢ dz = R€, d¢ dz

3. Find the scalar integrand for the flux by doing the dot product F - dS
F-dS = (yzX+ xz9 + xyZ) - (Rcos$p R+ Rsin¢ §) d¢ dz

we need to write the rectangular coordinates in terms of the coordinates of the surface: {x =
Rcos¢,y = Rsin ¢,z = z} (Note that we used R and not p because our surface is at p = R):

F-dS= (zRsin¢pR+ zRcosp§ + R?>cospsingpZ) - (Rcos¢p X+ Rsin¢ §) do dz
= (zR?sin ¢ cos ¢ + zR? sin ¢ cos ¢) d¢ dz = 2zR? sin ¢ cos ¢ d¢p dz
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4. Calculate the (scalar) double integral

CI>=jf (F - dS) =jszR%inqbcosd)dqbdZ:2R2jhzdzj2nsin¢cos¢d¢
S sealar dd s 0 0

scalar d¢
$=2n

= 2R? h—z (lsin2 (;b) =0
= =15 o "

Alternatively, one can obtain the integrand as (F - i) dS by calculating fi and dS

dS = [IN|ld¢ dz = /(R cos ¢)2 + (Rsin$)? = R d¢p dz
N _RE,

_ —_
INI| R

fi = 5

F-fi= (yzR+ xz9 + xyz) - €, = (yz& + xz§ + xyZ) - (cospX +sin¢p §)
= (zRsin¢p R+ zRcos¢p§ + R?> cospsingp Z) - (cos p X + sin¢p §)
= 2ZR sin ¢ cos ¢

So the integrand becomes:
(F - fi) dS = (2zR sin ¢ cos ¢) (R d¢p dz) = 2zR? sin ¢ cos ¢ d¢p dz

Exactly as above. This procedure is usually longer, because we need to calculate ||N]|| and 1i, and
later multiply times the scalar dS = ||N||d¢ dz such that the ||N]|| cancels out.
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PROBLEMS

SURFACE INTEGRALS OF SCALAR INTEGRANDS (INCLUDING CALCULATION OF AREAS)

12) Find the area of the surface cut from the paraboloid x2 + y? — z = 0 by the plane z = 1.

Solution:

4= ffas

1. Decide the parametrization of the surface S. There are many options for this! Let’s use x and y as
the two parameters to be integrated in the unit disk in the xy plane. Hence, the surface

parametrization is:
X
r(x,y) = ( y )
x? +y?

2. Find the surface element dS as a function of the parameter differentials dx dy
Let’s start by calculating N:

idy 0zj j0z Oxj j0x 0yj

_or or _ _ox 9x|, olox ax|, . |ox ox|_ |0 2x|,
N=5x 3y =X|ay oz|t¥|oz ox|tZ|ox ay|=X|1 29| T¥

dy Ody dy 0dy dy 0dy

2x 1
2y 0

o g

Therefore:

dS = [IN]| dx dy = \/(2%)% + (2y)? + 12 dx dy = /4(x2 + y2) + 1 dx dy
3. Find the integrand in terms of the parameters: 1 dS(x, y) is ready for integration.

4. Perform the integration over the xy parameter space (the region is the unit disk, obtained by
substituting z = 1, so it needs to be an iterated integral with variable limits).

A=deS:E([_JZ\M(xuyZ)de) dy

This might be solvable with care and labour, but it seems easier to change the double integration into
polar coordinates by using a change of variables, x = pcos¢,y = psin¢ and don’t forget the
Jacobian dx dy = p dp d¢. That way the limits of integration become constant and the integral is
separable:

2 1 2 1 1
A= f <f py4p? +1 dp) d¢ = (separation) = f d(l)f p(4p? + 1)z dp
0 0 0 0
1
1 3 2m /3 T
=2 | ———(@p?+1)Z| =—=(52-1)==(5V5-1)
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13) Find the integral ffsxz dS where S is the sphere of unit radius centred in the origin.

Solution:

1. Decide the parametrization of the surface S. Clearly this integration is well suited for spherical
coordinates with r = 1:

r(6,¢) = (sinf cos ¢,sin O sin ¢, a cos 0) with parameters 6 € [0, ] and ¢ € [0,27].

2. Find the surface differential dS in terms of d6 d¢. These are spherical coordinates, so we look it
up:

dS =712sin6df d¢ =sinfdO dp whenr =1
3. Find the integrand in terms of the parameters (simply substitute x = sin 8 cos ¢)
x? = sin? 0 cos? ¢

4. Calculate the integral.

2T s 2T T
I = ff x2dS = f f sin? 6 cos? ¢ sin 8 df d¢ = (separation) = f cos? ¢ dqbf sin® 6 dé
S 0 0 X2 ds 0 0
Let’s perform the integrals separately:
21
f cos? pdep = f -+= coqub)dqb [2¢+—sm2¢]
0

T s s Vs
f sin®0do = f sin @ sin? 6d0 = f sinf@ (1 — cos?0)d8 = | (sin@ — sin 6 cos? H)do
0 0 0 0

—[ 6+ 39]”—(1 1) (1+1)—4
= |—cos 3cos . = 3 3) =3
Therefore,

2 4 4\ 4
1=f cosz¢d¢fsin39d9=(n)(_)=_”
0 0 3 3

14) Find the area of the surface x2 — 2y — 2z = 0 that lies above the triangle bounded by the
linesx =2,y =0andy = 3x in the xy plane.

By
N

1. Decide the parametrization of the surface S

This is not any easily visualized surface, so we can just take it as a function z(x, y) = Exz — y and use

x and y as the two parameters to be integrated in the given triangle in the xy plane. Hence, the surface
parametrization is:

r(x'Y) = 1

Y
22X Y
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2. Find the element of surface dS as a function of the parameter differentials dx dy

Let’s start by calculating N:

dy 0z dz 0Ox dx dy

or _or  _lox ox| .|ox ox|  .|lox ox 10 x|, Alx 1], 4
N—aX@—Xay oz| TYoz ax|tZ%|ox dy _X|1 —1|+y—1 0|-|_Z

oy oyl lay oyl lay ay
=—xX+y+12

1 0
0 1

Therefore:

dS =|IN]ldxdy = Vx?2 + 12 + 12 dx dy = /x? + 2dx dy

3. Perform the integration over the xy parameter space (iterated integral with variable limits). |
choose to integrate v first, so the limits will be 0 to 3x. Then x will be integrated from 0 to 2.

2 (3x 2
A=jfd5=jj Vx?2+2dydx = (f
s oo T g5 Yo\

We cannot do separation of the integrals because the limits are not constants, we need to do the
iterated integrals:

3x

(x? + 2)1/? dy) dx

2 2
dx = f 3x(x? + 2)% dx = [(x2 + 2)%] =6V6
0

1]y=3x
0

A= fz[y(x2 +2)2
0

¥=0

SURFACE INTEGRALS OF VECTOR INTEGRANDS

15) Find the centre of mass of a hemispherical dome (the hemispherical shell x? + y? + z2 = qa?,
z = 0) with constant density

Solution:

The centre of mass (given that the density is constant) can be calculated as the average of the position

vector in the entire surface:
<x0> [l;rds
ro = yo =
ZO ffs dS

1. Decide the parametrization of the surface S.

Clearly this integration is well suited for spherical coordinates:
r(6,¢) = (asin cos ¢,asinf sin ¢, acos )T with parameters 6 € [0, %] and ¢ € [0,27].

2. Find the differential of surface in terms of d6 d¢. These are spherical coordinates, so we look it up:

dS = a?sin6 dg d¢
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3. Calculate the denominator integral (the total surface of the hemisphere)

2w ~m/2 2w /2
ﬂ ds = f j a? sin 8 df d¢ = (separation) = azf d¢j sin6 d@ = 2ma?[— cos 9]3/2
s o Yo 0 0
= 2ma?

4. Calculate the numerator integral. It is a vector, so apply linearity:

fjsrds:ﬂs@ 5= [[seygenas=s [[xasey [[yas+a[[zas

(i.e. calculate the integral component by component). Remember that the integrand containing x, y
and z needs to be evaluated at the surface, so we need to write them in terms of the parametric
surface, i.e. (x = asinf cos¢,y =asinfsing,z = acosh).

2m % 2m %
ffdezf f a sin 6 cos ¢ azsianqub:azf cosd)dqbf sin?6df =0
s o Jo pe 0 0

ds —_
0

2 /2 21 /2
ffdezf f a sin 6 sin ¢ azsin9d9d¢=azf sind)dqbf sin6df = 0
s o Jo 5 35 0 0

0

2w ~m/2 2w /2
ffzdS:f f acos 6 azsin9d0d¢=a3f dd)f cos@sinfdf = a3n
s o Jo 7 as 0 0

1., 1% 1
5sin 6]0 =5

21 [
So that we can finally substitute into the equation for the centre of mass:

[,rdS 0%+0%+an2 a_ g
In = = = —7Z =
°7 Jf,ds 2ma? 2 a2

centre of mass
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CALCULATION OF FLUX:

16) Calculate the flux ffs F - dS of the vector field F = x § — y R across the surface
r(u,v) = (u,1 —u,v) foru € [0,1] and v € [0,1]. Define flux as outward from the origin.

SEMESTER 2

Solution:

1. Parametrize the surface. Already provided in the question

u

r(u,v) = <1 — u) with u € [0,1] and v € [0,1] (first octant)
v

This is a square-shaped region of a plane parallel to z and diagonal in xy. Looking from above:

y
VOO T st S A
v s P P Y ‘

IS v N(u,v)

F ¥ Frw o _
Fo,v,z) 05 . - \

M o )

oy A plane parallel to z

rr r b

yroFd 2

‘y —r ) i X

R T fop A

VR T . AR

NN N . ¢ 4 44

‘q WO U - v A A4 A

‘\ PR i A A

S s e s

AR A v ¥ A

2. Find the surface differential.
Start by calculating the normal vector:

X yV 1z

== = = _ ¢l0Uu u alou u alou u
N=lou ou ou|=X|5 51tV 5, ox|T2%|ox ay
ooy o 5wl e wl e 9w
avavavl(;’”()l”l”l””
:X|o 1|+y1 0+Z|0 0|:_X_y

This unit vector is pointing inward, but the question specifically requests calculating the flux “outward”
from the origin. The normal to a surface has an arbitrary sign, so we can just change the sign:

N=x+y

Therefore

dS=Ndudv =(X+¥)dudv

3. Find the integrand (it must be a scalar differential, the dot product of F - dS)
F-dS=xy—yX) - R+§)dudv=(—y+x)dudv

The integrand needs to be evaluated at the surface, so we substitute the parametric equation of the
surfacex =uandy=1—u

F-dS=(Qu—-1dudv
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Which is in the form we need it. A scalar differential function of the parameters which can now be
integrated.

4. Calculate the flux scalar integral

ffF-dSzflfl(Zu—l)dudvzfldvfl(Zu—l)duz[uz—u]ézo
s 0o Jo o Jo

There is no net flux. i.e. as much field is flowing in one direction as in the other.

This was easy to guess from the diagram!

17) Calculate the flux ffs F - dS over the outward surface of the unit sphere centred at the origin,
where the vector field is F(r) =r.

Solution:
1. Find the parametrization of the surface:

We use spherical coordinates for the surface: r = (sin 6 cos ¢, sin 8 sin ¢, cos 8)T with 6 € [0, 7]
and ¢ € [0,2m].

2. Find the surface element:

dy 0z dz Ox dx dy
_ |06 a6, ~|106 06 a6 06

N=x dy 0z tYlaz ox +2 dx 0dy
ap ool lag ol logp a¢
.|cosOsingp —sinf ~|—sin@ cosOcosp
:Xsin9c05¢ 0 | 0 —sin@sing
+ 2| cosfcos¢p cosBsing
—sinfsin¢g sin6 cos ¢
= R(sin? 0 cos ¢) + 9(sin? O sin ¢) + 2(cos 6 sin  (cos? ¢ + sin? ¢))
= R(sin? 6 cos ¢) + $(sin? A sin @) + Z(cos O sin H)
= ()”((sin 0 cos ¢) + §(sin O sin ¢) + Z(cos 9)) sin @
Therefore:

dS=Ndfdop = (f{(sin 0 cos ¢) + §(sin 6 sin ¢) + Z(cos 9)) sin8do d¢

3. Find the scalar integrand (perform the dot product F - dS) in terms of the parameters.
F-dS=(xXx+yy+2z2%)- ((f((sin 6 cos ¢) + §(sin 6 sin ¢) + Z(cos H)) sin 6 d6 dqb)

We need to evaluate the vector field at the surface, so we need to substitute the parametric equation
for the surface into x, y, z:

F-dS = (sinfcos¢ X+ sinfsing §+ cosh Z)
. ((f{(sin 0 cos @) + §(sin 6 sin ¢) + Z(cos 9)) sin 6 d@ d(;b)

= (sin? 6 cos? ¢ + sin? O sin? ¢ + cos? B) sin 6 dO d¢
= (sin? 8 (cos? ¢ + sin? ¢) + cos? ) sinH dO d¢ = sinH dO d¢
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4. Perform the scalar double integration:

2m T 2 T
ﬂF-dS=f j sin 0 do dql):f dd)f sin6df = 2n[—cos O] =2n(——1——-1) =4n
S o Jo 0 0

Easier methods:

A. To simplify step 3, you could notice that the unit radial vector is presentin N =
(R(sin 6 cos ¢) + 9(sin O sin ¢) + 2(cos 0)) sin 6 = &, sin O
Such that dS = Nd6 d¢ = €, sin6 db do,
Such that F - dS = (r) - (&, sin 6 df d¢p) = rsin 6 d6 d¢, which evaluated atr = 1
gives the correct integrand, so you can directly go to step 4 above.

B. To simplify all steps, you could build dS = 11 dS as follows.
The normal to the surface of a sphereis i = &,,
The vector fieldis F = r = ré,
The integrandis F - dS = F - i dS = r dS, which evaluated at r = 1 is simply dS
Hence, f[.F - dS = [[;dS = (surface of unit sphere) = 4m

18) Calculate the flux ffs F - dS of the vector field F = z Z across the portion of the sphere
x%2 + y2 + z? = a? in the first octant (x,y, z > 0). Define the flux as outward (away from the
origin).

Solution:
1. Parametrize the surface. Clearly this surface is perfectly suited for spherical coordinates

asin 8 cos ¢
r(0,¢) = (a sin @ sin ¢> with 6 € [0, g] and ¢ € [0,7/2] (first octant)
acos@

2. Find the differential surface.

Follow steps in previous problem with r = a, or you can look it up in the table of differentials provided
in the exam. Differential for spherical coordinates in the radial direction is:

dS = a?sin 6 d¢ d@ &, (pointing outward)
3. Find the integrand (it must be a scalar differential, the dot product of F - dS)
F-dS=(z%) - (a’sinfd¢ db &,)

We need to find this integrand as a scalar function of the parameters only (0, ¢)d¢ d6 . Therefore,
we need to substitute z = a cos 6.

F-dS = (acosf Z)-(a’sinfd¢ db &,)

We also need to evaluate the dot product Z - €,. One method is to look up the unit vector in the
spherical radial coordinate &, = sin 6 cos ¢ X + sin 8 sin ¢ X + cos 6 Z. Another method is to think it
geometrically. In any case: Z - €, = cos 6. So that:
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F-dS = (acosB8)(a?sin6d¢ dd)(cos8) = a3 cos? §sinf d¢ db

Which is in the form we need it. A scalar function of the two parameters which can now be
integrated.

4. Calculate the flux scalar integral

/2 ,m/2 /2 /2
ﬂ-F-dS=f f a3coszesin9d¢d9:a3f dqbf cos?@sin6 dé
s o Jo 0 0

T
s 1 2 am
= 3 —_— _—— 3 =
a (2)[ 3cos 9]0 G
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19) Calculate the flux ffs F - dS of the vector field F = —y & + x § across the portion of the
sphere x2 + y? + z2 = a? in the first octant (x, y, z = 0). Define the flux as outward (away
from the origin).

Solution:
1. Parametrize the surface. Clearly this surface is perfectly suited for spherical coordinates

asin 8 cos ¢
r(0,¢) = (a sin @ sin ¢> with 8 € [0, g] and ¢ € [0,7/2] (first octant)
acosb

2. Find the differential surface.

We have done this in previous problems, or you can look it up in the table of differentials provided in
the exam. Differential for spherical coordinates in the radial direction is:

dS = a?sin 6 d¢ d@ &, (pointing outward)
3. Find the integrand (it must be a scalar differential, the dot product of F - dS)
F-dS=(—yR+x¥)-(a’sinfd¢ db &,)

We need to find this integrand as a scalar function of the parameters only (6, ¢)d¢ d6 . Therefore,
we need to substitute x = asin 8 cos ¢ and y = a sin 8 sin ¢.

F-dS=(—asinfsing & +asinfcos¢ §) - (a?sinfd¢ db &,)

We also need to evaluate the dot product with &,.. We can look up the unit vector in the spherical
radial coordinate €, = sinf cos¢ X + sin 6 sin ¢ X + cos 6 Z.

F-dS = (—asinfsin¢g X + asinf cos ¢ ¥)
-(a?sinf d¢ do (sin@ cosp K + sinfsin R + cos 0 2))

= (—asin @ sin ¢)(a? sin @ d¢ d)(sin @ cos ¢) + (asin 6 cos ¢)(a? sin @ d¢ dF)(sin O sin ¢)
= a3sin® 6 (— sin ¢ cos ¢ + sin ¢ cos p)d¢ d0 = 0 d¢p d

This would have been easy to find if we had parametrized the surface in rectangular coordinates:

x
r(x,y) = Y
Jx? 4+ y?
dy 0z dz 0Ox dx dy x x
o x| |ox o Llox o _|° VL[V 10
N=xay ozl TY1loz oax| T%|ox dy =x1 l+yl 0+z|0 1
dy 0dy dy dy dy 0dy V- V-

—Xx —V
- =Y.y
Jx?z +y?

SothatF- N = (yx —xy)//x?>+y?=0

4. Calculate the flux scalar integral:

JI,F-ds=0
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20) Calculate the flux of the vector field F = (x2z, xy?, z) through the outer surface of
z=x2+y%2,0<z<1,x>0andy>0.

Solution:
1. Parametrise the surface.
It is a paraboloid. There is no single right way of doing this, there are many ways.

Option 1: We could go for the parametrization (see later for a solution in this case):

u
u? + v?

Option 2: The rotational symmetry of the surface suggests it would be easier if we used the polar angle
u = ¢ as one parameter, and some other parameter that moves us up and down the parabola. For
example, we could use z as parameter.

Vz cos ¢
=\ +zsing

V4

X

Option 3: Alternatively, we could use the radial coordinate p = vz to move us up and down the
parabola, which would allow us to remove the square roots:

pcos ¢
r=| psing

p?
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Any of the above would be a valid parametrization of the surface. Let’s use Option 3. The parameters
must be integrated in the region p € [0,1] and ¢ = [0, t/2].

2. Obtain the vector surface element dS

In this case | consider it too risky to obtain dS by physical intuition. So, | directly use the definition of
the vector N for this paraboloid.

dy 0z dz 0x dx 0dy
_o|99 09f |9 0| |0 09
N‘Xay az| TYaz  ax| 1 %|ox dy
dp OJdp dp OJdp dp OJdp
~|pcosg O| |0 —psing| . |—psin¢d pcose
=X sing  2p +y2p cos ¢ tz cos ¢ sin ¢

= R2p% cos ¢ + §2p? sin ¢ + 2(—p sin® ¢ — p cos? ¢p) = 2p?é, — p2

The surface vector differential element is therefore dS = Ndp d¢p = (szép — pi)dp do

For completeness, let’s calculate here the scalar surface element dS and the normal vector, to see
why this mathematical form for dS makes sense geometrically:

dS = [IN|| dp d¢p = /4p* + p% dp dp = py/4p? + 1 dp d¢p
N  2p%8,—p2

NIl p/ap2 +1

)

n=
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3. Find the scalar integrand (do the dot product F - dS). Remember that the integrand must be written
in terms of the parameters.

So first we need to substitute (x, y, z) in terms of the parameters (p, ¢) in the vector field:
F = (x%z,xy?,z) = (p* cos? ¢, p3 cos ¢ sin? ¢, p?)

Now we do the dot product:

ds p* cos? ¢ 2p? cos ¢
F-dS=F-Ndpd¢ =| p3cospsin®¢ |-| 2p%sing |dp d¢
2
p —p

= 2p®cos3 ¢ + 2p° cos p sin® ¢p — p3

(Note that we could have done F - 1 dS and get the same result. But doing it directly with F - dS saved
us from the ugly square roots needed to calculate ||N]|| which eventually cancel out anyway because
they appear dividing in Il but multiplying in dS)

4. Calculate the double scalar integral.

ff ff (2p® cos® ¢ + 2p° cos P sin® ¢ — p3) dp dop
S scalar d dd) S

(p9)

Linearity of the integration allows us to split this integral into three different double integrals, each of
which can be split into the angular and the radial part by separation:

:(fmfm@xgmw@+qammm¢wggpf@y(f¢)q;n@

We can do each of these integrals:

ficos3qbd¢ = ficos¢cosqud¢ = ficos¢(1 — sin? ¢p)d¢
0

n T
¢=3

_ =5 (1 . 1 2
_Lcosqbdd) fcoscj)sm ¢d¢—(sm¢)¢§ (351n3¢)¢ =1 373

=0
1 2\ 2
2p°dp = (—p7) =z

fo 70 ) gm0~ 7

T

N

fo cos ¢ sin® ¢ dp = ( sin qb) =%

=0
1,2 \P71 1
2p5dp=—(—p6) =3
fo 3\6" /o0 3
Vs
J‘idd) T
o 2
1
1
3 —
p dp =~
J, oo =3

So, putting it all together, we arrive at the answer:

=36+ E6E -6 -+ m55
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Let’s repeat the problem but using Option 1 for the parametrization of the surface: The cartesian
parameters will make it easy to find the dot product, but the limits of integration will be a disk, making
the evaluation of the integral more challenging:

1. Parametrize the surface:

2. Find the surface element. The normal vector is:

dy 0z dz Ox dx 0dy

N_@X@_Aa $+A$ $+A$ x| _ o]0 2x| . [|2x 1
Tox oy “|oy az|T¥|az ax|T*|ox ay| T X1 2yl Y2y o

oy ayl lay oyl lay ay
=—-2xX—-2yy+12

o g

Therefore:
dS=Ndxdy=(—2xX—-2y§y+2Z)dxdy

Notice that this has given us an orientation of the vector that is opposite to the one we got earlier.
This one is pointing toward the inside of the paraboloid. A surface has, of course, two possible
definitions of the normal vector. The flux will change sign depending on this arbitrary choice (i.e.
calculating the flux from one side into the other, or vice versa).

3. Find the scalar integrand (do the dot product F - dS)

2

xX°z —2x
F-dS = (x?z,xy?,2) = (xyz) : (—2y> dx dy = (—2x3z — 2xy3 + z) dx dy
VA 1

But we must write z in terms of the parameters x, y, so that we substitute z = x2 + y2.
F-dS = (—2x>—2x3y? — 2xy3 + x?2 + y?) dx dy
4. Perform the double scalar integration.

Find the limits of integration. In the xy parameter space, the limits of integration are the first quadrant
of the unit disk centred in the origin.

1 J1-y2
CD:ffF-dS:f (f (—2x5—2x3y2—2xy3+x2+y2)dx> dy
s o \Jo

This might be solvable with care and labour, but it seems easier to change the double integration into
polar coordinates by using a change of variables, x = pcos¢,y = psin¢ and don’t forget the
Jacobian dx dy = p dp d¢:

/2 1
d = f (f (—2p® cos® ¢ — 2p® cos psin® ¢ + p3) dp) d¢
0 0

which is exactly the integration we solved when parametrizing the surface in cylindrical coordinates
(but with an opposite sign, due to the arbitrary flip in N).
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4.4 LINE INTEGRALS

In the same way we can do double integrals in curves surfaces, we can do simple integrals along curved
paths: these are called line integrals

A. PARAMETRIZED CURVES

A curve in 3D space can be specified via a function
r: (u) » (x,y,2z) inadomainu € [a, b]
which maps the real line segment u € [a, b] into a segment of
curve in 3-D space r(u) = (x(w), y(u), z(w))

Examples of parametrized curves:

r(u) = (Rcosu,Rsinu,0) r(u) = (ucosu,usinu,0) r(u) = (Rcosu,Rsinu,u)
zZ VA Z
r(u)
r(u) 4 r(w) X X
X X X

Sometimes curves are given in other forms which need to be parametrized. For instance, the curve
y = x? can be parametrized by taking x as parameter: r(u) = (u,u?,0)

TANGENT TO THE CURVE

15_(”2)

T(uy)

A vector tangent to the curve r(u) is given by

dr
T(u) = ™

e The direction of T tells us the tangent direction.
e The magnitude of T tells us, locally, the distance moved by r per unit increase in u.
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B. LINE INTEGRAL: INTERPRETATION AND APPLICATIONS

Consider a parametrized curve C given by the parametric equation r(u) with u € [a, b], and a function
£ (r) which can be evaluated at the points on the curve f(r(w)) - f(w).

Divide this curve into segments separated by the points corresponding to u = ag, a4, a,, ..., ay (with
ap = a and ay = b). Each segment has a straight-line length AL, = ||[r(a;) — r(ax_1)|l. We can
evaluate f(r) at points along the curve somewhere inside each segment f;, = f(r(cy)) where ¢, €
[ak-1, ak]-

u:aN
’

Then consider the following sum:

N
Z fr ALy
=1

We are multiplying the length of the segment, by the function f(r) evaluated at r in some point of
each segment. This can be visualized when the path r(u) is 2-D, because we can use the z axis to

represent the function f(x,y) and show how it is sampled at the values u = cy:

f(xy)

Now take the limit when all the segments AL, — 0. If the limit exists, it is independent of the
subdivisions chosen, and the limit is defined as the line integral:

fc F(r) dl

The line integral lets us add a function over a certain curve. The function can be scalar or a vector.
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In two dimensions it is easy to give a geometrical meaning to the line integral. The line integral gives

us the area under the graph f(x, y) evaluated along the curve r(u) = (x(u),y(u))T.

£(x,y) f(r(u))

Area = [.f dl

r(u)

X

In three dimensions it is not possible to visualize it. The function is evaluated at each pointin the curve
and all values are added along the curve. We can understand it with examples:

Example applications:

The length of a curve C:

=f1dl
c

The mass of a wire following a curve C parametrised with r(u) having a linear density A(u)[kg/m]

dm [kg]
——
Alu) dl
N—— el
€ [kg/m] [m]

Total force (vector) acting on a wire C (as a function of a “force density” f(u)[N/m] acting on each
differential segment of the wire):

f(u) dl
Al ——
[N] € [N/m] [m]

Total electric field created at r, by a linear wire C carrying a density of charge A(u):

8 dq [C]
———
E(ry) = f ke p 2/’l(u) dl  with r' =ry;—r(u)
W  emmicn D
m? C~ [C/m] m]
=V/m]

Centre of mass of a wire (curve C) parametrised with r(u) having a linear density A(u)[kg/m]

for@) A dl
™M= W) dl

Weighted average of quantity f (1) over the curve C parametrised by r(u), with “weight” w(u)

@ w@)dl
o [ow@dl

fav
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C. LINE INTEGRAL CALCULATION

To perform the integral along the curve C, we just need to map the curve in 3D space into a straight
line in one dimensional u-space via a parametrization r(u). The integral is independent on how we
choose to do this parametrization. Once the curve is parametrized, we can integrate over the
parameter u. To do this, we need to:

e Find the differential line element dl = ||t||du equal to the differential length moved along the
curve when the parameter is increased from u — u + du (Note that this is exactly what the
magnitude of the tangent vector T(u) = dr/du is telling us).

e Evaluate the integrand f(r) on the points along the curve, i.e. f(r(u)) - f(u)

Therefore, the general method is:

fc £(r) di = f ) 5] a
e —

=llt@)l du
x(u)
1) Find a parametrisation of the curve r(u) = | y(u)
z(u)
2) Find the length differential (also called length element) dl:

i. Remember it or look it up (for simple cases)
ii. Geometrical intuition (consider the length of the segment r — r + dr when
u - u+du).

iii. Apply the recipe dl = ||dr|| = :—; du
3) Evaluate the integrand function f(r) at the locations on the curve by substituting the
parametrisation of the curve r(u) into the integrand f(r) (i.e. obtain f(r(u)) = f(u))
4) Calculate the integral in the appropriate limits u € [a, b]

Let’s do some examples:

1) Calculate the length of the circle of radius R

Solution: We need to integrate dl over the circle of radius R:

L= f 1dl
Circle

We parametrize the curve using cylindrical coordinates (we can do it in 2D):
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r(¢p) = (; Z?rfi) with ¢ € [0,27]

The tangent vector is:

dr /—Rsin¢
w(¢) :@:(Rcoup)

Therefore, the differential line element is:

d
di = Hé” do = [[e(d)ll dp = J(Rsin )2 + (Rcos p)Z dgp = R dob

So, we can do the integral in ¢p € [0,27]

21
L=f 1dl=] Rd¢ = 2nR
Circle 0

2) Determine the length of the spiral given in polar coordinates as p = e~%/4, with ¢ € [0, ©].

Solution:

p(p) =e P/

We need to integrate dl over the spiral:

L= f 1dl
Spiral

1. Parametrize the curve. We can use polar coordinates with p = e ~#/%, Rememberx = pcos¢;y =
p sin ¢.

e ®/* cos ¢
e ?/*sin ¢

r(¢) = < ) with ¢ € [0, «0]

2. Obtain the differential length dl. The tangent vector is:

_% , 1 _% ) 1

T(¢):£: e 4sing 4e cos ¢ _ o/ sin ¢ 4cosqb
d¢ _® _l % . _l _

e 4cos¢ 4e 4sin¢ cos ¢ 4smqb
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Therefore, the line element is:

2 2

dl = ||§—;|| do = ||lt(¢)|| dp = d¢ e_%\/<— sin ¢ —%cos (,b) + (cosqb —%sin (,b)

1 1 1 1
=d¢ e /% \](smz ¢ +5sing cos ¢ +—cos2 qb) (cos2 ¢ —5sing cos¢ + — sin? qb)

16
\/._
_d¢€ P/4 ’1+——d¢e 4T

3. Evaluate integrand at the curve and calculate the integral in ¢ € [0, o]

sz 1dl=fwr e~¥/* dgp = VI7[—e /4]0~ " = V17
Spiral 0 4

3) Calculate the line integral fc(x + y)dl where C is the path joining the points (0,0) — (1,0) in
a straight line, followed by the path joining (1,0) — (1,1) in a straight line.

This integral needs to be done in two parts:

(1,0) (1,1) Y
f(x+y)dl =f (x + y)dl +f (x + y)dl
c (0,0) (1,0) 1
1. Parametrise the two paths: ¢
r(u) = (u,0)" _— —X
r,w = 1w’ i
2. Find the differential length dl for the two paths:
= 20 = 3 =
aty = [[ 52 aw = | (%) aw = a
3. Evaluate the integrand (x + y) on the two curves:
Path 1, substitute ry (u): x+y)=u
Path 2, substitute r, (u): x+y)=1+u

4. Calculate the integrals:

(1,0) (1,1) 1 1
dl = dl dl = d 1 d
fc(x+y) f( (x+) +f x+7) fo(u)u+fo( +wdu

0 0) (1,0)

w13 ,
u+—0—§+§—
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D. LINE INTEGRAL OF VECTOR FIELD WITH DOT PRODUCT F - dI

Surprisingly many times in Physics, equations lead to a line integral along a path L in which the
integrand is the dot product between a vector field F(r) and the unit vector tangential to the path
t = t/||7]| (with T = dr/du):

w=| (F-9 dl=fF-dr
L

L
dot product

dr & £dl
(t is the tangent unit vector)

Once the dot product is performed then (F - t)dl is a regular scalar line integral as studied earlier.
Since this integral involves the dot product with the tangential vector, the direction in which the path
is traversed is important (swapping direction determines the sign of the result).

As an example, the work done by a force is equal to the force multiplied by the displacement Ar in
the direction of the force. This statement can be written as a dot product when the force is constant
along the path: W = F - Ar. However, when the force is changing throughout the path, we can divide
it into tiny differential paths and write dW = F(r) - dr for each, so that the total work done:

W=J;F(r)-dr

CALCULATION

Once a parametrization r(u) with u € [a, b] is found, we can find the vector displacement differential
dr in terms of the parameter u and du. Two ways to prove this: First, consider the definition dr &
t dl, together with the definition of £ = t/||t|| and of the scalar line integral element dl = ||t||du.

. . . . . : d
Alternatively, calculate total differential of the vector function r(u) using the chain rule dr = ﬁdu.

dr dr
[|It]|ldu = tdu = —du o dr = —du

T
dr—tdl—m du du

Both ways lead to the same result. Therefore, writing this explicitly:

b
W = fLF -dr =L <F(r(u)) . d;gi)) du

dr dx/du
i dy/du
Y \dz/du

1) Parametrise the curve: r(u) with u € [a, b].
2) Find the displacement differential dr = g—;du.

3) Evaluate the integrand F - dr on the curve. Remember to do the DOT PRODUCT and to
SUBSTITUTE r(u) into F(r) sothat F - dr = g(u) duis ascalar integrand involving u only.
4) Calculate the 1D definite integration in u € [a, b].
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VISUAL INTUITION:

The line integral of F - dr is adding up positive values (F - dr) > 0 when the path moves in the
direction of the field, negative values (F - dr) < 0 when the path moves in opposite direction to the
field, and does not count (zero value (F-dr) = 0) those regions where the path moves exactly
orthogonal to the vector field. See examples:

F h
e e g S Y
A AN e aTaUA N A )

IR DA L

ARAN S 5 ey )/ ¥ ",
ANSNS S8 Yy e
AN\ Diskil

P s B e s

-
B

ol —
- - - - . "

e R

S T T T S S ——

]t —

eyttt —

The direction of the path is important, as flipping the direction C — —C will change the sign:

fF-drz—f F-dr
c -c
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4) Consider the 2D vector field F(x,y) = (1,1 + x). Calculate the integral fL F - dr where L is the
circular anticlockwise path with radius R centered at the origin.

Solution:
1) Parametrise the path:

r(¢p) = (‘; Z?rf ;’f) with ¢ € [0,27]

2) Find the vector path differential dr:

dr /—Rsin¢
©(e) =£=(RCOS¢)

So, the displacement differential can be obtained as:

dr —Rsing
dr= 3549 =(Rcos¢ )dqb

3) Evaluate the integrand F - dr along the path (remember substituting F(r(gb)) and doing the dot
product)

(i) The vector field F needs to be expressed in terms of the coordinate ¢ by substituting the path r(¢)
into x and y:

F(r(@) = F&@),y(#) = FRcosd, Rsind) = (1, peos o)
(ii) The dot product needs to be done:

F-dr = (1 + Rlcos ¢) : (—RRcziSnf) d¢ = (—Rsin¢® + R cos ¢ + R? cos? ¢) d¢

The order of the two steps above can be swapped.

4) Calculate the integral:

Everything is written in terms of either constants (R) or parameters (¢), so we are ready to integrate
ing¢ € [0,2r]:

21
fF-dr=f (—Rsin¢ + R cos ¢ + R? cos? ¢p)d¢
L 0
:f2n<—Rsin¢+Rcos¢+R2(l+lc052¢)>dqb
. 272

R2¢ 2 p=2m
=|Rcos¢ + Rsin¢p + —— + —sin 2¢
2 4 $=0
=(R+0+R’m+0)—(R+0+0+0) =R?n
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ALTERNATIVE NOTATION (AND POSSIBLE SHORTCUTS)

Start from the usual notation:
W = jF(r) -dr
L

For the function F, we can write its three components. For the vector differential dr, consider how
the du’s cancel on each component. We arrive at:

E, (1) dx/du dx
F(r) = | K |; dr = (dy/du) du = (dy);
E,(r) dz/du dz
Therefore, we can explicitly carry out the dot product of the two vectors F(r) - dr:
F-dr=F dx+FE,dy + F, dz

Leading to a very common way of writing vector field line integrals:
W=fodx+Fydy+FZdz=fodx+nydy+fFZdz
L L L L

In this notation, the dot product (an important part of step 3) has already been done for you! So, in
step 3, you just have to evaluate the integrand and the differentials along the curve.

The advantage of this last form is that we can use, for instance, x directly as the parameter in the first
integral, and then write the x component of F as a function of that parameter only F,(x) = F(r(x)) .
X so that we can evaluate the integral directly, with no need to compute tangents nor parametrizing
the curve with an external parameter.

Remember, even though this notation looks different, it is completely equivalent to previous
definitions of line integrals, and they always give the same result.

For example, starting from the above, if the path is written as r(u) = (x(u), y(u), z(u)), then it is
clearthatdx = g—idu = x'(u) du, and similarly for the other two, so the integral can be reduced back

to where we started:

b b dr
W= f [E.) x' (W) + E,(w) y'(w) + F,(w) z'(w)]du = f (F(r(U)) -a(u)> du
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5) Calculate the line integral:

W=fxdx—ydy+zdz
L

Along one revolution of the helical line specified parametrically as x = Rcos¢;y =
Rsing;z = bo.

Solution:

1. Parametrise the curve, already done in the question. One revolution corresponds to a change of
¢ € [0,2m].

2. Find the displacement differentials (dx, dy, dz) = dr.

d
d;=—R51n¢—> dx = —Rsin¢ do;
W _ g dy = Rcospd
—_— - = N
9 cos ¢ y cos ¢ do;
4 S dz=bd
_—= - =
o z=bd¢

4 Rsin¢ dx
Note that this is equivalent to dr = édd) = ( Rcos ¢ )d(p = (dy)
b dz

3. Evaluate the integrand at the curve:

W = xdx—ydy+zdz=f

2T dx dy dz
—xRsing —yRcos¢p+2zb |dop
AB 0

The dot product has already been done for us. But be careful! We still need to write x, y and z in terms
of the parameter, substituting the parametric equation of the line:

o X(¢) y(¢) Z(¢>)
W = f (Rcosql))Rsmqb—(Rsmqb)Rcos¢+(b¢)b do

= (2R? cos psingp + b2pp) d¢p = |R? sin? ¢ + — ¢p? =0 + 2m?b?

2m b2 $=2m
0 ¢

¢=0
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A. CIRCULATION OF A FIELD

In many cases in physical laws, the path C is a closed path or loop. Then the integral is called the
circulation of the field around the loop, and the fact that the path is closed is denoted with a circle
on the integration symbol:

]=£F-dr

Example:
6) Calculate:

] = jg 2xy dx + x%dy
L
Along the loop L = OB - BA — A0 with 0 = (0,0), B = (1,0), A = (0,1).

Solution: Consider each path separately:

First path OB: Use parameter x in curve y = 0. Therefore dy = 0. Remember to substitute x and y.

1 1
Jog = f 2xy dx = f 2(x)(0)dx =0
0 0
Notice how we didn’t have to use any extra parameter; we just integrated in x

Second path BA: Use parameter x with y =1 —x. Therefore dy = %dx = —dx. Problem: the

parameter x goes from x = 1 to x = 0, it goes down! That can be confusing, especially because in
F - dr integrals, the direction is very important. There are two possible solutions:

(i) Mathematically rigorous solution: redefine the path using a parameter which increases, e.g. use
the straight-line equation r(u) =b +u(a—b) = (1 —u,u) with u € [0,1]. Now dx = —du and
dy = du, and we can continue as usual:

1
Jga = f 2xy dx + x%dy = f 20 —w))(—duw) + 1 —w)? (du) =(...) =0
BA 0

(ii) Easy solution: Define a path —L which is identical to the path L but reversed in direction. In that
case, we can use the original parametrisation, so that path —L is given by r(x) = (x, 1 — x) with x €
[0,1]. Then apply the fact that reversing direction flips the sign fL F.-dr =— f_L F - dr:

1

JBa = f 2xy dx + x%dy = —f 2xy dx + x*dy = _f 2x(1 = x)dx + x* (= dx)
L 0

-L

0
= [ x-3 dx =1 -2zt = 0
1

Third path AO: Use parameter y with x = 0. Therefore dx = 0. Same problem of y decreasing.

1

Jao = f 2xy dx + x%dy = —f 2xy dx + x%dy = —f 200)()(=dy) +0*dy =0
B 0

-L

Sofinally, /] = Jog + Jga + Jao = 0. This result is not accidental because F = (2xy, x?) is the gradient
of a scalar field U = x2y (we will see what this means in the vector analysis chapter)
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MATHEMATICS AND COMPUTATION FOR PHYSICS

SEMESTER 2
COMPUTATIONAL EXAMPLE OF CIRCULATION IN PHYSICS

Ampere’s law relates the circulation of a static magnetic field in any closed path C with the total
electric current which crosses through any surface enclosed by that path, lg,:

f B-dr = polenc
c

Consider a current carrying wire at (x, y) = (0,0) carrying a current I; Z in the positive z direction. The
magnetic field created by this current is given by (it can be found using Ampere’s law):

Uoly .
Bdm=5£%

which we can write in cartesian coordinates as: B;(r) =

Kol (—yi+x ?) _ Bl CYREXP) oy
21y x%+y2 \ Jx2+y? 2m(x2+y2)
current carrying wire was instead placed at r; = (xq,y4), then we can shift our origin, i.e. do the
change x - x — x4,y = ¥ — ¥4, so that:

B, (1) _ poli O —y) X+ (x—x)9)
pwreRram) T an((r - 1)2 + O = y1)?)
If we have TWO current carrying wires, wire 1 placed at location r; carrying a current I;Z, and wire 2

placed at location r, carrying a current I,Z, the total magnetic field will be the superposition of both:

Btot (I‘) = Bll (l‘) |wire at (x1,1) + BIZ (I‘) |wire at (x2,¥2)

Computationally it is trivial to add two such functions and simplify the result. For example, this is the

magnetic field in the XY plane when a current of 1Z is placed at (0,1/2) and a current of — %i is placed
—9x2(— _9gv2_9g43

at (0,—1/2): we have B (1) = ,u0< 19" (C1dy)+y-9y -9y

2+ x(%+x2+2y+y2) .
ssn(xz+(—§+y>2)(x2+(§+y)2)X 4n(x2+(—§+y)2)(x2+(§+y>2)y '

»

yrrr

YYYYV VP Y
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Now, let’s calculate the circulation of B around the path C given by the unit circle in the XY plane
centred at the origin. For this we follow the steps:

ng-dr
c

1. Parametrise the path: r(¢) = (cos ¢,sin¢,0)
2. Obtain the vector displacement differential: dr = ;—; d¢p = (—sin¢,cos¢,0)

3. Evaluate the integrand at the curve and perform the dot product B - dr. For this we must substitute
x = cos ¢ and y = sin ¢ into the expression of B above, and then do the dot product with dr. This
messy expression can be simplified using the computer, and we arrive at:

9(9 + cos? ¢ + 8sin ¢ — sin? @)
8m(41 + 9cos2¢)

B'dl':‘u.o d¢

4. Calculate the integral. This is a difficult integral, but again, the computer can solve it. The result is:

1
d¢ = (computer) = u, 3

2T 9(9 + cos? ¢ + 8sin ¢ — sin? ¢)
f B:-dr = Ho f
c 0 8m(41 + 9cos2¢)

C 1 .
which is exactly polane = to(1 _E)’ because our curve enclosed both currents, in accordance to

Ampere’s law. Performing the integration numerically over different curves with their correct
parametrisation, we get always gl depending on the total current we enclose:
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PROBLEMS
LINE INTEGRALS OF SCALAR FIELDS

7) Calculate fc(x + y)dl, where C is the straight-line segment from (0,0) to (1,1).

1. Parametrise the curve. The simplest option is r(u) = (u,u)T.

dr

|| du= 1(L,DT||du = V2 du

2. Find the differential of length: dl = ||t||du =

3. Evaluate the integrand along the curve: f(r(u)) = f(x(u),y(u),z(u))
Frw) = G+ Ylazu = 2u

3. Calculate the integral

‘agezag-oafu] -

1
O fw aitw 0

fcfdl:

8) Integrate f(x,y,z) = x — 3y? + z over the line segment C joining the origin to the point
(1,1,1).

1. Parametrise the curve. The simplest option is: r(u) = (u, u,u)T withu € [0,1]

2. Find the differential of length: dl = ||t||du = du = [|(1,1,1)7]|du = V3 du

dr
du

3. Evaluate the integrand along the curve: f(r(u)) = f(x(u),y(u),z(u))

f(r@w) = (x — 3y% + 2)|

x =u—3u?+u=2u-3u?
y
Z

I
SN

4. Calculate the integral

1
ffdl = j (2u —3u?) (V3du) =V3[u? —u?l§ =0
¢ O Trw  diw)

9) Evaluate fc(x + y + z)dl, where C is the straight-line segment from (0,1,0) to (1,0,0).

Solution:

1. Parametrise the curve. The simplest option is: r(u) = (u, 1 —u, 0)T with u € [0,1]

du = [|(1,-1,0)7||du = V2 du

2. Find the differential of length: dl = ||t||du = 2—;

3. Evaluate the integrand along the curve: f(r(u)) = f(x(u),y(u), z(u))

f(r(u))=(x+y+z)|y =u+l-u=1

X=u
=1-u
2=0
4. Calculate the integral

ffdl=f1@(ﬁdu)=x/§[u]5=x/§
C 0

f  di(w
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10) Calculate the total mass of a circular loop (given by the unit circle in the XY plane centred at
the origin) given that the circle is denser for higher x values according to the linear mass
density A = 2 + x.

To calculate the total mass, we need to integrate the density along the curve:

M = fﬂdl
c
cosqb).

1. Parametrise the curve: use polar coordinates with p = 1, so we have r(¢) = (sinq’)

2. Find the differential length. We are using polar coordinates, so by geometrical intuition:
dl = p del,=y = dgp
3. Evaluate the integrand at the curve:
Ar)=24+x - )l(r(qb)) =A(x =cos¢p) =2+ cos¢

4. Calculate the integral:
21
szldlz (2 + cos ) dop = [2¢p + sin p]3” = 4r
c 0

The same as if it had been a constant density of 2. That is because the excess mass in one side is exactly
compensated by the lack of mass in the other, due to the linear dependence on x.

11) Determine the length of the spiral given in polar coordinates as p = e~%, with ¢ € [0, o].

Solution:

Y p(P)=e?

We need to integrate dl over the spiral:

L= f 1dl
Spiral

1. Parametrize the curve. We can use polar coordinates with p = e~%. Remember x = pcos¢;y =
psin ¢.

-¢
r(¢) = (e o ¢> with ¢ € [0, o0]
e ?sing
2. Find the differential line element dl. The tangent vector is:

dr <—e‘¢sin¢—e‘¢cos¢>_ _¢<—sin¢—cosq§>

T(¢):d¢: e~ cos p — e~ sin ¢ - cos ¢ — sin ¢
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Therefore, the line element is:

dl = ||t]ld¢ = dgp e~? \/(—sin ¢ — cos ¢)2 + (cos ¢ — sin ¢)?2
=d¢p e=? \/(sin2 ¢ + 2sin ¢ cos ¢ + cos? ¢) + (cos2 ¢ — 2 sin ¢ cos ¢ + sin? ¢p)
=d¢p e P2

3. Evaluate the integrand at the curve and calculate the integral:

So we can do the integral in ¢ € [0, o]

L:f 1dl:f \/Eeﬂl) dqj):\/i[_e-(p]qbim:ﬁ
Spiral 0 $=0

12) Calculate the line integral:

I = fﬁ (x + 2y)dl
L
Over the path L = OB - BA - AO with 0 = (0,0), B = (1,0),A = (0,1).

Solution:

Note: the circle on the integral symbol gﬁL(x + 2y)dl is a way of indicating that the path is closed.

We cannot parametrize this curve as a single function r(u). Instead we can split the integral into its
three sections or contributions.

Y,
01H=A |
>— %

0 | B =(1,0)

!
I = ff (x+2y)dl=| (x+2y)dl+ | (+2y)dl+ | (x+2y)dl
L OB BA AO
First path OB: Let’s use x € [0,1] as parameter.
(X _ dr _ 1 _ _
r(x) = (0) -1(x) = v (0) - dl = ||t||ldx = dx

1
1
(x + 2)’)|x=x dl = f xdx ==
OB y=0 0 2

4.4 (17)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

Second path BA: Let’s use y € [0,1] as parameter.

_ d _
r) =("7) >0 =5 = (1) - dt = Ieldr = V2 ay
1 y2 y=1 3
(x+2y)|x=1_y\/§dl:f (1—y+2y)\/§dx=\/§[y—7+y2] =\/§(§>
0B y=y 0 y=0

0
Third path AO: It seems we should use r(y) = <y) with y € [1,0]. But warning!! We have a

parameter running backwards! What do we do with this? There are two solutions:

(i) Mathematically rigorous solution: Let’s choose a parameter which really grows with the
integration path. Let’s definey = 1 — u and use u € [0,1] as the parameter:

_( 0 _dr_co _ _
r@=(, 2 )~ tw=2= (")~ d = Itlldu = du
1
(x+2y)| x=0 dl= f 2-2w)dx=Qu—-u?)izl=1
OB y=1—u 0

(i) Fast (but potentially more confusing) solution: The definition of line integrals of the type
fc f(u)du does not care about the direction in which we traverse the path, so if we define a path
—C which is exactly equal to C but traversed in the opposite direction, the result of the integral
must be unchanged fcf(u)du = f_cf(u)du. So, we can use —C with the increasing parameter
y € [0,1] (But warning: this is exactly the opposite of what happens in integrals of the type fc F-dr
seen later, which do change sign. If in doubt, the mathematically rigorous solution always works.)

1) = () = 200 = 5 = (8) = at = lelay = ay

1
f (x + 2y)|x=0 dl = +f (x + 2y)|x=0 dl = f 2ydy = (y2)7=1 =1
OB y=y BO y=y 0

So finally, adding up the three paths:

1 3v2
I=j£(x+2y)dl= (x+2y)dl+ | (x+2y)dl+ x+2y)dl==+——+1
L OB BA AO 2 2
_3(1+42)
==

Note: There is a shortcut when using x as the parameter. We could have directly applied the fact dl =

dx d . . . .
”( X —y) ” dx, which can be immediately written as:

dx’ dx
2
dl = dx /1 + (%) = dxy/1+ (y'(x))? = 1 dx for OB where y(x) = 0

and similarly, when using y as parameter:

2
dl =dy /1 + (j—f}) = dyy/1 + (x'(¥))? = V2 dy for BA where x(y) = —y

which some books give as an equation when integrating directly using x or y; but | think it’s better to
follow always the same logical steps above and the time saved using this shortcut is not that much.
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LINE INTEGRALS OF VECTORS

13) Find the centre of mass of a semi-circular metal arch, given by the equation y? + z2 = 1 with
z = 0, knowing that it is denser at the bottom than at the top, following the mass density
equation A(z) =2 -z

The centre of mass is calculated as the weighted average of the position vector r weighted by the
density A, as follows:

foradi
em = 531
[ Adl

The numerator is the line integral of a vector, whose result is a vector, which can be solved by splitting
it into its components:

fr/ldl=f(xﬁ+y§/+zi)/1dl=ﬁfx)ldl+§rfyldl+ﬁfz/1dl
C C c C C

So, in total, we need to calculate 4 different line integrals. Perform the steps for each one (they share
steps 1 and 2):

1. Parametrise the curve. Let’s use an angle from 0 to m as the parameter:

0
r(a) = <cos a)
sina

0
—sina
cosa

3. Evaluate the integrand at the curve. Simply substitute x = 0,y = cosa and z = sin a.

2. Find the differential length:

dr
dl = ||t|[da = ”a” da = da = /(= sina)? + (cos a)? da = da

Adl=(2—-2z)dl = (2 —sina)da
xAdl=x(2—-2)dl=0da
yAddl=y (2 —-2z)dl =cosa (2 —sina) da
zAdl=2z (2 —-2)dl =sina (2 —sina) da

4. Calculate the four integrals:

T
jldl=f (2 =sina)da = [2a +cosa]f =Q2r—1)-(0+1)=2n—2
c 0

fxldl=f0da=0
c c

T s 1
fyxldl:f cosa(Z—sina)dazf (2cosa —sinacosa) da = 251na+§cosza]
c 0 0

T

0

- (o +%(—1)2) - (o +%(1)2) =0
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s T
fzﬂdl=f sina(Z—sina)da=f (2sina — sin? a) da
c 0 0

—fn2' (11 2)d—[2 a+1_2
—0 sina — (5 — 5 cos 2a a= cosa —- +sin 0(0

3

=(2—%+0)—@2—0+0)=4—g

Hence, we now know all the required integrals:

N>
I

Joradl gf.xAdl+y[.yrdl+%[.z2dl 4-m/2 8-m
JoAdl J Adl 2m—2" 4m—4

Density A =2 —z

==
-~

LINE INTEGRAL OF VECTOR FIELD (WITH DOT PRODUCT F - dr)

14) Find the work done by the force F = (y — x2)X + (z — y?)§ + (x — z?)Z over the curve
r(t) = (¢, t%, t3) with t € [0,1].

1. Parametrise the curve. This is already done by the question:
t
r(t) = <t2> with ¢t € [0,1]
£3

2. Find the vector differential of path dr:

dr 1
dr=‘tdt=adt= 2t | dt
3t?

3. Evaluate the integrand F - dr along the curve, remember to do the dot product:
y—x? 1

F(r(u)) -dr = F(x(u),y(u),z(u)) dr=|z-y2 |- ( 2t > dt

x—z2) \3t?

We can do the dot product first, and then substitute x =¢t, y = t? and z = t3, or the other way
around, both give the same result

F-dr=[(t? —t®) + (3 —tY)(2t) + (t — t®)(3t?)]dt = (2t* — 2t5 + 3t3 — 3t®)dt

4. Calculate the integral:

1 2 2 3 3 .11 29
F.-dr = 2t% — 2t5 + 3t3 — 3t¥)dt = —t5——t6+—t4——t9] = —
L r L( ) 5 6 4 9 |, 60

The units would be Joules, assuming the force is in Newtons and the distance in meters.
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15) Find [ F-drwhere F = x £ + z§ + y Z and C is the helical path:

r(t) =cost K +sinty+tZwitht € [0,7/2]

Note that the integrand is the dot product. It is not a vector. Hence the result is a scalar, not a vector.
1. Parametrise the curve. This is already done by the question:

cost
r(t) = (sin t> with t € [0, /2]
t

2. Find the vector differential of path dr:

dr —sint
dr=tdt =—dt = cost |dt
de 1

3. Evaluate the integrand F - dr along the curve, remember to do the dot product:

X —sint
F(r(w) - dr = F(x(w), y(w),z(w)) - dr = (Z> . ( cost )dt
y 1

We can do the dot product first, and then substitute x = cost, y = sint and z = t, or the other way
around, both give the same result

F-dr = (—xsint+ zcost + y)dt = (—costsint + tcost + sint)dt

4. Calculate the integral:
/2
jF-dr=f (—costsint + tcost + sint)dt
c 0

. d .
Remember the chain rule: Ecos2 t =—2sintcost

d, . d . d, . .
Remember the product rule: " (tsint) = o () sint+t " (sint) =sint + tcost

So the integral can be solved directly once we recognise those patterns.

/2 -1

:(OJ’”/Z)_(%)" 2

/2 1
f (—costsint+tcost+sint)dt=[Ecoszt+tsint
0 0

16) Calculate fcy dx + x?dy along the following curves:
(i) the parabolic curve given by y = 4x — x2 running from point (4,0) to (1,3)

(ii) the straight-line segment running from point (4,0) to (1,3)

(i) Parabolic curve path. Notice that this curve is going from right to left.

1. Parametrise the curve:

We can try to use x as a parameter.

r(x) = (4x f xz) with x € [4,1] (warning! Parameter going backwards*)
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*How to solve it: The problem here is that the curve goes from x = 4 to x = 1, so we should be
very careful with using parameters going backwards. There are two options to solve this.

Option 1: Mathematically rigorous way. Define a new parameter u which grows from 1 to 4, so
we can define x = 5 — u such that u = 1 corresponds to x = 4 and viceversa.

r(u) = (4(5 — u5) :1(15 — u)2> - (—u25+_611i - 5)

Option 2: Easy way. We define a curve —C which corresponds to curve C but going in reverse.
Therefore, the sign of the integral will need to be changed later fC F-dr = — f_C F-dr.

Curve —C: r(x) = ( with x € [1,4]

4x f xz)

Let’s use option 2.

2. Find the differentials of length dx and dy in terms of the parameter x and its differential dx:
dx = dx
y=4x —x?->dy = (4 - 2x)dx

Note that this is equivalent to finding the vector differential of path in the usual way:

_ dx _dr _ 1
dr= (dy) =m = (o)

3. Evaluate the integrand F - dr along the curve, the dot product is already done.

X=x
y dx + x2dy = { y = 4x — x? } = (4x — x?)dx + x%(4 — 2x)dx = (—2x3 + 3x? + 4x)dx
dy = (4 — 2x)dx

4. Calculate the integral: (remember that we are using the path —C so we need to invert the sign)

4

4 1 69
J.F-dr=—f F-dr=—f (=2x3 4+ 3x%2 +4x)dx = — |—=x* + x3 + 2x%| =—
c ¢ 1 2 1 2

(i) Straight line path from point (4,0) to (1,3)

1. Parametrise the curve. We need the equation of a straight line going from ry to r;:

rw) =r +ulr,—r)= (g) +u ((;) - (g)) = (4 ;u3u) with u € [0,1]

2. Find the differentials dx and dy as a function of the parameter u and du:
x=4—-3u->dx=-3du
y=3u->dy=3du
Note that this is equivalent to finding the vector differential of path in the usual way:

dr = (g;) - j—zdu _ (‘33) du
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3. Evaluate the integrand F - dr along the curve, the dot product is already done.

x=4-3u
290 — y=3u _ _ 2.2
ydx +x°dy = dr = —3 du = Buw)(—3du) + (4 — 3u)*(3 du)
dy =3du

= (—9u + 48 — 72u + 27u?)du
= (48 — 81u + 27u?)du

4. Calculate the integral:

. 81 27 .1' 33
fydx+x2dy=f (48 — 81u + 27u?)du = [48u — —u? + —u3| =—
c . 2 341,72

17) Evaluate fc xy dx + (x + y)dy along the curve y = x? from (—1,1) to (1,1)

Since we have the integrand in the form F, dx + F, dy, the best parametrisation is to use either x or
y as a parameter. Let’s do both:

Option A: Use x as parameter.
1. Parametrise the curve: r(x) = (x,x?) with x € [—1,1]
2. Find the differentials y = x% - j—z = 2x hence dy = 2x dx
3. Evaluate the integrand at the curve (i.e. substitute y = x2 and dy = 2x dx):
xydx + (x + y)dy = x3 dx + (x + x2) 2x dx = (3x3 + 2x?) dx
4. Calculate the integral:
4
3

1 3 2 .1 3 2 3 2
_ 3 2 _(2,a 28] (2. 5)_(2_%\_
fcxydx+(x+y)dy f_l(Bx + 2x°) dx [4x +3x ]_1 (4+3> <4 3>

Option B: Use y as parameter. This gets messy (Option A is the wiser choice)

1. Parametrise the curve:

Not being careful we could write r(y) = (\/—, y) with y € [1,1], but notice that something is wrong
with the limits. The problem is that to parametrise the parabolic curve y = x? using y as a
parameter is problematic, because each value of y corresponds to two values of x. Hence, we need
to divide the path into two parts, to have 1-to-1 correspondence, and integrate separately:

r(y = (—\/—, y) with y € [1,0] (warning! Parameter going backwards — see last problem)

r,(y) = (+/y,y) with y € [0,1]
2. Find the differentials:

1
For path 1y (u): x = —/y > dx = — =4y

1
For path r,(y): x = ﬁ - dx = ﬁdy
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3. Evaluate the integrand at the curve:
d 3
For path ry (w): xy dx + (x + y)dy = —\[y y _23_ +(—/y+y)dy= (Ey - \/;) dy

For path r,(u): xy dx + (x + y)dy = \/_y S+ (Vy +y)dy = (231 + ﬁ) dy

4. Calculate the integral:

We had a parameter running backwards, therefore we can define curve —C; with y € [0,1] as being
in opposite direction to C;, and apply the property: fc1 = - f—cl , SO we can revert the path, to have

y growing, but knowing that we needed to invert the sign of the integral.

1 3 1
fxydx+(x+y)dy=f +f f f f y+y2)dy+f (EY‘FYE)dY
c o C, o o 0 0

1

4
— —_ 2 = —
[4y ] [4y *3 y] 3

3 2 3 2

173 t3

1
Notice that it would have worked to just use the inverted limits flo Gy + yi) dy, which is equivalent

to a negative sign, but this can lead to confusion, so do this at your own risk.

CIRCULATION

18) Find the circulation of the field F = (x — y) X 4+ x § around the unit circle in the XY plane
centred at the origin.

1. Parametrise the curve. The unit circle is best parametrised in polar coordinates
cost
r(t) = <sin t> with t € [0,2m]
t
2. Find the vector differential of path dr:

dr —sint
dr=tdt =—dt = cost |dt
dt 1

3. Evaluate the integrand F - dr along the curve, remember to do the dot product:

X—y —sint
F(r(w)) - dr = F(x(w), y(w), z(w)) - dr = < x > : ( cost )dt
0 1
We can do the dot product first, and then substitute x = cost, y = sint and z = 0, or the other way
around, both give the same result
F-dr = (—(x —y)sint + x cost)dt = (—(cost — sint) sint + cos? t)dt = (—costsint +
sin? t + cos?t) dt = (1 — costsint) dt

4. Calculate the integral:

21

21 1
fﬁF-dr= (1—costsint)dt=[t——sinzt] =2m
c 0 2 0
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5. VECTOR CALCULUS

In this chapter, we look at properties and transformations that can be done on scalar and vector fields.

A. SCALAR AND VECTOR FIELDS

Scalar field: ¢(x, y, 2)

) J——
(y) — ¢(r) —
Z

A scalar value assigned continuously to each point in space. Examples of scalar fields: temperature in
a room, pressure at each point of a fluid, gravitational potential in the solar system, ...

Vector field: F(x, y, 2)

x—p _pr
y | ——] F(r) ——— (£
Z—p _’F%]

z

A vector assigned continuously to each point in space. Example of vector fields: velocity vector of a
fluid, electric field.

Typical representation of scalar and vector fields: very simple in 2D space.

Scalar field: T = e " *¥*(1 + sinxy) Vector field: F = (x> +y2 + 1)5/2(y R + x §)
y

N N N

SN LT I I N B A A
~\$\§“ :‘l‘:.‘(f«_;
\\_\‘\\\"k: “":_44_4_44‘1_:
- % \: ‘ j‘ ’,4 .f/l,r,r -
- W V-.A__“ ',f A e
_—_— - m-m X
i 2 2 AR
i ‘/}j)‘: ’ ‘ N
slcicit ot A A B 8 0 ek
At'))"”t“l"“_"\\'\'xu
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Central to all following sections is the vector differential operator V called del or nabla.

Operator V (called ‘del’ or ‘nabla’)
d/0x
v=|d/oy
d/dy
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B. GRADIENT

The gradient is a transformation which acts on a scalar field ¢(r), calculated by applying the V
operator to the scalar field ¢:

Gradient:
dop/0x
grad ¢ = Vo(x,y,z) = dp/0y
dp/0z

This operation converts a scalar field into a vector field a(r) = V¢ (r).

)

YYvY

¢(r) —

b

(x) . Ay a/dx d¢p/ox

y > Vo(r) — (a )= 9/0y |¢ = | 0¢/dy

z - az 9/0z d¢p/0z
=

1) Calculate the gradient of the scalar field f(x,y,z) = x — xy + z?2

Solution:

of /ox 1-y
Vi(x,y,z) =| 0f /0y =< x )
of [0z 2z

2) Calculate the gradient of the scalar field f(x,y) = x? — xy

Solution: Note that this case is two-dimensional. The gradient can be defined for N-dimensions simply
by adjusting the size of the “nabla” operator to match the number of dimensions.

Vi(x,y,2) = (Sffgi) - (Zx—; y)
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INTERPRETATION OF THE GRADIENT:

e The gradient V¢ gives us, for each point (x,y, z) in a scalar field ¢, a vector indicating
the direction and magnitude of the steepest ascent along the scalar field.
e Therefore, the gradient is perpendicular to the contour lines of the scalar field ¢.

SIMPLE 2-D EXAMPLE:

d(x,y)
Arrows = Gradient V¢ (x, y)

¥
XX

X

With 2D fields, we can use a 3D representation in which we use the third dimension to represent the
value of the scalar field. Then the gradient is even more intuitive to visualize:

2= p(xy),

Note how the gradient always points away from local minima and towards local maxima. The
gradient is zero at the stationary points. A common computational algorithm for finding minimain a
function is to follow the opposite direction of the gradient (method of steepest descent).

In three dimensions, the gradient is a 3D vector defined in every point in space, pointing along the
direction of steepest increase of the scalar field ¢ (r).
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THE DIRECTIONAL DERIVATIVE

For a scalar field f(r), the directional derivative along a vector V is a scalar that has many different
equivalent notations:

of
Vif, Dsf, FE

and is defined similarly to a derivative, but moving specifically along the direction v:

fr+hv) - f(r)
h

V‘-;f = }llll’)(l)

This is clearly a generalization of partial derivatives, e.g. df /0x = Vgf. In fact, by considering the
increase along x, y and z one after the other, we can write the directional derivative in terms of the
partial derivatives:

of  of

Evy +a—2UZ

af
V‘-;f = avx +

When V is a unit vector Vg f gives the slope of f(r) along the direction V.

The dot product between the gradient Vf and the vector v can be used to compute the partial
derivative along any vector v. The gradient gives us all the information about slopes!

V‘-;f=Vf'V

This explains why V£ is always orthogonal to contour lines, along which f(r) is constant.

3) Find the slope of the function f(x,y) = ye**” in the direction of u = 2% + § at the location
(x,y) = (L,D).

The gradient is:

U = (.20) = Gest, (14 ) )
The unit vector in the direction of u is:
= % = \/% = (2/V5,1/V5)
Therefore:
Slope = Vf - ¥ = (ye"“’)i + 1+ y)e’““yi
V5 V5

This is the slope in the u direction at every point in space!

We are asked the slope at (x,y) = (1,1), which is:

q 42
ope = —
PE=5
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MATHEMATICS AND COMPUTATION FOR PHYSICS

C. DIVERGENCE

The divergence is a transformation which acts on a vector field F(r). It is calculated in rectangular
coordinates by applying the dot product between the V operator and the vector field F(r):

Divergence:

F, 0F, O0F

ivF=V-F = A A
div V- F(x,y,2) Ep + ) s

The result is a scalar field. Hence the divergence converts the vector field F(r) into a scalar field f(r):

X Fx
y | = F(r) — | £,
— pr——

VA Fz

N ) 0fox\ B\ 5p  aF, oF,

V| —3 V-F(r) » f=|0/0y F, = +6 +6

z 9/0z) \F, o0y 0z

v F
4) Calculate the divergence of the vector field v(x, y, z) = (3y, 6y — xe”,Vxz)
Solution:
ov, 0vy, 0v, X
. = = — — — y
v V(x'y’z)_6x+6y+az 0+ (6 xe)+(2\/ﬁ)

5) Calculate the divergence of the vector field v(x,y) = (y2 — x3y) & + (6y — 3x%y) ¥

Solution: This is an example in two dimensions:
av
2= —3x2y+6—3x2 =6—-3x2(y + 1)

dv,

V-v(x,y) = ™ 3y
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INTERPRETATION OF DIVERGENCE

The divergence V - F gives us, for each point (x,y,z) in a vector field a, a scalar value
indicating whether there is a net flux of a out of (positive) or into (negative) a small volume
surrounding the point.

e Sources of field lineshaveV-F > 0
e Sinks of field lineshave V- F < 0

For a vector field v(x, y, z) describing the local velocity at any point in a fluid, the divergence
V - v tells us whether the density of the liquid is increasing or decreasing at each point (or
whether fluid is appearing or disappearing to keep the density constant).

S AN Ve e
AN AN ST

The visual examples above are clear-cut cases. You can still have a positive (negative) divergence if,
on average, the strength of the field lines coming out of the point is greater (smaller) than those
coming out. Examples:

V-F<0 V-F>0
— e D > —> —>
[ ] [ ]
— — > > > —>

DEFINITION OF DIVERGENCE IN TERMS OF FLUX:

The divergence is defined as the flux surface integral out of the closed surface enclosing a differential
volume element surrounding each point, normalized by the volume:

1
V-F=lim—#F-dS
v-oV s

V-F<0 V-F>0
——F A > —¥ v —>
> 0 + o | >
'
— L. — ;g >
- —=—p 3~ —=—p

Flow in > Flow out
Net inward flow

5 (6)
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VISUAL EXAMPLES OF DIVERGENCE IN 2D

Example 1:
F(x,y) = (4x — xy> )& + (6y —x%y)§ - V- -F=10-x?—y?
F(x,y)
O I
vy
ok TR f 4/
~wXXXh S
W W N N ) S
Y|=— - - -Source- -
B A 2N A N T W N
it A A A B B T B
254 VA
el
RBE' BAR
X
Example 2:

(x%+y?

1
Fir,y) =5e  # [x(—4 + x% —yHR + y(4 + x* — y*)y]

1 _(x%3+y?)
- V-F=Ze 4 (—x*(—=1+y%) —y2(10 + y?) + x2(10 + y*))

///m\\.'fm
17 Sink ——
/ PPN
J 77776 v v NN\
| £ A d N NN
I 2 & B T R W T
1 4 77 7 48 v v NN N
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D. CURL

The curlis a transformation which acts on a vector field a(r). Itis calculated in rectangular coordinates
by applying the cross product between the V operator and the vector field a(r):

0F, O0F 0F, OF 0F, O0F
_ (%2 _ %Y §+(_x__2>§,+ 9y %),
dy 0z dz Ox dx dy

The result is a vector. Hence, the curl transforms the vector field F(r) into another vector field b(r):

curlF=V X F =

XFT] g)l QO 0
ERTP
R ™

N - F,
y | —— F(r) — | 7y
— h——
Z E,
oF, OJF,
. dy 0z
N\ ) Cy d/0x E, oF, OF,
y|—— c¢=VxFr) —— (& |=(0/0y|x|E|=]2X-2
> > 0z dx
z Cz 0/0z E, oF, oF
~— —— X
v f ox 0dy

6) Calculate the curl of the vector field a(x, y, z) = x%y?z2R + y?z%§ + x%2%%

Solution:

y 2

a 0 0 da d d da d

L Lo PR L P
dx 0dy 0z dy 0z dz  Ox dx  0dy

ay a, a,

= (0—-2y22)R + (2x%y?z — 2xz?)9 + (0 — 2x2yz?)2

Note: “Scalar” curl for 2D fields.

For two-dimensional fields, we can assume that the field is invariant in the z-direction (E =0) and

that its z-component is zero, so that:

Z

o| = 2( 25 _ 9%
dx dy

0

So, for 2D fields, we can see that the curl may, if we want, be interpreted as a scalar field (because it
always points along z so the direction is not giving us any information).

VXxF(x,y) =

ETR
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INTERPRETATION OF CURL

For a vector field v(x, y, z) describing the local velocity at any point in a fluid, the curl V X v
gives us, for each point (x, y, z), a vector value indicating the angular velocity of the fluid in the
neighbourhood of that point.

If a small paddle wheel were placed at various points in the fluid then it would tend to rotate in
regions where ||V X v|| # 0, rotating in a direction such that the right-hand-rule points in the
direction of V X v, and rotating faster for larger values of ||V X v]].

To visualize it in 2D, let’s focus only on the z-component of the curl:

(VXF)-Z2<0 (VXF)-z2>0 (VXF)-z2=0
o “o — —
L R ) B
:’ > —

y -
Lr—
X

The visual examples above are the clearest cases. But you can still have a positive (negative) curl if, on
average, the strength of the field lines “pushing anticlockwise” are greater (smaller) than those
“pushing clockwise”. Examples:

(VxF)-2<0 (VXF)-Z2>0
> —> > >
I —S>eo—
YI > > —_—
R

DEFINITION OF CURL IN TERMS OF CIRCULATION:

The component of the curl along a certain direction i is defined as the circulation line integral on a
closed path around a differential area element normal to 1l surrounding each point, normalized by
the areal. The integration sense is performed in the direction given by the right-hand rule with f:

o1
(VxF)-n—Ll_%ngcF-dr

(VXF)-2<0 (VXF)-Z2>0 (VXF)-2=0
-~ —& P stronger  stronger «————< —P -«
,_’ \um—— 7 > ds >
—> —> <+ <« | ————
I @ds 1dS @ weake'r_:l o stronger
> — ~ < <
N Y P —P o
2 SAveaker weaker €N q = L S 2EEN

Negative contribution to
path integral > Positive
contribution

Positive contribution to
path integral > Negative
contribution

Positive contribution to
path integral = Negative
contribution

L An elegant way to define the curl in all directions simultaneously is V. x F = Il,ir%%ﬁs dS X F
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REMEMBER THAT CURL IS A VECTOR DEFINED IN 3D

Previous figures where 2D diagrams. In practice, the curl (unlike the divergence) is a vector. The curl
points in the direction perpendicular to the rotation following the right-hand rule.

V XF ;‘E}
3t
14

'Y
s

Both F and ¢ = V X F are vector fields. They are both defined at every point in space F(r) and c(r).
Plotting them together can be very complicated and beautiful:

This figure reminds us of the magnetic field created by a bent coil of current-carrying wire. That is not
a coincidence, as the magnetic field is given as the curl of the current density vector field.

Many natural laws are most simple and elegant when they are expressed in terms of gradients,
divergences and curls. For example, Maxwell’s equations for electromagnetism are all defined in
terms of the curl and the divergence of the electric and magnetic fields.
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E. DERIVATION OF DIVERGENCE AND CURL FROM THEIR DEFINITION

DERIVATION OF THE CURL FROM ITS DEFINITION

Let’s do only the z-component of the curl (the procedure is identical for the other components, just
rotate your axes). The z-component of the curl is defined as the circulation of a field F along a path
P(S) which surrounds a small area S perpendicular to Z, in the limit when the area goes to zero.
Therefore, let’s consider the area to be a square-shaped differential area dS of sides dx and dy parallel
to the XY plane, and let’s call the square path surrounding it P(dS). Then we may say that the
circulation around this tiny curve is a differential circulation dC, which divided by dS gives us the z-
component of the curl.

1 1 1
VxF)-2=lim-¢F-dr=-—=¢ F-dr=-—dC
(VXF)-2 A‘L%Affc r dsﬂi(ds) "= s

dc

The circulation on this square path can be calculated as four different line integrals added together.
What is the value of the field at each location? At one corner of this square we have a vector field
F(xg, Y0, Zo) which we may call F,. The field throughout this differential rectangle will be almost
constant, however let’s expand it to first order by considering differential changes: F(x, + Ax, y, +

Ay, zq + Az) = F(xg, Y0, 29) + dF(Ax, Ay, Az) = Fy + g—;Ax + Z—;Ay + Z—EAZ. When doing the line

integral, we may consider the vector field to be constant along each side, so the line integral is simply
a multiplication of the length times the field in the direction of the line (due to the dot product). Then
we can approximate the field at each side of the rectangle as follows:

oF
F=~Fy+-—dy

F = F, ay
dr = —dx % @ (o +dx, yo + dy, zp)

s P F~F. +—d
P 4 = Iy 3 X
* dr = dx X y

r=daxx

(x0, Yo, Zo)/. ° >
dx \

F:FO

The circulation is then given by the dot product of the field with the vector length of each side:

J0F

5 dy) (—dx %) + (F) - (—dy §)

jﬁp.dr=dc=(Fo).(dxfc)+(F0+Z—zdx).(dyy)+(1=o+

oF, 0F,
= Foxdx + | Foy + gdx dy + <—F0x - Edy) dx + (—Foy)dy
0F, O0F
=X _ X
= <8x 3y ) dx dy

Which results in the z-component of the curl after dividing by dS = dx dy. An identical result is
obtained if we consider other orientations of the surface to find other components of the curl.
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DERIVATION OF DIVERGENCE FROM ITS DEFINITION

1
V-F‘glim—#F-dS
v-oV s

Consider a differential cubic volume of sides dx, dy and dz. The total volume is dV.

(xg + dx, yy + dy, zy + dz)
{

dz dv
S

Now we may evaluate the flux across the cubic surface (i.e. a sum over each of the six sides of the
differential volume). We may call this surface enclosing dV as S(dV). The resulting flux on this
differential surface can be considered a differential of flux d®.

(>0, Y0, 20) .<—>

dx

1 1
V-Fdéf—_#. F.-dS =—do
dV Jlsavy dv
do
dS=dxdyZ
r ey JdF
F~F,+—dz

FzFD / 0z
F F+6Fd
\, T

dS=dydzx
dz
dS = —dxdzy f
CAN R — y
dx
F —_ FO

The six fluxes over the six sides can be calculated as in the table below (see diagram above for some
intuition). For each of the six differential surfaces, we may consider the field to be constant across the
surface, so that the flux is just the product of the field normal to the surface times the surface area.

Equation of Surface Area of surface dS Vector field on Flux over surface:
surface normal i surface F d® =F-ndS
N JdF JF,
X = xo +dx b’ dy dz F, + adx (F(,x + a—;dx> dy dz
X = X —X dy dz F, —(Fyy) dy dz
o JOF oF,
Y=Y +dy y dx dz F0+£dy F0y+Edy dx dz
Y =Yo -y dx dz F, —(Foy) dx dz
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~ J0F dF,
zZ=12y+dx z dx dy F, +£dz (FOZ +6_deZ) dx dy
zZ =z, —Z dx dy F, —(Fy,) dx dy

If we add up the six fluxes across the six surfaces of the differential cube (adding the last column of
the table above), all the appearances of F, cancel out, and we get a total differential flux equal to:
0F, O0F, OF,

d¢=<a+a+a) dXdde

Which after dividing by dV = dx dy dz gives us the divergence.
do <6Fx oF, (’)FZ>

voFe® (25,9
ax "oy T oz

dv

F. VECTOR CALCULUS IDENTITIES:

The following mathematical identities can be checked directly from the definition of the operators.

PROPERTIES OF DIVERGENCE: PROPERTIES OF CURL:
V-(a+b)=V-a+V:-b Vx(a+b)=Vxa+Vxb
V-(¢a)=¢(V-a)+a- (Vo) V x (¢a) = ¢p(Vxa)—ax (Vo)

COMBINING CURL, DIVERGENCE AND GRADIENT

e Curl of a gradient is always zero: V X (V¢) = curl(grad(¢)) =0
e Divergence of a curl is always zero: V - (V X F) = div(curl(F)) =0

2 2 2
o Divergence of gradient: V - V¢p = div(grad(¢)) = ZTf + ?)Tf + (?)T(f =V2¢p

o V2@ is called Laplacian operator

e Curl of curl: Vx(VXF)=V(V-F)—V?F where V?F is called the vector
Laplacian (Laplacian applied to each component).

Do not worry about memorizing all these identities. | will provide them in the exam if they are needed.
The only identities you certainly must remember because they are simple and used in physical
arguments (see later) are the ones in the yellow box above.
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G. POTENTIALS AND CONSERVATIVE/IRROTATIONAL/SOLENOIDAL FIELDS

CONSERVATIVE FIELDS AND POTENTIALS

Many vector fields in physics (gravitational field, electrostatic field, ...) are associated with a
corresponding potential energy (gravitational potential energy, electrostatic potential energy, ...).
These are called fields derived from a potential, or conservative fields: The field F points in the
direction of steepest descent of a scalar potential ¢, and its magnitude depends on the rate of change
of the potential. This is mathematically described by a gradient.

Conservative field & F = -V¢

The line integral of a conservative field has the special property that it is independent of the path
chosen, it only depends on the potential difference between the two ends of the path:

B
Conservative field & f F-dr = ¢, — ¢y forevery path joining A and B
A

Example: work done by gravitational force along a path W = ff F.-dr=¢, — ¢5.

Proof: F-dr = -V¢ - dr = — [(g—i) dx + (Z—t) dy + (Z_j:) dz] = —d¢ by recalling the definition of
the total differential. Therefore F - dr = —d¢ so: ff F-dr=— ff do = — (g — da)

From path independence we can conclude that the circulation on any closed loop must be zero,
because the endpoints are at the same potential:

Conservative field & j; F -dr = 0 for every closed path C
c

FINDING THE POTENTIAL FROM THE FIELD:

We can find the potential at any point (up to an arbitrary constant), given the field, by doing a path
integral:

(x,y,2)
¢(x.y,Z)=¢0—f F-dr

o

We can choose any path. The most convenient to solve analytically is generally (0,0,0) - (x,0,0) —
(x,v,0) = (x,y,z) or similar, where only one variable at a time is varying while others are constant.
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IRROTATIONAL FIELDS

A field is called irrotational (or curl-free) when its rotational is zero:

Irrotational field & VXF=0

It is easy to prove that all conservative fields are irrotational, because the curl of a gradient is zero
(one of the vector identities). But are all irrotational fields conservative? The answer is yes* but only
if the region in which the field is defined is a “simply connected region” (i.e. it has no holes). In that
case, every irrotational field is conservative. In summary:

" B
VxF=0 S F=—v¢ _ [Fdr=g.-0

Irrotational field <= Conservative field 4
Path independence

SOLENOIDAL FIELDS

A field is called solenoidal (or divergence-free) when its divergence is zero:

Solenoidal field & V-F=0

From the intuition we have on the divergence, this means that the field has no isolated sources nor
sinks. The field lines are always closed (no open ends). In turn, this means that the surface flux on any
closed surface must be zero because any “field line” entering the volume must exit it elsewhere (also
see Gauss’ theorem).

V-F=0 No sources nor sinks # F-dS=0
S

Solenoidal field < Closed field lines (no open ends)
Closed surface

SIGNIFICANCE IN PHYSICS

Real liquid flows are “incompressible”, so no change in pressure can happen, and liquid cannot be
created or destroyed: thus, real liquid flows are typically modelled as solenoidal V - v = 0.

As far as we know, magnetic fields do not have sources nor sinks (no magnetic monopoles), and so
V - B = 0 is one of Maxwell’s equations of electromagnetism. On the other hand, electric charges act
like sources (positive) and sinks (negative) of electric field, and so the electric field is not solenoidal;
infact V- E = p/¢g, where p(r) is the charge density distribution.

EXPANSION OF FIELD INTO SOLENOIDAL AND IRROTATIONAL COMPONENTS:

Every field in a simply connected region can be decomposed into a sum of an irrotational and a
solenoidal part: A(r) = A (r) + Ag(r) with VX A (r) =0and V- Ay (r) = 0.
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H. STOKES’ THEOREM AND DIVERGENCE THEOREM

Optional read: Not in the exam. You will study these two fundamental theorems in 2" Year.

STOKES THEOREM:

Let’s build up the steps needed to arrive at Stokes’ theorem:

If we add the circulation of a field around two adjacent paths C; and C, in the same sense (e.g.
anticlockwise), the section of the path at the shared boundary between the two paths is traversed in
opposite directions, and so the contributions from that shared boundary to the total line integral will
cancel out after the addition (as they are of equal magnitude but opposite sign). The resulting addition
of the circulations will therefore be equal to the circulation across a bigger path enclosing both paths,
like this:

L 1]

F-dr+j£ F-dr =j€ F-dr
Cy c

tot

J

This argument can be extended to an arbitrary number of neighbouring paths, as long as they are all
defined in the same direction, and as long as they do not leave an gaps between them (in maths
speech, they define a “simply connected region”). The shared inner boundaries are always traversed
exactly twice, once in each of the opposite directions, and hence they all cancel out, leaving only the
circulation around their common outer boundary:

1

Ctot

ﬂs

This argument is not limited to planar 2D space. It works for any collection of paths in three
dimensions, covering an arbitrary “simply connected” surface S with no gaps, and with an exterior
boundary curve Cipt.
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The first fundamental leap towards Stokes’ theorem is to take the limit when these areas become
infinitely small, i.e. exactly equivalent to division of a surface into differentials of surface dS:

In each differential of surface dS we need to evaluate the differential circulation dC = Ilqirr(l) gﬁc. F-dr
- l

around its differential boundary, and then we need to add them together. Since they are differentials,

we need to add them together via a surface integral Y1, C; - ffs dC. But following the logic above,

the total surface integral, sum of all the circulations, will still be equal to the circulation around the
exterior path C,, because all the shared boundaries cancel out, even after taking the limit:

o =§ v .

tot

The second fundamental leap is to notice that the differential circulation around a differential surface
dS normal to a vector i (normal to the surface) is exactly the definition of the curl projected in the
direction 1l at each point (multiplied by the differential area dS). Let’s clarify this: the curl in a given
direction is defined as the circulation around an area (we can call the area S and the path around it
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C(S)) when the area S tends to zero. This definition can be re-interpreted in terms of ratios of
differentials.

1 1 1
(VXF)-fi=lim— F-drz—f F-dr=—dC
S—)OS C(S) dS C(dS) dS

Hence, the curl in a given direction 1l is the ratio between the differential circulation dC around a
differential surface dS normal to 1l and the differential surface dS itself:

. dc
(VXF)'H—E

We can rewrite thisas dC = (VX F) - n dS = (V X F) - dS, following the usual definition dS = fi dS,
which we can substitute into Eq. (1) above to arrive at Stokes’ theorem:

STOKES THEOREM

ff(VxF)~dS =3€F-dr
s c

According this theorem, S is any simply connected surface in three dimensions which is bounded by
the closed path C. gﬁcF -dr is the circulation of any vector field along the closed path C, while
ffS(V X F) - dS is the flux of the curl of the same vector field through the surface S.

ds

With Stokes’ theorem, we can convert a surface integral into a contour line integral, and vice-versa,
as long as we know the vector field at the contour, and its curl at a surface enclosed by the contour.

The calculation of the flux always has a sign ambiguity. We must always take the orientation of the
normal to the surface in accordance to the right-hand rule, when the fingers of the hand are curling
in the direction of the closed path C, the thumb will point in the direction of dS.
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DIVERGENCE THEOREM (ALSO KNOWN AS GAUSS’ THEOREM OR OSTROGRADSKY’S THEOREM)

The explanation for the divergence’s theorem is very similar to that of Stokes’. This is no coincidence,
because both theorems are in reality different aspects of one same unified generalised theorem.

We start by consider what happens when we add the outward flux of a field out of two adjacent closed
surfaces S; and S (in this case, two touching cubes):

Stot

Shared boundary
(flux cancels out)

ﬁF-dS+#
S s

1 2

F-ds=# F-dS
S

tot

We can see that the surface of the cubes where they both come into contact (the shared boundary
between the two closed surfaces) will be integrated twice when adding the two flux integrals, but with
an opposite normal vector fi (we calculate the flux outwards from each closed surface), and so the
contributions from that shared surface to the total flux will cancel out after the addition of the two
fluxes (as they are of equal magnitude but opposite sign). The resulting addition of the flux will
therefore be equal to the flux outwards from the bigger surface S;,; that encloses both surfaces.

This argument can be extended to an arbitrary number of neighbouring volumes as long as they don’t
leave gaps between them. The sum of the fluxes over many closed surfaces will be equal to the flux
out of the total volume they cover. This is because the flux over their shared inner surfaces is always
integrated exactly twice, once with each of the two opposite directions of the normal vector, and
hence all inner surface fluxes will cancel out, leaving only the flux around their outer common surface
boundary. This is as true for cubes as for any other arbitrary shapes which fit together without gaps:

Stot
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The first fundamental leap towards the divergence theorem is to take the limit when all the surfaces
S; become infinitely small, surrounding differentials of volume dV:

Now, in each differential of volume dV we need to evaluate the differential flux d® = Lirrg) gf;ﬁSF -ds

around its differential outer surface, and then we need to add them together. Since they are
differentials, we need to add them together via a volume integral. But following the logic above, the
total volume integral, sum of all the fluxes for each dV, will be equal to the total flux across the exterior
surface Sio¢, because all the inner shared boundary surfaces cancel out, even after taking the limit:

ﬂvdcp =ﬁ€ F-dS (2)

tot

The second fundamental leap is to notice that the differential flux around a differential volume
element dV is exactly the definition of the divergence at each point (multiplied by the differential
volume dV). Let’s explain this: the divergence at any point is defined as the flux out of a surface
enclosing a volume (we can call the volume V' and the surface which encloses it S(V)) divided by the
volume when the volume V tends to zero. This definition can be re-interpreted in terms of ratios of
differentials.

1 1 1
V-F=lim= F-dS=—# F-dS =—do
V-0 V S(V) dV S(dV) dV

do

Hence, the divergence is the ratio between the differential flux d® out of a differential volume dVV
and the differential volume itself:

_do

V-F=—
dv

We can rewrite this as d® = V - F dV/, which we can substitute into Eq. (2) above to finally arrive at
the divergence theorem:
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DIVERGENCE THEOREM
[[[@era=ffeas
14 N

In this theorem, V is a simply connected volume in three dimensions, which is bounded by a closed
surface S. The term g;ﬁs F - dS is the flux of any vector field outwards from the closed surface S, while

fffV(V - F) dV is the volume integral of the divergence of the same vector field on the inside of the

entire volume V. The orientation of dS for the surface flux integral must always be taken pointing
towards the outside of the volume.

Intuitively, the theorem states that the sum of all sources (with sinks regarded as negative sources)
gives the net flux out of a region.

S

ds

With the divergence theorem we can convert a volume integral into a flux surface integral, and vice-
versa, as long as we know the vector field at the surface, and its divergence inside the volume.

GREEN’S THEOREM:

Stokes’ and the divergence theorems can be applied to two-dimensional fields in the XY plane. For
Stokes’ theorem, the surface integral and circulation become a double integral and a circulation in the
XY plane.

curl F

aF JF,
ff — ———)dxdy :§dex+Fydy
c

For the divergence theorem, the closed surface flux becomes a “2D flux” outside of a closed curve (a
line integral), and the volume integral becomes a double integral, both in the XY plane:

le F

E,
ff <—+—) dxdy = %dey — F,dx
c

Notice that both equations are equivalent if we swap F,, — F, and F, = —F,. In fact, F; and F, could
be anything, not necessarily components of a field. They can be any two independent functions F, =
L(x,y) and F, = M(x,y). With that substitution, we arrive at the so-called Green’s Theorem.
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I. CONTINUITY EQUATION

Optional read: Not in the exam. You will study this, with examples, in 2™ Year.

Now we are going to add time as a parameter. Very often, vector fields are not static J(r), but instead
change with time J(r, t).

Let’s assume that the vector field J(r, t) represents the flow of some quantity which is conserved. We
could use any conserved quantity (e.g. mass, energy, charge) but for the sake of example, let’s use the
charge flowing per unit area and per unit time at each point, also called the current density. Then,
whenever there is a non-zero flux of this vector across of a closed surface, this necessarily means that
the total amount of charge must be changing inside the volume, due to conservation of charge. This
will be a change with time. It can be written mathematically as:

dQy
W—‘#g"ds

where the variable Qy represents the total amount of charge inside the volume V enclosed by S. The
above equation reads: “the change in time of the total amount Qy, of a conserved quantity in a given
volume V must be equal to the amount of that quantity flowing into the volume per unit time (that is,
the outward flux on the enclosing surface S with a minus sign)”.

Since the variable Qy is the total charge inside the volume, we can write it as a volume integral of the
charge density p (amount of charge per unit volume):

o= [ per

Hence the continuity equation can be written as:

CONTINUITY CONDITION (INTEGRAL FORM)

e =—fhr-as

If we now apply the divergence theorem to the right-hand side:

ﬁg]-dszﬂfvv-]dv

We arrive at (we can take the time derivative inside the integral due to linearity):

ffpo [

Since the equation must be true for any volume V, we can make the volume infinitesimally small, and
so the integrands must be equal at every point, resulting in the elegant continuity condition:
CONTINUITY CONDITION (DIFFERENTIAL FORM)

dp

a- V)
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PROBLEMS

7) Find the gradient of the following scalar fields:
a) ¢=1
b) ¢=x+y+z
Q) ¢ =e"

d ¢ =e*(y?+Inzy)

Solution:
¢ /ox
Vo(x,y,z) = | 0¢/dy
dp/0z
a) V¢ = (0,0,0)
b)Vep = (1,1,1)

c) Vo = (—yze ™%, —xze V%, —xye V%)

d) Vo = <(y2 + Inzy)e*, 2e*y +i/—x,ez—x>

8) Find the slope of ¢ = x3y + yz?2 + z in the direction of the following vector u = (1,1,1) at the
origin.

Solution: First find the gradient:

a¢p/ox 3x%y
Vo(x,y,z) =| 0¢/0y | =| x3 + 22
0¢/oz 2yz +1

Now find the unit vector in the direction of u

N u 1 1
ui=—=—
il ~ V3§

The slope is equal to the directional derivative in the direction of @i, which is the dot product between
the gradient and the unit vector.

1

Slope = V¢p -t = —=Bx?y +x3 + 22+ 2yz+ 1)
V3

This is the slope in the U direction at every point in space! We are asked the slope at (x,y,z) =

(0,0,0), so we substitute x =y = z = 0 (note we must do all the calculations of gradient before

substituting the specific point, otherwise we could not calculate derivatives):

1
Slope = —
e
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9) Find the divergence and the curl of the following vector fields:
a) F=(-yxy2)
b) F=(ye%,1)
c) F=2xe*yR+xyicosz§—(y+2)2z

Calculation of the divergence:

divF =V F—an+aFy+aFZ
= ox 9y 0z

AV F=0+x+1=x+1
b)V-F=0+4+xe* + 0 = xe*¥
c)V-F =2xye* + 2ye* + 2xycosz—1=2ye*(x+ 1) + 2xycosz — 1
Calculation of the curl:

X y 1z

Fy
aA)VXF=0-0+0-0y+ @ —-—-DzZ=Ww+ 1)z
b)VXF = (0—0)%+ (0—0)§+ (ye® — 1z = (ye* — 1)z

c)VXF=(—1——xy?sinz)&+ (0 — 0)y + (y? cosz — 2xe*)Z

10) The gravitational field can be defined in terms of the gravitational potential as g = —V¢. Obtain
the gravitational field for a point mass whose gravitational potential is, in spherical coordinates:

¢ =——

r

Solution: We need to calculate the gradient of this potential. Remember the gradient is a vector.
_V_<6¢6¢8¢)_ a(GM)a(GM)a(GM)
g=-Vv¢= ox'dy’daz)  \ox r /' oy r ) o0z r
-on(5:(0) 35 ()3 5)
B ox\r/’ oy\r/’ oz \r

In spherical coordinates, 7 = \/x2 + y2 + z% so that% = (x? + y? + z%)71/2

Hence, :—x (%) = — % (2x)(x? + y? + z2)73/2, and similarly for the other components.
~ GM
g - = (xz +y2 + 22)3/2 (X;YJZ)

We can convert this to spherical coordinates and spherical basis. We know that (x,y,z) =r = ré,
and x2 + y2 + z% = 12, therefore:
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Which is the known gravitational field of a point mass.

11) Avector field is given by F(r) = (y? — 2xyz3,3 + 2xy — x223,623 — 3x2%yz?). Verify whether
it derives from a potential and find the potential if it exists.

Solution: To verify whether it derives from a potential, we need to check that it is curl-free:
X y z 0F, OF, 0E, OF JE, O0F,
curl(F) = |0/ox 0/0y 0/0z :<_Z__y>f(+(_x__z)§,+<_y__x>i
E E E dy 0z dz Ox dx dy
X y z
= (—3x22z% + 3x2z%)% + (—6xyz? + 6xy22)§ + 2y — 2x23 — 2y + 2x23)Z2 =0

Now we need to find the potential by performing a line integral of F - dr along a path from (0,0,0) to
(x,y,2).

[ Fa - ar = 90 - (1)
0

| have used r’ = (x',y’,z") for the variable being integrated, to distinguish it from the end-point of
integration r which will be the coordinate of the potential. So, we can calculate the potential at any
point (up to an arbitrary additive constant):

Tr
pM) = $(0) — f F(r') - dr
arbitrary 0
constant

Since the field is conservative, all paths of this line integral will give the same result. We can choose
the most convenient path in which only one variable changes at a time: (0,0,0) - (x,0,0) —
(x,vy,0) - (x,y,z) so that:

(x,0,0) (x,,0) (xy,2)
¢(x.y,Z)=¢o—j F'dr'—f F-dr’—f F-dr
(0,0,0) ( (

Let’s perform the integrals.

Long method: Remember the general method for calculation of line integrals after parametrizing the
curve r(u). So let’s parametrize each one:

dr b
fLF ~dr = J; F- (@ du) = J:l (F(r(w)) - t(w)) du
dx/du
T= E = (dy/du)
du \dz/du

First integral: parametrize the curve asr’ = (x,y’,z") = (u,0,0), so that dr’ = (du, 0,0)

(X,0,0) X X X
f F(r)-dr' = f F(u,0,0) - (dug) = f F.(u,0,0) du = f (y? — 2xyz3) x=u du=0
(0,0,0) 0 0 0 =
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Second integral: parametrize the curve asr’ = (x',y',z') = (x,u, 0), so that dr’ = (0,du, 0)

(x,,0) y y y
f F(r)-dr' = f F(x,u,0) - (duy) = f (3 +2xy — x?23)x=x du = f (3 + 2xu) du
(x,0,0) 0 0 JZ’:g 0

= 3y + xy?
Third integral: parametrize the curve asr’ = (x',y’,z") = (x,y,u), so that dr’ = (0,0, du)

(x,y.2) z z
f F(r)-dr' = f F(x,y,u) - (du2) = f (623 — 3x2%yz?)
(

X=X
y=y
x,7,0) 0 0 zZ=u

zZ
du = f (6u3 — 3x2yu?) du
0

3
— EZ4 — x2yz3

Therefore:
2 3 4 2,3
d(x,y,2) =po—0— By +xy )—(Ez — x%yz )

3
$(x,7,2) = bo — 3y —xy? — 52" +x?yz?
You can now check that this potential gives rise to the field by calculating its gradient.

Note that | went down the robust but long path, individually parametrizing each curve, to avoid any
confusion between the variable of integration and the variables being held constants on each path.

Once we have gained confidence doing line integrals, this whole problem could be done in three
lines:

Fast method:

(X,0,0) (X,y,O) (x,y,Z)
¢(x,y,Z)=¢o—f F'dl"—f F-dr’—f F - dr’
( (

(0,0,0) x,0,0) x,y,0)
(x,0,0) (x,y,0) (x,y,2)

=¢0—j dex—j Fydy—f F, dz
(0,0,0) (x,0,0) (x,y,0)

x y z
= ¢y — f (y? — 2xyz3) dx — f (3 +2xy — x?z3)dy — f (623 — 3x%yz?)dz
0 T x=x 0 x=x (const) 0 x=x (const)

yfo y=y y=y (const)
z=0 z=0 z=z

x y z
= ¢ — f 0dx — f (3 4 2xy)dy — f (623 — 3x%yz?)dz
0 0 0

0 3y+xy?

3 4_,2,,3
Szt—x%yz

12) Use the previous result to find the line integral f((olbzbl)) F - dr along any path from (x,y,z) =
(0,0,0) to (1,2,1), where F is the vector field from the previous problem.

Since the field derives from a potential F = —V¢, the line integral is given by:
1,2,1)
3
F-dr=¢(0,0,0) — $(1,2,1) = [po] — |¢po — 3(2) — (D(2)* - 5(1)4 +(D2(2)(1)°

(0,0,0)
= 15/2
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13) A vector field is given by F(r) = (6xy + 2z2,3x? + 3z,4xz + 3y). Verify whether it derives
from a potential and find the potential if it exists.

Solution: To verify whether it derives from a potential, we need to check that it is curl-free:

X y 2 J0F, O0F 0E, OF JdF, O0F
curl(F) = |0/dx 9/dy 9/dz| = =2 ——2 g+(_x__2)§,+ 9%y _ %),
dy 0z dz  0Ox dx dy
E, E, E,
=B-3)X+(4z—-42)§y+ (6x —6x)Z2=0
To obtain the potential, again we use the line integral forF(r’) -dr’ = ¢(0) — ¢(r) to find:

(we use the fast method)

(x,0,0) (x,y,0) (x,y,2)
¢(x,y,2)=¢0—f F-dr’—f F-dr’—f F-dr’
( (

(0,0,0) x,0,0) x,y,0)
(%,0,0) (x,y,0) (x,y,2)

=¢0—f dex—f E, dy — F,dz
(0,0,0) (x,0,0) (x,y,0)

x y z
=¢o— | (6xy+2z%)dx — f (3x% +3z)dy — f (4xz + 3y) dz

0 xX= x=x (const) x=x (const)

y y=y =y (const)
z z=0 Y yz=z

X

0

0
x y z

= ¢, —f 0 dx —f (3x?)dy —f (4xz + 3y)dz
0 0 0

0 3x2y 2xz2%+3yz

= ¢po — 3x%y — 2xz? — 3yz

14) Show that the magnetic field created by a z-directed current I = [,Z crossing through the origin,
which is given below, is solenoidal:

Solution: To prove that a field is solenoidal, we need to check that V - B = 0 (i.e. it is divergence free)
Two options:

(1) Calculate it in cartesian basis.

We first need to convert B(r) into cartesian basis and coordinates. This is done via the change p =

-y R+x§

2 2 A, — —cind ® o _ TYRtxy ; .
Jx? +y?and &y singX+cos¢p § Nk Note that sin ¢ and cos ¢ can be easily found by
drawing the right-angled triangle of sides x and y.

B(r) =

toly (—yf(+x§7>=y01 (-y&+xy)
2m[x% + y2 \ |Jx2 + y2 2m(x? +y?)

For which we can now calculate the divergence with our usual method:
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v B_an+aBy+aBZ_ d ( —yuol ) a ( Xuol )
T ox  dy 9z ox\2m(x%2+y?)) Ay \2m(x? + y?)
- I XUol
= (20 =+ (2 =0

2m(x? + y?)? 2m(x? + y?)?

(2) Calculate it directly in cylindrical basis. This is much easier but is unfortunately out of the scope
of this module. | only show it here for completeness. Divergence in cylindrical coordinates can be
shown to be:

_19(pB,) L 108y 9B

T p dp p 0p = 0z

(we usually look up this equation in a book, or online, for instance Wikipedia has a nice table for

V-B

divergence and curl in cylindrical and spherical coordinates:

https://en.wikipedia.org/wiki/Del in cylindrical and spherical coordinates)

Since this magnetic field only has B4 component, the divergenceis V- B = Py = ——(“O—Il) =0
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6. ORDINARY DIFFERENTIAL EQUATIONS

Nature seems to write its laws in the form of differential equations. Ordinary differential equations
use ordinary derivatives (as opposed to partial derivatives) and therefore involve an unknown function
y(x). Let’s start by reviewing what you learnt last semester: some concepts can be understood better
thanks to our knowledge of linear algebra.

A. REVIEW OF ODE CLASSIFICATION

Order: The order of the ODE equals the order of the highest-order derivative appearing in it.

The general solution of an n-th order ODE contains n arbitrary parameters (constants). These
must be determined by providing n externally imposed (boundary) conditions.

Degree: Highest power of the highest order term (after fractional powers are removed)

B. REVIEW OF SOME METHODS TO SOLVE ODEs OF ORDER 1

DIRECT INTEGRATION:

d
D =@ > dy = f@dx > [ dy = [ feax -y = [ faax

SEPARATION OF VARIABLES:

1

d —()daf—ld = [ rea
g W =/ Wdx = [ orsdy = | flaydx

dy
Fv fxgly) -

C. REVIEW OF LINEAR ODEs

An ODE is linear if it can be written as: Zfl-(x)y(i) x) =r)

. n _d
where we used the notation y® = d—;/i.

Linear ODEs fulfil that if y; and y, are solutions, then Ay, + py, is also a solution.

Linear ODEs general solution is given by y(x) = y.(x) + yp(x), where:

e yc(x) is the complementary solution (solution to the homogeneous system
Y £:()y@(x) = 0 which will be a linear combination of n terms each with arbitrary
amplitude, corresponding to the free parameters or dimension of the null space).

e yp(x) is the particular solution (any solution to the whole system ¥, f;(x)y® (x) =
r(x) as long as it is linearly independent to the y.(x))

e This is completely analogous to the solution of Ay = c given by:

y = span{y;, ¥z, -, Yn} + ¥p
sol. to Ay=0
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D. LINEAR ODEs WITH CONSTANT COEFFICIENTS

> ay®e =)
dVy d?y

dy
aNdx—N+---+a2@+ala+aoy=r(x)

Easy procedure for solving this type of equation:

Obtain y.(x) by setting r(x) = 0 (solution to the homogeneous equation) and using the
ansatz y(x) = Ae™*. This reduces the homogeneous differential equation into an
algebraic equation (characteristic polynomial p(m) = 0) that can be solved for m. Each
root of m provides an independent solution with an arbitrary scaling coefficient c;.

ye(x) = cie™* + -+ cpye™N*

o If any of the roots is repeated k times, then use Ae™*, Bxe™*, ...,Cx*"1e™* as k
independent solutions (i.e. multiply by x as many times as needed to get k terms).

Obtain yp(x) by looking at the form of r(x) and using a similar form as ansatz for y(x)
(see table below - method of undetermined coefficients) with arbitrary coefficients to be
determined by substitution on the ODE:

r(x) = Polynomial degree n yp(x) = Polynomial degree n with coefs 4;

r(x) = cos(x) or sin(x) yp(x) = Acos(x) + B sin(x)

r(x) = Cek* yp(x) = Ae**

VIV

r(x) = Product of above yp(x) = Product of above

o The particular solution yp (x) must be linearly independent to the complementary
solution y.(x). If the suggested particular solution has terms which already exist
in the complementary solution, then multiply the entire particular solution by the
smallest integer power of x which ensures that none of the resulting terms

appears in y(x).
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LY Ay o
1) Solve the ODE: —3 L ty=e

Solution: It is a linear ODE with constant coefficients, so we need to find y.(x) and yp (x).
Solving the homogeneous equation to find the complementary solution:

. . . a? d .
yc(x) is the solution to the homogeneous equation d—xJZ/— Zd—z+y = 0. Solved with the ansatz

y(x) = Ae™*. Substituting into the homogeneous equation we arrive at the characteristic polynomial
m? — 2m + 1 = 0, which can be factorised as (m — 1)(m — 1) = 0. Therefore m = 1 is a repeated
root! So, the complementary solution is: y(x) = A;e* + A, xe*.

Finding the particular solution:

vyp(x) is the particular solution, found by looking at the form of r(x) = e*, which seems to suggest
us to try the ansatz y(x) = Ae*.

However, this solution is already “taken” by the complementary solution! We have to try y(x) =
Ax?e** because Ae®* and Axe** are already “taken”. (What do | mean by “taken”? Note that any
combination of those two terms, Ae** 4+ Bxe** if substituted on the left-hand side of the differential
equation, would give zero, as that is the definition for how we found them in the first place. So, they
cannot be a particular solution).

Substituting y(x) = Ax?e** into the complete ODE (requires applying product rule several times) we
find:
A (% (x%e* + 2xe*) — 2(x%e* + 2xe*) + xzex) =e*
A((2xe™ + x%e¥) + (2e* + 2xe™) — 2(x%e” + 2xe*) + x%e*) = e*
A(Z% +2E+ 2 + 2% — 2%%2 — 4x +x2)e* = e*
2Ae* =e* > A= (1/2)
General solution:
y(x) =yc(x) + yp(x)

1
y(x) = Aje* + Ayxe* + Exzex
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E. SOME METHODS FOR SOLVING FIRST ORDER ODEs

First order first degree differential equations can be always re-written as:
A(x,y)dx + B(x,y)dy =0
I.  EXACT DIFFERENTAL EQUATIONS:

In some cases, we might be lucky that the left-hand side of the ODE happens to be the total
differential of a function F(x, y) [remember the definition of dF from partial derivatives].

A(x,y)dx + B(x,y)dy =0
oF oF
ox ay
dF

When this happens, the ODE is called an exact differential equation, and A(x,y) dx + B(x,y)dy is
called an exact differential. The ODE can be written as dFF = 0. The solution is trivial, by integrating
both sides:

F(x,y) = constant

which can be considered as a solution to our equation (as it contains no derivatives) even though it is
not written in the form y = y(x).

To check if an ODE is exact, we need to verify whether a function F(x, y) exists such that:
A(x,y) = 0F /0x
€Y)
B(x,y) = dF /0y
. . . . — d (9F\ _ 0 (9F
The quickest way to check this is to test the equality of the cross partial derivatives ™ (5) =% (ax)’

which in accordance to (1) implies the condition:

ODE i t 0B _ 04
is exac % Oy (2)

If Eq. (2) is fulfilled, then we know that we can find a function F(x,y) such that dF = A(x,y) dx +
B(x,y)dy. There are two methods to find it:

A) We can integrate either of the two equations in (1). For example, integrating the first one:

JdF
Awy) =5~ Fy)= f A y) dx + ()

where the “arbitrary constant” may still (and most probably will) be a function of the other variable
y. The unknown function c(y) is obtained from the other condition in (1), that is, B(x,y) = dF /dy.

B) Use the technique we used to obtain the potential of a conservative field:
(xy) (xy)
f A(x,y) dx + B(x,y)dy = f dF = F(x,y) — F(0,0)
(0,0) (0,0)

choosing a simple path of integration (0,0) — (x,0) — (x,y).
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2) Example: Solve the equation
dy 2xy
dx  x2+y2

Solution: This first order ODE is not easily separable. We can try to see if it is an exact differential ODE.
We first rewrite it as:

2xy dx+ (x?2+y?) dy=0
A(x,y) B(x,y)

Now we check for the condition that this equation is exact:

aB_aA
dx  dy
2x = 2x

Indeed, it is fulfilled, so the ODE is exact! Excellent news; there exists a function F (x, y) such that:

{A(x, VIZOR/OX g, y)dx + B(x,y)dy = dF

B(x,y) = 0F /0y
Let’s find it. Method 1: We may integrate fA dx or f B dy. Let’s try the first:
F(x,y) = fAdx = J 2xy dx = x2y + ¢, (y)
The “arbitrary constant” can be found by the second condition:
B(x,y) = JF
xly - ay

2 _ xz + acl(y)

2
x“+y dy

From which we find ¢; (y) = §y3 + c,. Therefore, F(x,y) = x%y + §y3 + c,.

Method 2: We can think of a line integral between (0,0) and (x, y):

) )
f A(x,y) dx + B(x,y)dy = J dF = F(x,y) — F(0,0)
(0,0 (0,0 T

Hence: F(x,y) = (f(((fg;)A(x, y) dx + B(x, y)dy) +cy

So, we choose a simple path (0,0) - (x,0) - (x,y).
In the first leg of the path, dy = 0 and y = 0. In the second leg, dx = 0 and x is a constant.
(xy) x y x y
f A(x,y) dx + B(x,y)dy = f A(x, 0)dx +f B(x,y)dy = f 2xy dx +f (x? +y?) dy
(0,0) 0 0 ([jvaars 0 “x=const_
y=y

2 1 3y 2 1 s
=[xy+—y] =xy+3sy°.
37 |, 3
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So, the exact ODE can be written as

2xy dx+ (x?2+y?) dy=0
a?'ﬁx dF /0y

dF(x,y) =0
Integrating both sides:

F(x'}’) = 0o

1
x2y+§y3 =A

where A = ¢y — ¢, is an arbitrary constant determined by external (boundary) conditions.

As usual, remember that y = y(x):

x?y(x) + %y(X)3 =4

Notice that we obtained a valid condition for the function y(x) but we do not have an explicit
expression for that function. We can check our answer by taking the derivative with respect to x at
both sides. Remember that y = y(x) and so we must use the product rule and chain rule.

d 1
— (0 +39@?%) =0

dy dy
22 227 _
<2xy+x dx)+y i 0

2xydx + (x2 +y?)dy =0

Which gave us back the original ODE.
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Alternative way of understanding exact ODEs:

When the left-hand-side is exact, divide the ODE by dx to put it in the form containing dy/dx:

aFd +aFd =0
dx x dy Y=

JdF O0Fdy
—+——=0
dx OJdydx
In that form, the left-hand side is the derivative with respect to x of some function F(x,y) [just

recognising the chain rule for the total derivative dF /dx, remembering that y = y(x) and so we need
to use the chain rule on y]. So we can write:

4 =0
L=

d
ODE is exact if it can be written as T (F)=0

Sometimes this is easy to recognise by remembering common derivatives of functions F(x, y). e.g. we
know that (x? + y2)" = 2x + 2yy’, therefore if we see 2x + 2yy’ on the left-hand side of an ODE,
we know it is exact and know how to solve it:

e Examples:

dy

d
P 0 - dx(x +y°)=0 - x“+y*=C

2x + 2y

d
y+x—=0 - a(xy)=0 - y=C/x

Sh-xP)=0 » TD)=0 » y=cx

d 1x2 lxz
y=0 - a(ez y>=0 - ez y=C

d . 0B _0A. . .
In all these cases A + B ﬁ, the previous test %3y is still a valid check for the exactness of the ODE.

EXACT DIFFERENTIAL EQUALLING A FUNCTION OF x INSTEAD OF ZERO

An ODE can be written as an exact differential equalling a function of x instead of zero! In that case,
we can still integrate both sides:

e Examples (same as above, but with non-zero right-hand side):

d d
2x+2y%=sinx - a(x2+y2)=sinx - x2+y2=fsinxdx+C

CosXx

2 2
y+xd—y=e2x i(xy)=e2x - xy=£+C - y=£+£
dx dx 2 2x  x
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Il. INTEGRATING FACTORS

In some cases, an ODE is not exact as it does not fulfil the condition:

dB 04

ODEisnotexact & — #—
ox 0dy

A(x,y)dx + B(x,y)dy =0
oF oF
iﬁ .-,t@
However,

Sometimes we can multiply the ODE by a function I(x, y) called an integrating factor,
such that the resulting ODE is exact:

I(x,y)A(x,y)dx + I(x,y)B(x,y)dy = 0
_OF _OF
T ox “ay

0 0
New ODEisexact & —(B) =—(IA)
dx dy

And we can now solve this exact ODE.

Unfortunately, finding the correct integrating factor requires in general inspiration or guesswork.

. . 7]
You can test broad cases of I(x, y) using unknown parameters, and then use the condition P (IB) =

% (I4) to find which values of the parameters fulfil the condition.
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3) Solve the equation

Solution: Rewrite the equation as:
ydx+ (=x)dy =0

This is not exact as °» * M.
ay x

However, if we multiply times the integration factor I(x,y) = = in both sides, then the equation

becomes:
y 1
2 dx+(=2)dy =0
x? x) Y

i ion i O (xy_9(_1
This equation is now exact: 3y (xz) = ax( x)
| | OF _ ¥ g 1
So, we can find a function F (x, y) such that Pl and - x

To find F(x,y) we can follow one of the two methods discussed earlier, or guess it:

y
F(xry) = _;

Therefore, the solution to the ODE is:
y
Flx,y) =—==A4A
Coy) =—2
y =Cx
But how did we know to use the factor I(x,y) = xl—z in the first place?
One could argue that, seeing y — xy' = 0, you identify something that reminds you to the quotient

! !
- b 1 . . . . .
rule G) = yx# but it is missing the —2» SO you add it as an integrating factor! which automatically

A
turns the ODE into G) = 0, an exact equation, whose solution is% =C.

Alternatively, we could have guessed a much more general integrating factor I(x,y) = x“yﬁ and
then looked for values of @ and 8 which fulfil the exact ODE condition:

0

d
@UA) = &(13)

0 0
@(x yPy) = a(x yﬁ(—x))

B+ 1)(x“yﬁ) =—(a+ 1)(x“yﬁ)

A possible solutionis § = 0 and @ = —2, which means I(x,y) = x—lz, precisely the one we used.
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lll.  FIRST ORDER LINEAR ODEs — INTEGRATING FACTOR CAN BE KNOWN FOLLOWING A RECIPE

When a first order ODE is linear it can be written as:

dy p _
Py = Q)

Then, it can be shown that the integrating factor I(x) = exp{[ P(x)dx} always converts the left-
hand side of the equation into an exact differential!

Proof: Multiplying the ODE by the integrating factor:
dy
10) o H PGy =1()Q(x) (1)
If the integrating factor makes the equation exact, then we know it can be written as:
% [FGo) = 100000
T ()] =1(x)Q(x

But, looking at (1), the first term on the left-hand side seems to be the first term in the product rule

Of% (I(x)y(x)). Indeed, if we assume that F(x) = I(x)y(x) then we get:

1248y iwew
dx dxy =100k
Comparing this with Eqg. (1) we see that we can have exactly this form if d;(;) = P(x)I(x) which is

fulfilled by an exponential integrating factor I(x) = exp{J P(x)dx}

d_y +P()y =Q(x) ODE can be made exact with

dx ) a known integrating factor
1st order linear ODE

I(x) = exp {f P(x)dx}
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4) Solve the linear ODE

d
%+2xy=4x

Solution: Since it is linear first order ODE, % + P(x)y = Q(x), we know that the integrating factor

I(x) = exp{[ P(x)dx} will always make the left-hand side exact.

I(x) = exp{f 2x dx} = e
Indeed, multiplying both sides by the integrating factor:

d
ex” d—i: + 2xex2y = 4xe*

We know that this equation must now be exact, so the left-hand side must be the x derivative of a
function F(x,y) that we need to find. We can see that the left-hand side is nothing else than the
product rule, so we can write:

d 2 2

T (yex ) = 4xe*
Which can now be solved by integration:

ye"2 = f4xex2 dx

yex2 =2e* +C
y=2+ Ce™*

Notice that, since the ODE was a linear equation, the solution is of the expected form. The term with

—-X

arbitrary scaling yy (x) = Ce * is the solution to the homogeneous equation % + 2xy = 0, while

the term yp(x) = 2 is a particular solution.
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IV. HOMOGENEOUS DIFFERENTIAL EQUATIONS

As we know, some first order ODEs are separable, so all that depends on x can be put on one side,
and all that depends on y on the other. They can be solved by integrating both sides.

a(x)dx = b(y)dy

Some ODEs are not separable initially but can be transformed into being separable by a change of
variables. One example of this is that of “homogeneous differential equations”. These are ODEs that

. d
can be written as =~ = F (X)
dx x

d_y = F (X) ODE can be solved z(x) =y/x

dx  ~ \x ; - —
T N with a change of variables y =zx

Proof: Doing this change of variables, you can see that: y = zx — % =z+ x% . Therefore:
dy y
—Z =F(Z
dx (x)

d =F
E(ZX) =F(2)

+ dz _ F
Ztx= (2)
which is separable:
dz  dx
F(z)—z «x

and can be solved by direct integration (in principle, if the integral can be done):

/=15
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5) Solve

j—i=%+tan(};’)

Solution: This is a homogeneous equation. We can solve it by the change of variablesy = z(x) x.

dy 4 dz
= —_ — = —_—
y =2zXx 3 z xd
Therefore:
d
—y=)—]+tan(z) - Z+x—=2z+tanz
dx «x X
Which is now a separable ODE:
dz _ dx
tanz x

And can be solved by integration:

cosz dx
—dz=| —
sinz x

In(sinz) = In(x) + ¢,

sinz = Ax
sin (%) = Ax

y = xsin"!(4x)

Identifying homogeneous ODEs:
How can we know if an ODE is homogeneous j—z = F(y/x) when it is written in the standard way?
A(x,y)dx + B(x,y)dy = 0

dy _Aly)
dx B(x,y)

The answer is that we can check if A and B are “homogeneous functions of the same order”. A function
f(x,y) is said to be homogeneous of order n if f(Ax, 1y) = A"f(x,y).

A(Ax, Ay) = 1"A(x, y) 4
{B(Ax, Ay) = A"B(x,y) = B(x, y) —F (3_')
A and B are homogeneous order n €39 x

Proof: Make the change of variables y = zx in A and B, and use the fact that they are homogeneous:

Alx,y) Alx,xz) x"A(l,z) A(1,2)
B(x,y) B(x,xz) x"B(1,z) B(1,2)

=F(z)=F (X)

X
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In practice, we see that for both A and B to be homogeneous, and of the same degree, we require
the sum of the powers in x and y in each term of A and B to be the same. Therefore, the
homogeneity of the ODE can, in practice, be evaluated by simple inspection:

Order 1:
dy x+3y
dx  y
Order 2:
dy x*+3yx
dx  y2+yx
Order 3:

dy — x*+y%

dx  x2y +y3 + x3
When an homogeneous ODE is identified, we can apply the change of variables “blindly” without
having to find the function F(y/x), and the ODE will always be reduced to a separable one.

Proof:
A(x,y)dx + B(x,y)dy =0
Now we apply the change of variablesy = zx —  dy = zdx + x dz and we get:
A(x,xz)dx + B(x,xz)(zdx +xdz) =0
Using the fact that A and B are homogeneous:
x"A(1,z)dx + x"B(1,z2)(zdx + xdz) =0
A(1,z)dx + B(1,2)(zdx + xdz) =0
which is separable:

dx _ B(1,z)

x _A(l,z) +2zB(1,2) z

And can be solved by integration.
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6) Solve

dy x%y

a=x3+y3

Solution: In the unfolded form, it becomes:

(=x?y)dx+ (x3+y3)dy =0
————— —_———
A(xy) B(x,y)

This turns out to be a homogeneous equation, because A and B are homogeneous of the same order.

AQx, Ay) = ()2 (Ay) = B (x%y) = BA(x, y)
B(Ax,Ay) = (Ax)* + (Ay)® = 23(x + y3) = 23B(x,y)

Indeed, we can see that all terms in both A and B have a sum of powers of x and y equal to 3.
Therefore, the equation is homogeneous.

We have two possible paths now:

Path 1: Write the equation in the form g—i =F (%), which we now know is possible when A and B
are homogeneous, and then do the change of variables z = y/x and solve as above.

Path 2: Directly do the change of variables z = y/x in the unfolded form and solve.

Both paths give the same final integrals to do. Let’s follow Path 2.

We do the change of variablesz = y/x 5 y=2zx - dy =zdx +x dz

(—x%y)dx + (x3+y3)dy =0
(—x32)dx+ (x3 +x323)(zdx +xdz) =0
(—2)dx+ (1 +z3)(zdx +xdz) =0
dx(zY) +dzx(1+2z3) =0

dx (1+ 23

e e

X z4
Integrating both sides:
dx 1 1
- (&
X z* z
In(x) ==—=-In(2) + 4

1
In(x) + In(z) = 33 +c

1
In(xz) = 3.3 +c

And, substituting z = y/x we get:
3

X
In(y) = 3—y3+ c

This is a transcendental equationin y (i.e. we cannot solve itas y = y(x)), and it is the general solution
of the problem.
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F. OTHER METHODS:

These were just an arbitrary selection of some methods for solving first order ODEs. Mathematics
textbooks contain many other methods, e.g. [Riley, Hobson, Bence: Chapters 14 and 15], [K. A. Stroud
Programmes 24 and 25]. | didn’t mention methods using series solutions, e.g. [Riley, Hobson, Bence:
Chapter 16].

As you can see different ODEs can be solved in different ways. Unfortunately, there is no general
method for solving all ODEs. In fact, in general, ODEs do not necessarily have a solution.

Differential equations is a huge topic that would require entire modules to study. During your
professional practice, when you are faced with a differential equation, this is my advice:

1) Check ifitis a known differential equation:
This happens very often if the ODE “looks” simple. It means that someone else solved it
already! So, you can consult a book.

2) Try to solve it analytically:
a. Use a symbolic mathematics software to try to find an analytic solution (e.g.
Mathematica’s DSolve function). Warning: this might fail or give you the answer in an
unfamiliar notation.

DSolve[2x + 2y [x] y " [x] == Sin[x], y[x], x]

::y’x} N 2C[1] - Cos[x] '}», :y’x} > -._“." X 2C71] - Cosx] H

|

DSolve[y " [x] = (y[x] /x) + Tan[y[x] /x], y[x], x]

[Iy1x] - x ArcSin :{:c 1 x} }
a. Consult a book for known methods of solving ODEs to see if some method works

3) The differential equation might not have an analytic solution.
Solve it computationally: We could have several modules’ worth to say about this!
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PROBLEMS

LINEAR ODEs WITH CONSTANT COEFFICIENTS

7) Solve

d2y+4 = sin 2
2 T4y =sinZx

Solution: It is a linear ODE with constant coefficients, so we need to find y.(x) and yp (x).
Solving the homogeneous equation:
. . . d? .
vyc(x) is the solution to the homogeneous equation d_szl + 4y = 0. Solved with the ansatz y(x) =
Ae™*, Substituting into the homogeneous equation we arrive at the characteristic polynomial:

m? + 4 = 0, which can be factorised as (m — 2i)(m + 2i) = 0. Therefore, the complementary
solution is:

ye(x) = A;e?* + A,e?* = B, cos 2x + B, sin 2x
Solving the particular solution:

vyp(x) is the particular solution, found by looking at the form of r(x) = sin 2x, which seems to suggest
us to try the ansatz:

yp(x) = sin 2x + cos 2x.

However, the terms sin 2x and cos 2x are already “taken” by the complementary solution! Therefore,
we must multiply by x as many times as needed to avoid the “taken” terms. In this case multiplying
by x once will suffice:

yp(x) = ax sin 2x + bx cos 2x

Now we can substitute this into the ODE in order to find the coefficients (a, b) [remember to use the
product rule]:

yp(x) = 2ax cos 2x + a sin 2x — 2bx sin 2x + b cos 2x
= (2ax + b) cos 2x + (a — 2bx) sin 2x

yp (x) = —2(2ax + b) sin 2x + 2a cos 2x + 2(a — 2bx) cos 2x — 2b sin 2x
= (—4ax — 4b) sin 2x + (—4bx + 4a) cos 2x

We can substitute yp(x) into the ODE: yp (x) + 4yp(x) = sin2x and equate coefficients of sin 2x
and cos 2x at both sides:

(—4ax — 4b) sin 2x + (—4bx + 4a) cos 2x + 4ax sin 2x + 4bx cos 2x = sin 2x
—4b =1 {b =-1/4
%

— —4bsin2x + 4acos2x =sin2x - {4a—0 a=0

1
yp(x) = — X cos 2x

And so, the general solution reads: y(x) = yq(x) + yp(x)

1
y(x) = B; cos 2x + B, sin 2x — 7% cos 2x
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8) Solve

Solution: It is a linear ODE with constant coefficients, so we need to find y.(x) and yp (x).

Solving the homogeneous equation:
2
V¢ (x) is the solution to the homogeneous equation 3732/ + 3—1 — 2y = 0. Solved with the ansatz y(x) =

Ae™, Substituting into the homogeneous equation we arrive at the characteristic polynomial:

m? +m — 2 = 0, which can be factorised as (m + 2)(m — 1) = 0. Therefore, the complementary
solution is:

ye(x) = Aje™?* + A,e*
Solving the particular solution:

yp(x) is the particular solution, found by looking at the form of r(x) = e*, which seems to suggest
us to try the ansatz yp(x) = ae”*.

However, the term e* is already “taken” by the complementary solution! Therefore, we have to
multiply by x as many times as needed to avoid the taken terms. In this case multiplying by x once will
suffice.
yp(x) = axe*
Now we can substitute this into the ODE in order to find the coefficient a.
2 d
— (axe*) + — (axe*) — 2(axe*) = e*
5 (axe®) + —(axe®) — 2(axe”)

d
a a(xex +e*) +a(xe* + e¥) — 2axe* = e*

a(xe*+e*+e*)+a(xe* +e*) —2axe* =e*

3ae* = e*
1
“=3
So we find the particular solution to be:
yo(x) = 3 xe®

And so, the general solution reads:
y(x) =yc(x) +yp(x)

1
y(x) = Aje 2 + Aye* +§xex

6 (18)




MATHEMATICS AND COMPUTATION FOR PHYSICS SEMESTER 2

EXACT DIFFERENTIAL EQUATIONS

9) Solve

xe?dy + e¥dx = x3 dx

Solution: This is an equation in the form:
A(x,y)dx + B(x, y)dy = f(x)
We can see that:

0B dA
=Y = —

— =¥ =—=¢Y
dx dy ¢

Therefore, the equation is exact, which means that e?dx + xe¥dy = g—idx + g—;dy = dF.

To find dF, we can either think (it is not too difficult to realise that F(x, y) = xe¥) or apply one of two
methods:

Method 1: Solve the simultaneous equations A(x,y) =e”Y = Z—i and B(x,y) =xe¥ = Z—; by
integrating one and substituting the unknown coefficient on the other.
Method 2: Do a line integral of e¥dx + xeYdy = dF along the path (0,0) = (x,0) = (x,y)

(xy) (xy)
f eydx+xeydy=f dF = F(x,y) — Fy
(0,0) (0,0)

(xy) x y
F(x,y)=F0+f eydx+xeydy=F0+f gﬁdx+f Jiév?i/ dy=Fy+x+xe¥ —x
(0,0) 0 y=0 0 x=const

= Fy + xe¥
Therefore, the function F(x,y) = F, + xe” leads to the total differential on the LHS:
xe¥dy + e¥dx = x3 dx
dF = x3 dx
Integrating both sides:
F= %x“ +c

And substituting F (x,y) = Fy + xe¥ (we may group the constants F and c as one single A = ¢ — F)
we arrive at:

1,
xe¥ =—x*+4A

eV =—x3+—
4 x

y=lIn{Zx"+—
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10) Solve

y cos(xy) dx + x cos(xy)dy = dx

Solution: This is an equation in the form:

A(x, y)dx + B(x, y)dy = f(x)

We can see that:

0B _ _0A .
Fie cos(xy) — xy sin(xy) = y cos(xy) — xy sin(xy)

Therefore, the equation is exact, which means that y cos(xy) dx + x cos(xy) dy = %dx + Z—;dy =

dF. To find F(x,y), we can either think (it is not too difficult to realise that F(x,y) = sin(xy)) or
apply one of two methods:

Method 1: Solve the simultaneous equations A(x,y) = y cos(xy) = Z—i and B(x,y) = x cos(xy) =

F | . . N -
% by integrating one and substituting the unknown coefficient on the other.

Method 2: Do a line integral of e¥dx + xe”dy = dF along the path (0,0) = (x,0) = (x,y)

(xy) (xy)
f y cos(xy) dx + x cos(xy) dy = f dF =F(x,y) — F,
(0,0) (0,0)
() x y
F(x,y) =Fy + f y cos(xy) dx + x cos(xy)dy = Fy + f y cos(xy) dx + J x cos(xy) dy
0 oo 0 “eonst

0,0)
= Fy + 0 + sin(xy)

y=0 x=const

Therefore, the function F(x,y) = F, + sin(xy) leads to the total differential on the LHS:
y cos(xy) dx + x cos(xy)dy = dx
dF =dx
Integrating both sides:
F=x+c

And substituting F (x,y) = F, + sin(xy) (we may group the constants F, and c as one single A = ¢ —
Fy) we arrive at:

sin(xy) =x+ A4

_sin!'(x + 4)
h x
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FIRST ORDER LINEAR ODE (NO CONSTANT COEFFICIENTS) OF THE FORM g—i + P(x)y = Q(x).

11) Solve the first order linear ODE:

This function is first order linear, but not with constant coefficients. It can be written in the form:
Y p)

—_— x)y = Q(x

o y=0Q(x)

When an ODE can be written in this form, we know that an integrating factor I(x) = exp{/ P(x)dx}

always converts the left-hand side of the equation into an exact differential!

In this case, P(x) = x~1 and Q(x) = x?, hence the integrating factor must be:

I(x) = exp {f P(x)dx} = exp {f x‘ldx} = exp{lnx} =x

Multiplying times the integrating factor on both sides:

d
d—zx+y=x3

We know that this must now be an exact differential equation, i.e.:

xdy+dxy=x3dx

Indeed, now the left-hand side is the exact differential of F(x,y) = xy. (If you could not find this
easily, you can follow one of the two known methods discussed in the “exact differential equations”
section, which involved integration). Therefore:

dF = x3dx
So, we can integrate both sides:
1
F=-x*+¢
4 1
And substituting F = xy, we get:
— T 4
Xy =-x"+c
y 2 1
1 c
= x3 42
y 4 X

Notice that, since the ODE was a linear equation, the solution is of the expected form. The term with

. . . . . d 1 .
arbitrary scaling yy (x) = % is the solution to the homogeneous equation é + Jy = 0, while the term

3

1 3. . :
yp(x) = JX7isa particular solution.
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12) Solve the first order linear ODE (not constant coefficients):
dy 1
dx tanx

Y = COSX

This function is first order linear, but not with constant coefficients. It can be written in the form:

dy p _
Py =0

When an ODE can be written in this form, we know that an integrating factor I(x) = exp{/ P(x)dx}

always converts the left-hand side of the equation into an exact differential!
1 CosX

In this case, P(x) = o T i and Q(x) = cos x, hence the integrating factor must be:

I(x) = exp {f P(x) dx} = exp {f ::;C dx} = exp{In(sinx)} = sinx

Multiplying times the integrating factor on both sides:

dy . sinx )

—sinx + y = sinx cosx
dx tanx

d

Y . .
d—smx +yCOSX = SInx CcosXx
X

We know that this must now be an exact differential equation, i.e.:

sinx dy + y cosx dx = sinx cos x dx

Indeed, the left-hand side is the exact differential of F(x, y) = y sin x. (If you could not find this easily,
you can follow one of the two known methods discussed in the “exact differential equations” section,
which involved integration).

dF = sinx cosxdx

So we can integrate both sides:

1,

F=—=sin“x +¢;
2

And substituting F = y sin x, we get:
: 1.,
ysinx =Esm X +c
1 4 1
= —sinx
Y 2 sinx

Notice that, since the ODE was a linear equation, the solution is of the expected form. The term with
. . _ € . . . d_y 1 — .
arbitrary scaling yy(x) = el the solution to the homogeneous equation Ix + o 0, while

1. . .
the term yp(x) = sinxisa particular solution.
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HOMOGENEOUS DIFFERENTIAL EQUATIONS

13) Find the general solution to
dy x+3y
dx ~  2x

This ODE is not separable. Also, (x + 3y)dx + 2x dy is not an exact differential.
However, it is a homogeneous equation.
Both A(x,y) = (x + 3y) and B(x,y) = 2x are homogeneous of order 1, because they fulfil:

A(Ax, y) = A"A(x, y)
{B(Ax. Ay) = A"B(x,y)

Therefore, the equation can be made separable by using the change of variables y = zx.

LHS—dy—d( = dZ+
T dx dx xz)—xdx z
RHS_x+3y_x+3xZ_1+32
o2x o 2x 2
The resulting ODE must be separable:
dz+ 143z
xdx Z= 2
dz_1+3.z _(1) 14
e VY ACR
2 1
dz =—dx
14z X

Integrating both sides:
2In(1+2z) =In(x) + ¢,

Taking the exponential on both sides (A = e“1):

(1+2)? =Ax
2
(1 +}—,) = Ax
x
(x +y)? = Ax3
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14) Solve
dy x*+y?
dx  xy

This ODE is not separable. Also, (x? + y2)dx + xy dy is not an exact differential.
However, it is a homogeneous equation.
Both A(x,y) = (x? + y?) and B(x,y) = xy are homogeneous of order 2, because they fulfil:

A(Ax, y) = A"A(x, y)
{B(Ax. Ay) = A"B(x,y)

Therefore, the equation can be made separable by using the change of variables y = zx.

dy d dz

LHS=a=a(xz)=xa+z
x> +y% x*(1+z% 14272
RHS = yo _x( - ) _
xy x2z z

The resulting ODE must always be separable (we proved it for a general homogeneous ODE):

dz 1+ 22

Integrating both sides:

1
Ezz =1In(x) + ¢4

Substituting y back:

2

(};,) =In(x) +¢

N| —

y? =2x%(Inx + ¢;)
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MORE EXAMPLES (Linear Equations)

15) Find the form of the particular solution to this differential equation (make sure the particular
solution is linearly independent to the complementary solution). You don’t need to determine
the coefficients of the particular solution because it is lots of algebra, just indicate the steps.

d?y .
Freh 4y = x?sin 2x

Solution: It is a linear ODE with constant coefficients, so we need to find y.(x) and yp (x).

Solving the homogeneous equation:

2
yc(x) is the solution to the homogeneous equation 37}2' + 4y = 0. Solved with the ansatz y(x) =

Ae™*, Substituting into the homogeneous equation we arrive at the characteristic polynomial:

m? + 4 = 0, which can be factorised as (m — 2i)(m + 2i) = 0. Therefore, the complementary
solution is:

ye(x) = A;e?* + A,e?* = B, cos 2x + B, sin 2x
Solving the particular solution:

yp(x) is the particular solution, found by looking at the form of r(x) = x? sin 2x, which seems to
suggest us to try the ansatz:

yp(x) = (ax? + bx + ¢) sin 2x + (dx? + ex + f) cos 2x.

However, the terms sin 2x and cos 2x are already “taken” by the complementary solution! Therefore,
we have to multiply by x as many times as needed to avoid the taken terms. In this case multiplying
by x once will suffice:

yp(x) = (ax® + bx? + cx) sin 2x + (dx3 + ex? + fx) cos 2x

Now we can substitute this into the ODE in order to find the coefficients (a, b,c,d, e, f). Lots of
algebra! Double derivative requires doing the product rule and large equating coefficients problem.
Anyway, after substitution of yp(x) into the ODE and equating coefficients, one can find the values of
(a,b,c,d, e, f) and build the general solution as y(x) = y-(x) + yp(x).
A computer can easily perform the algebra, so we find:

) % os2x 4 S sin2x + o cos2

X) = ———=co0s 2x + —sin2x + —=cos 2x

e 12 16 32
And so, the general solution reads: y(x) = y-(x) + yp(x)
3 X2

. x . x
y(x) = B; cos 2x + B, sin 2x 17 08 2x + Tgsin 2x + 3708 2x
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